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Preface 



Throughout history, periodic phenomena have provided the most stable ref- 
erence sources for mankind; these oscillators have acted as a stable ‘rule’ 
so that the most precise measurements could be made. In earlier times the 
best oscillators were found in some naturally occurring repetitive phenom- 
ena in Nature, while in more recent times mankind has developed artificial 
methods to better approximate the ideal oscillator. At several moments in 
our past, the discovery or development of a new type of oscillator with im- 
proved performance enabled a more refined measurement, and hence was the 
precipitating factor in an extension of our understanding of the Universe. 
For example, the use of pendulum-oscillators allowed the experimental ver- 
ification of Galilean and Newtonian laws of mechanics. For a more recent 
example, one could consider the long-term observation of the Hulse-Taylor 
binary pulsar system. The observation of this astronomical oscillator con- 
firmed many of the predictions of the Theory of General Relativity with a 
remarkable precision. In a few cases these oscillator-enabled measurements 
were a prelude to a revolution in our understanding, e. g. the observation of 
an excess precession in the perihelion of Mercury. The research described in 
this volume forms part of the continuing quest to improve the performance 
of oscillators. One can easily believe that some of our present understanding 
will need to be revised in response to the new vistas that will be glimpsed 
with the aid of this generation of oscillators. 

The field of frequency control and measurement is, like many of the ex- 
perimental sciences, a fusion of art and science. Many of the key techniques 
cannot be found in textbooks, but are instead passed down by word of mouth 
from researcher to student (or generously from researcher to researcher). This 
characteristic of the field is perhaps best exemplified by J. Hall’s “law” of 
frequency-standards’ improvement: 

• one afternoon (3 hours) is sufficient to lock an oscillator to the center of 
some stabilizing resonance feature to within 1% of the width of the feature; 

• three months is required to achieve 0.03%; 

• thirty years or more is required to achieve 1 part in 10® of the resonance 
feature width. 

Hall’s law has been (surprisingly) verified many times, in many laboratories, 
across the electromagnetic spectrum from the radio frequency to the optical 
domains, even though the scientific basis for the law is not so clear! One of 
my hopes for this volume is that it can provide an entry point to many of 
the exciting developments of the field. By presenting a collection of many of 
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the disparate elements of the field, I hope that some of the flavor of the field, 
the ‘art’ if you like, will be communicated to the interested reader. 

I hope also that the careful reader may note a challenge which is implied 
throughout this volume. The performance of a frequency standard is essen- 
tially determined by two factors: the width of the resonance feature to which 
the oscillator is locked, and how well the oscillator can be locked to this res- 
onance feature. The most highly developed optical frequency standards are 
presently based on resonance features with Q-factors {Q = vq/ l^v where vq is 
the center frequency of the transition, and is the width of the transition) 
in the range of In close accord with Hall’s law, after 20 to 30 years 

of research the best optical standards have demonstrated frequency stabi- 
lization to parts in 10^-10® of their resonance linewidth. However, as we will 
see later in this volume, Q-factors of up to 10^^ have been observed in some 
experiments. Thus, one could easily expect that, by further development of 
stabilization techniques and by moving to higher Q-factor transitions, there 
are many orders of magnitude of improvement still to come. The first 10“^^ 
frequency standard is awaiting your contribution! 

The field of frequency measurement and control possesses one other pe- 
culiar characteristic: although the overriding goal of the experiment may be 
the development of better frequency standards or more precise frequency- 
measurement techniques, the actual specific methods used, and hurdles to be 
overcome, fall in many different fields of expertise - e.g. atomic, ion or quan- 
tum physics, optical engineering and physics, solid-state physics, electronics, 
microwave engineering and physics, laser physics, measurement science, or 
mechanical engineering. This spread of expertise has the disadvantage that 
many new, but highly relevant, discoveries appear in many different places in 
the scientific and engineering literature. The advantage of this broadness is, 
of course, the maintenance of the interest of the researcher. I hope that this 
volume may go some way towards providing a unified source of information 
on the field. 

Finally, I wish to thank the many people who have made this collection 
of articles possible. First, I extend my gratitude to the many authors who 
so generously contributed their time to make a contribution to this volume. 
Writing an in-depth analysis of an area of research always takes time away 
from things one would rather be doing, and thus I am indebted to all of the 
expert authors for choosing to put this job at the top of their priority queue. I 
would like to thank John McFerran in particular for carefully rereading each 
of the manuscripts to look for oversights on my part, as well as to suggest 
many improvements. To finish, I must acknowledge the patience of Sylvia who 
has always understood the unreasonable hours I spend in the laboratory, and 
who has provided incredible support even while I did so. 



University of Western Australia, 
Perth, Australia 
July 2000 



Andre N. Luiten 




Contents 



Introduction 

Andre N. Luiten 1 



Part I. Low-Noise and Ultrastable Secondary Frequency Standards 



Low Noise Microwave Resonator Oscillators: 

Current Status and Future Developments 

Eugene N. Ivanov and Michael E. Tobar 7 

1. Introduction 7 

2. Phase Noise of a Free-Running Oscillator 9 

2.1. Loop Oscillator with Resonator in Transmission 10 

2.2. Leeson’s Model of Noise in a Free-Running Loop Oscillator 11 

2.3. Loop Oscillator with Resonator in Reflection 13 

3. Phase Noise Reduction with Automatic Frequency Control 13 

4. Transposed-Gain (Double-Frequencj^) Amplifier-Oscillator 15 

5. Electro-Optical Oscillators 16 

6. Interferometric Frequency Discriminators 17 

6.1. Phase Noise Floor of Interferometric Frequency Discriminator ... 18 

6.2. Ultra-Low Phase Noise Oscillator 

with Interferometric Signal Processing 20 

6.3. Tunable Ultra-Low Phase Noise Oscillator 

with Automatic Carrier Suppression 23 

6.4. Phase Noise Performance of Tunable Oscillator 

with Automatic Carrier Suppression 25 

6.5. Amplitude to Frequency Conversion 

in Sapphire Loaded Cavity Resonators 27 

6.6. Amplitude Noise Suppression in Oscillators 

with Interferometric Signal Processing 28 




Contents 



7. Dual-Mode Microwave Oscillators 

with Improved Long-Term Frequency Stability 29 

8. Conclusion 33 

References 34 

Ultrastabie Cryogenic Microwave Oscillators 

Anthon)^ G. Mann 37 

1. Introduction 37 

2. Superconducting Cavity Resonators 39 

2.1. Frequency Stability of Superconducting Cavity Resonators 40 

3. Sapphire Dielectric Resonators 43 

3.1. The Q-Factor 45 

3.2. Frequency Stability of Sapphire Dielectric Resonators 47 

3.3. Resonator Mode Selection 53 

4. Oscillator Frequency Stability: Fundamental Limitations 54 

5. Ultra-High Stability Oscillators 55 

5.1. UWA Sapphire Oscillators 57 

5.2. Superconducting Cavity Stabilized Oscillator (SOSO) 62 

6. Summary 63 

References 64 

Frequency-Temperature Compensation Techniques 
for High-Q Microwave Resonators 

John G. Hartnett and Michael E. Tobar 67 

1. Introduction 68 

2. Compensation Techniques 70 

2.1. Paramagnetic Compensation 71 

2.2. Dielectric Compensation 72 

2.3. Alechanical Compensation 74 

3. Experimental Results 74 

3.1. UWA Liquid Helium Sapphire Oscillator 75 

3.2. UWA Dielectric and Paramagnetic Compensation 

Experiments 76 

3.3. JPL Maser-Sapphire Oscillator (SCM) .78 

3.4. JPL Mechanically Compensated Sapphire Oscillator 79 

3.5. JPL Sapphire-Ruby Closed Cycle System 81 

3.6. NPL Liquid He Experiment 82 

3.7. NPL-IFF Sapphire-Rutile Experiment 84 

3.8. IFF Sapphire-Quartz/ Lanthanum Aluminate-Rutile 

Experiments 85 

4. Discussion 86 

References 88 




Contents 



IX 



Part II. Laser-Cooled Atom and Trapped-Ion Frequency Standards 



Optical Frequency Standards Based on Neutral Atoms 
and Molecules 

Fritz Riehle and Jurgen Helmcke 95 

1. Introduction 95 

2. Stabilization of the Laser Frequency to Reference Lines 

of Neutral Absorbers 97 

3. Standards Using Absorption Cells 98 

3.1. Iodine-Stabilized Lasers 98 

3.2. U-Stabilized Frequency-Doubled Nd:YAG Laser 

at 532 nm Wavelength 99 

3.3. Two-Photon Stabilized Laser 102 

3.4. Acetylene-Stabilized Laser 103 

3.5. Lasers Stabilized to CH4 or OSO4 Absorbers 106 

4. Atomic and Molecular Beam Standards 107 

4.1. Separated Field Excitation 108 

4.2. Frequency Standard Based on a Ca Atomic Beam 108 

4.3. Other Beam Standards Ill 

5. Standards Based on Laser-Cooled Absorbers 112 

5.1. Expanding Cloud of Cold Ballistic Ca Atoms 112 

5.2. Atomic Fountains 118 

6. Frequency of the Optical Calcium Standard 118 

6.1. Frequency Measurement Chain 119 

6.2. Uncertainty of the Optical Calcium Standard 119 

6.3. Results of Frequency Measurements 120 

6.4. Use and Dissemination of Optical Frequencies 122 

7. Summary and Conclusion 123 

References 123 

Cold- Atom Clocks on Earth and in Space 

Pierre Lemonde, Philippe Laurent, Giorgio Santarelli, Michel Abgrall, 

Yvan Sortais, Sebastien Bize, Christophe Nicolas, Shougang Zhang, 

Andre Clairon, Noel Dimarcq, Pierre Petit, Antony G. Mann, 

Andre N. Luiten, Sheng Chang, and Christophe Salomon 131 

1. Introduction 131 

1.1. Scope of the Pa, per 134 

2. Operation of an Atomic Fountain Clock 135 

3. Observation of the Quantum Projection Noise Limit 

in a Cesium Fountain 138 

4. Rubidium Fountain 141 




X 



Contents 



5. A Transportable Cold-Atom Clock 144 

6. ACES: Atomic Clock Ensemble in Space 147 

7. Future Prospects 148 

References 149 

Single-Ion Optical Frequency Standards and Measurement 
of their Absolute Optical Frequency 

Alan A. Madej and John E. Bernard 153 

1. Introduction 153 

2. Trapping of Single-Ions 154 

3. Laser Cooling of Single-Ions 159 

4. Laser Sources for Probing, Cooling and Detection 161 

4.1. Shelved Electron Detection of Single-Ion, 

Ultra-Narrow Transitions 161 

4.2. Laser Sources for Laser Cooling and Pumping Transitions 163 

4.3. Laser Sources for Probing Narrow Reference Transitions 165 

5. Frequency Stabilization on Single-Ion Reference Transitions 166 

6. Limitations to Accuracy in Single-Ion Optical Frequency Standards . 168 

6.1. Elimination of the First-Order Doppler Effect 

(Lamb-Dicke Regime) 168 

6.2. Second-Order Doppler (Relativistic Time Dilation) Shifts 170 

6.3. Quadratic Stark Shifts of the Ion Transition 

Due to the Ion Trap 171 

6.4. Blackbody Stark Shifts of the Ion Reference Transition 171 

6.5. Shifts Due to the Quadrupole Moment of the Upper State 172 

6.6. Linear Zeeman Effects on the Reference Transition 172 

6.7. Quadratic Zeeman Shifts of the Reference Transition 173 

6.8. Effect of Collisions on the Reference Transition 173 

7. Progress on Single-Ion Optical Frequency Standard Candidate Ions . .174 

7.1. The Single-Ion System 174 

7.2. The «®Sr+ Single Ion System 176 

7.3. The Ca+ Single-Ion System 176 

7.4. The Hg+ Single-Ion System 177 

7.5. The Yb+ Single-Ion System 178 

7.6. The In+ Single-Ion System 180 

7.7. Other Ion Systems 181 

8. Absolute Frequency Measurement of Single-Ion Transitions 181 

9. Conclusion 186 

References 186 




Contents 



XI 



Recent Developments in Microwave Ion Clocks 

John D. Prestage, Robert L. Tjoelker, and Lute Maleki 195 

1. Introduction 195 

2. Laser-Cooled Standards 198 

3. Lamp-Based Standards 200 

4. Recent Results with LITS/CSO Combination 200 

5. Harmonic Linear Ion Traps 202 

6 . Multipole Linear Ion Traps 202 

7. First Multipole Clock Operation 206 

8 . Frequency Offsets in Multipole Ion Trap 208 

9. Summary 209 

References 210 



Part III. Conventional Optical Frequency Measurement 
and Mid-Infrared Frequency Standards 



Optical Frequency Measurement 
by Conventional Frequency Multiplication 

Carl 0. Weiss, G. Kramer, B. Lipphardt, and H. Schnatz 215 

1. Introduction 215 

2. Techniques and Elements of Frequency Multiplication Chains 216 

2.1. Radiation Sources 216 

2.2. Resonators 219 

2.3. Nonlinear Elements 221 

3. Coherence 229 

4. Frequency Multiplication to the 88THz CH4 Reference Point 233 

5. CH4 Optical Frequency Standards 237 

6. Frequency Measurement Error Sources 238 

7. CH4 Frequency Measurements 239 

8. Optical (Visible) Frequency Measurements 242 

9. Conclusion 244 

References 245 

Optical Frequency Measurements Relying 
on a Mid-Infrared Frequency Standard 

G. Daniele Rovera and Ouali Acef 249 

1. Introduction 249 

2. Background 250 

2.1. Phase Noise Filtering in the Fourier Domain 252 

3. Synchronous Frequency Counting 254 




XII 



Contents 



4. The Link between Microwave and the Mid-Infrared 256 

4.1. Design Criteria 256 

4.2. Description of the Measurement Chain 258 

5. Phase Noise Measurement in Infrared 261 

6. The CO2/OSO4 Secondary Frequency Standard 262 

7. Measurements of Optical Frequency Standards 

Using the CO2/OSO4 Secondary Frequency Standard 266 

7. 1 . Measurements of Methane Stabilized He-Ne Laser 266 

7.2. Measurements of a Iodine-Stabilized He-Ne Laser 266 

7.3. Frequency Measurement of the = 3) — bD^/ 2 {P = 5) 

Two-Photon Transition in Rubidium 267 

8 . Conclusion 269 

References 269 



Part IV. Advanced Optical Frequency Measurement and Synthesis 



Measuring the Frequency of Light with Mode-Locked Lasers 

Thomas Udem, Jorg Reichert, Ronald Holzwarth, Markus Niering, 

Martin Weitz, and Theodor W. Hansch 275 

1. Introduction 275 

2. Optical Frequency Interval Divider (OFID) 276 

3. Frequency Combs from Mode-Locked Lasers 277 

4. Determining the Mode Number 279 

5. Further Broadening of the Frequency Comb 281 

6. The Creation of a Low-Noise Beat Note 282 

7. Stabilizing the Frequency Comb 284 

8. The Accuracy of the Frequency Combs 285 

9. The Absolute Frequency of the Cesium £>1 Line 287 

10. The Absolute Frequency of the Hydrogen 15-2S' T-ansition 289 

References 292 

Generation and Metrological Application 
of Optical Frequency Combs 

Harald R. Telle and Uwe Sterr 295 

1. Introduction 295 

2. Types of OFCGs 295 

2.1. Regenerative Systems with Intraloop SSB Modulators 295 

2.2. OFCGs with Internal Phase Modulators 297 

2.3. Mode-Locked Lasers as Active Frequency Comb Generators . . . .302 

3. Possible Applications of OFCGs 302 

3.1. Measurement of Optical Frequency Differences 303 




Contents XIII 



3.2. Measurement of Absolute Frequencies 303 

4. Conclusion 310 

References 310 

Generation of Expanded Optical Frequency Combs 

Motonobu Kourogi, Kazuhiro Imai, Bambang Widiyatmoko, 

and Motoichi Ohtsu 315 

1. Introduction 315 

2. Conventional OFCG Based on EO Modulators 316 

2.1. Optical Frequency Comb Generator (OFCG) 317 

2.2. Dispersion Limit 319 

2.3. Additive Phase Noise Characteristics of the OFC 320 

3. Expansion of the OFC Span 321 

3.1. Experiment 321 

3.2. Noise Analysis 323 

3.3. Accuracy of the OFC 327 

4. A Method of Frequency Difference Measurement 

by Using Second Harmonic Generation 330 

5. Summary 333 

References 334 

Accurate Optical-Frequency Synthesis 

Andre N. Luiten 337 

1 . Introduction 337 

2. Frequency Instability Measures 339 

3. Techniques of Optical Synthesis 340 

3.1. Acousto-Optic Techniques 341 

3.2. Nonlinear Techniques 341 

3.3. Optical Frequency Comb Generators (OFCGs) 346 

3.4. Offset Injection-Locking Techniques 349 

3.5. Electronic Phase Locking 350 

3.6. Optical Frequency Interval Dividers (OFIDs) 352 

4. Absolute Optical Synthesis 354 

4.1. Optical Parametric Oscillator-Based Frequency Chains 354 

4.2. Subharmonic Generation Chains 354 

4.3. Frequency-Interval Division Chains 355 

5. Synthesis Resolution and Accuracy 359 

5.1. OFID Phase Noise 360 

5.2. Frequency Comb Interval Fluctuations 372 

6. Frequency Stability of an Optical Synthesizer 374 

6.1. Predicted Allan Variance of the UWA/PTB Frequency Chain . . 378 




XIV Contents 



7. Conclusion 380 

References 381 

Index 389 




Introduction 



Andre N. Luiten 

Frequency Standards and Metrology Group, 

Physics Department, University of Western Australia (UWA) 

Nedlands 6907 WA, Australia 

andre@pd.uwa.edu.au 



Abstract. This volume is devoted to a presentation of the development and pres- 
ent status of one of the most remarkable outcomes of experimental science: the 
techniques of frequency control and metrology. At the opening of the 20th Century, 
oscillators with state-of-the-art performance were based on compensated pendula 
with a frequency stability of the order of 1 part in 10^. As the century closed, 
trapped-ion and laser-cooled atomic fountain clocks demonstrated a performance 
that is more than eight orders of magnitude superior to that of pendulum oscillators. 
This is an improvement rarely matched in any other area of human endeavor. 
Recent developments have shown that frequency measurements can now be made 
throughout the electromagnetic spectrum with a resolution which is nearly as good 
as the stability of these modern oscillators. These developments bode well for a new 
round of highly stringent tests of the basic tenets of modern physics. 



Let us consider the process of measuring the frequency of some arbitrary 
periodic signal. Without loss of generality, let us assume that the mean value 
of the signal is zero when averaged over a period, i.e. it crosses zero twice 
during each period of the signal. Then a simple method for measuring its 
frequency would be merely to count the number of “zero-crossings” that 
occur during some reference time period. The maximum error of this type of 
measurement is plus or minus one count, independent of the total number 
of counts. The total number of counts can be increased indefinitely by just 
extending the counting time. It is clear that, at least in principle, such a 
frequency measurement can be made with an arbitrary precision. In practice, 
of course, it is necessary to satisfy a number of additional requirements in 
order to reach this “ideal” limit: 

• the signal purity of the periodic signal to be measured must be sufficiently 
high so that there is no probability of counting noise as a zero-crossing, 
and to ensure that a true zero-crossing is not missed because of its masking 
by noise; 

• the length width duration of the reference time period must be constant: 
frequency fluctuations in the oscillator that is used to define the length of 
the reference period must be minimized; 

• the frequency of the signal being measured must fall within the response 
speed of the system used to count the zero-crossings - for example, optical 
signals cannot be counted with conventional electronics. 

A. N. Luiten (Ed.): Frequency Measurement and Control, 

Topics Appl. Phys. 79, 1-3 (2001) 

(c) Springer- Verlag Berlin Heidelberg 2001 
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All of the contributions to this volume are concerned with overcoming these 
three challenges. 

Part I: Low-Noise and Ultrastable Secondary Frequency Standards 

In the first part of this volume, we follow the development of highly monochro- 
matic and stable signal sources in the microwave domain. The frequency sta- 
bility of cryogenic microwave frequency standards, as described by A. G. 
Mann, exceeds that of all existing frequency standards over the short term. 
The extreme signal purity of microwave sources described in the contribu- 
tion by E. N. Ivanov and M. E. Tobar allow high multiplication factors in 
frequency synthesis and can be exploited to create extremely sensitive phys- 
ical transducers. These types of sources play increasingly important roles as 
interrogation oscillators for the new generation of atom and ion frequency 
standards. 

Part II: Laser- Cooled Atom and Trapped- Ion 
Frequency Standards 

In the second part, four contributions introduce the reader to many of the ex- 
citing and beautiful developments in modern frequency standards research. In 
particular, this part discusses laser-cooled atom and ion frequency standards 
which operate in both the microwave and optical frequency domains. 

In the early days of the field, it appeared that atom and ion standards 
offered complementary development paths for frequency standards. Cooled- 
atom standards appeared to have the benefit of an improved signal-to-noise 
ratio, because they could make use of a much larger number of quantum 
absorbers in defining the “clock transition”. This would lead to a better 
short-term frequency stability than ion standards. On the other hand, ion- 
based frequency standards initially appeared to have an advantage in accu- 
racy/resolution because of the potentially very long interaction times that 
were available from ions that could be trapped indefinitely, and thus would 
offer better long-term stability. However, two recent developments, namely 
linear ion traps (see contribution by J. D. Prestage et ah), which can store 
larger numbers of ions than traditional ion traps, and an extremely detailed 
accuracy evaluation of the Cesium fountain standards (see contribution by 
P. Lemonde et ah), indicates some convergence between the characteristics 
demonstrated by the two approaches. 

The reader will find two presentations on state-of-the-art developments 
in microwave-frequency ion and atom standards in this volume. Although 
microwave-frequency standards offer the best frequency stability at present, 
it is thought that the extremely high Q-factors of some forbidden optical 
transitions of ions and atoms offer an even better potential for further im- 
provement in frequency stability. If these optical standards are to be used in 
the a definition of time (and frequency), then it will be essential to develop 
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devices that can connect in a phase-coherent manner the microwave and op- 
tical frequency domains (see Parts III and IV). The reader will be introduced 
to the history and latest developments in optical frequency standards by two 
articles in this volume. The first {F. Riehle and J. Flelmcke) provides details 
on laser-cooled atom and molecular frequency standards, while the second 
{A. Madej and J. Bernard) presents details of ion-based standards. The ex- 
treme stability of these modern frequency standards allow the testing of many 
fundamental areas of physics, which were previously believed to be confined 
to the realm of the theory alone. For example, oscillators have been, and will 
again, be used to test general relativity, to look for potential drifts in the 
fine structure constant, and to test quantum electro-dynamics at the most 
stringent level. The future applications of such oscillators looks very bright 
indeed. 



Part III: Conventional Optical Frequency Measurement 

The third part of this book provides an introduction to the techniques and 
outcomes of the extremely difficult task of measuring signals which fall in 
the optical domain, i.e. having a frequency falling approximately into the 
range of 10^"^ -10^® Hz. The two presentations principally discuss the tra- 
ditional serial harmonic approach to creating the phase-coherent connection 
between the optical and microwave domains. In addition, the authors present 
an introduction to the use of phase-locked loops to filter noisy signals, non- 
linear elements for mixing and detecting high frequency signals, and the use 
of highly stable medium-infrared standards to simplify the design and use of 
these frequency chains. 



Part IV: Advanced Optical Frequency Measurement and Synthesis 

The fourth and final part of this book presents some of the extremely ex- 
citing developments of recent times for the purpose of measurement and 
synthesis of optical frequencies. One particular recent development, namely 
wide-span optical frequency combs, has revolutionized the field of optical fre- 
quency measurement by enabling highly simplified frequency chains. These 
frequency combs can be generated using either a resonant optical modulator 
or a mode-locked laser, and the reader will find three contributions discussing 
the developments on these devices. When a frequency comb is combined with 
nonlinear optics, then it proves possible to create a phase-coherent connec- 
tion between the optical and microwave domains. Two contributions in this 
part present the use of this combination of techniques in order to measure 
optical frequencies, as well as to synthesize optical frequency signals from 
existing microwave sources. These techniques will be essential for the future 
use of optical frequency standards in electronic systems. 



Low-Noise Microwave Resonator-Oscillators: 
Current Status and Future Developments 



Eugene N. Ivanov and Michael E. Tobar 

Frequency Standards and Metrology Research Group, 
Department of Physics, University of Western Australia, 
Nedlands 6907 WA, Australia 
eugeneOpd . uwa . edu . au 



Abstract. This contribution is devoted to principles of operation and design of low 
noise electromagnetic oscillators. We begin this chapter by introducing the concept 
of oscillator frequency stability and discussing both time and frequency domain ap- 
proaches to its characterisation. We review most common experimental techniques 
used for improving the oscillator frequency stability. A particular attention is paid 
to applications of microwave circuit interferometry to precision measurements of os- 
cillator frequency fluctuations. Finally, we analyse the future trends in the design of 
low noise microwave oscillators. This includes (i) interferometric suppression of os- 
cillator power fluctuations and (ii) reduction of the oscillator frequency-temperature 
dependence by making use of an anisotropy of sapphire dielectric resonators. 



1 Introduction 

Microwave sources of electromagnetic radiation (microwave oscillators) are 
crucial components of modern telecommunication, navigation and radar sys- 
tems. Advances in the performance of microwave oscillators, especially in 
reducing the magnitude of their phase and amplitude fluctuations, will re- 
sult in dramatic improvements in a broad range of microwave applications. 
One of such application is the development of high-resolution Doppler radar 
capable of making aircraft safer through the detection of hazardous air turbu- 
lence. Apart from commercial and military uses, microwave oscillators with 
extremely pure spectra play an essential role in metrology and precise phys- 
ical experiments such as tests of general relativity, the detection of gravi- 
tational waves, microwave spectroscopy and the study of quantum noise in 
macroscopic mechanical resonators. This contribution discusses state-of-the- 
art techniques for low noise design of electromagnetic oscillators. 

In general, the signal from an oscillator may be written as: 

^ (t) = Vb [1 -b m{t)] sin[27r/ot -b , (1) 

where Vq is the average amplitude, m(t) the fractional amplitude fluctua- 
tions, /o is the average frequency and ^(t) the phase fluctuations. Assuming 



A. N. Luiten (Ed.): Frequency Measurement and Control, 
Topics Appl. Phys. 79, 7-36 (2001) 

© Springer- Verlag Berlin Heidelberg 2001 



Eugene N. Ivanov and Michael E. Tobar 



that 1 and m{tY ^ 1 , the autocorrelation function of the signal 

V{t) can be expressed as: 



k{t) 



1/2 

2 



[1 + K 0 (r) + /«m(T)] cos(27r/or) , 



(2) 



where and Km are the autocorrelation functions of phase and amplitude 
fluctuations respectively. Applying the Wiener-Khintchine theorem to (2), 
the spectral density of the voltage fluctuations of the signal described by ( 1 ) 
in the vicinity of /o is given by: 

S{2nf) = ^{5 [2ir{f - fo)] + S427Tf) + 5am(2^/)} , (3) 



where S' 0 (/) is the Double Side Band (DSB) spectral density of phase fluc- 
tuations and S'am(/) is the DSB spectral density of amplitude fluctuations 
at Fourier frequency, /. Alternatively, the amplitude or phase noise may be 
represented as £am(/)= 5'am(/)/2 (or C^(f)= S^{f)/2), which is termed 
the Single Side Band (SSB) noise. 

As follows from (3) the energy in a spectrum of a signal with fluctuating 
amplitude and phase is not confined to a single frequency, /o, but spread in 
the vicinity of it resulting in a “noisy” pedestal around the central bright line 
((5-function in (3)). 

For many oscillators the spectral density can be described as a finite sum 
of terms proportional to the Fourier frequency raised to the power of a integer 
number: 



s^{f) = J2h^r. 

a 



( 4 ) 



The values of a for which these processes are defined are: a = 0, white phase 
noise; a = —1, flicker phase noise; a = —2, white frequency noise; a = —3, 
flicker frequency noise; a = —4, random walk frequency noise; a = — 6 , 
random walk frequency aging. 

Depending on the observation time, the frequency stability of an oscil- 
lator can be characterized both in the frequency and time domains [1]. For 
short observation time, the phase noise spectral density approach (as previ- 
ously described) is usually applied. Over longer intervals of time, the Allan 
variance description is most often used to describe the timekeeping ability of 
the oscillator. In this contribution we are more concerned with the spectral 
density description which describes the purity of the signal. 

Considering the signal given by (1), its instantaneous fractional frequency 
fluctuations, y, are introduced as: 



y{t) 



1 

27t/o dt 



( 5 ) 



The specifics of the frequency measurement process involve averaging data 
over certain periods of time, r, called measurement (integration, sample) 
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time. For this reason, the fractional frequency instability of an oscillator, as 
measured by a frequency counter, represents an averaged value of y given by: 



Vk 



^{tk +t) - (fijtk) 
27r/oT 



(6) 



where tk is the beginning of the fcth measurement of frequency. The value 
yk is a random variable of tk and its variance is introduced as an ensemble 
average: 



W = 

^ 2 ' 



lim V (j/fc+i - ykf 

n — >oo * 



(7) 



The parameter is called an Allan or two-sample variance [1,2]. It is 

currently the most common parameter used to characterize the frequency 
stability of an oscillator in the time domain. One can also calculate the Allan 
variance by knowing the spectral density of frequency fluctuations. This is 
achieved by the following integral transform [2] : 

alir) = 2 r d/ , (8) 

where Sy{f) = if / fo)^ S^{f) is the spectral density of fractional frequency 
fluctuations and H{f) is the transfer function of the low-pass filter in front 
of the frequency counter. Equation (8) gives the relationship between the es- 
timates of oscillator frequency in the time (ay) and frequency (Sy) domains. 
As shown in [2], the Allan variance exists even for noise processes with spec- 
tral densities, Sy, that are as divergent as (frequency random walk). It 
is also worth mentioning that, for a variety of noise processes which are com- 
monly encountered in practice, the integral transform (8) results in analytic 
expressions for <7y, tabulated in, for example, [2]. This allows the mutual 
translations between time and frequency domains to be performed. 

The technical details of the frequency measurement process are beyond 
the scope of this contribution. Those who are interested in learning about (i) 
uncertainty of frequency measurements due to the finite number of measure- 
ments, (ii) biases caused by the dead time between measurements, and (iii) 
methods of setting confidence limits for an estimate of frequency stability are 
referred to [1,2]. 



2 Phase Noise of a Free-Running Oscillator 

In this section we will present an introduction to the designs of simple 
resonator-oscillators, as well as describe the means by which component phase 
noise is related to the oscillator phase noise. 
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2.1 Loop Oscillator with Resonator in Transmission 

A basic loop oscillator contains an electromagnetic resonator, which predeter- 
mines the frequency of oscillation, and a sustaining stage (amplifier), which 
defines the stationary amplitude of oscillations. Both gain and phase condi- 
tions have to be met for an oscillator to operate. The former condition is met 
by choosing a small signal amplifier gain which is larger than the total loss 
in the loop. The latter condition is satisfied by setting the phase shift around 
the loop close to an integer number of 27 t. 

The basic free-running resonator oscillator in a feedback loop configura- 
tion is shown in Fig. 1. When the oscillator is initially activated there is only 
noise in the circuit. For example, the noise may originate from thermal fluc- 
tuations inside the resonator and other lossy components in the loop. The 
noise components that lie within the resonator bandwidth are amplified and 
increase in amplitude until the amplifier saturates. In the steady-state regime 
the amplifier is saturated such that the overall loop gain is unity. The gain 
of the amplifier in the stationary regime directly compensates for the loss in 
the oscillation loop, such that: 



0:A"ampTo COS 6 — 1 , 



(9) 



where Tg is the transmission coefficient on resonance which is given by 



(1 + /?! + P 2 ) 



( 10 ) 



where a is the distributed loss in the loop. Pi and P 2 are the coupling coef- 
ficients on the two ports of the resonator and 9 is the phase shift around the 
loop (with the resonator’s phase shift excluded). 

The frequency of oscillation is found from the following condition: 



f o&c — fres F ^fo .5 tan 9 , 



( 11 ) 




Fig. 1. Basic resonator loop oscillator, which consists of an amplifier of gain Aamp 
to sustain the oscillations, a resonator to predetermine the oscillation frequency 
and a phase shifter to satisfy the positive feedback conditions. 
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where /res is the resonator resonant frequency and A/0.5 is the resonator 
loaded half bandwidth. 

As follows from (11) fluctuations in the loop phase shift, 9, caused mainly 
by amplifier phase fluctuations, result in fluctuations of oscillator frequency. 
The intensity of such fluctuations increases with the oscillator frequency off- 
set from the resonant frequency, /res- This can be shown by linearising (11) 
with respect to small fluctuations around the equilibrium point. Pulling the 
oscillator frequency from the /res causes also an additional phase noise due 
to the AM to PM conversion in the oscillator. The magnitude of this effect 
scales linearly with the frequency offset at | / — /res| < A/0.5. 

The intensity of phase fluctuations in a properly designed oscillator is 
much greater than that of amplitude fluctuations at Fourier frequencies 
within the resonator bandwidth [2]. For this reason most low-noise cancella- 
tion techniques have concentrated on reducing the phase noise. Recently the 
implementation of ultra-sensitive noise cancellation techniques have seen, for 
the first time, the reduction of phase noise below the amplitude noise of the 
oscillator [3,4,5]. 

2.2 Leeson’s Model of Noise in a Fhee-Running Loop Oscillator 

The phase noise of the loop amplifier is usually characterized by a white 
noise component (independent of /) and a flicker component (inversely pro- 
portional to /), and is given by: 



where F is the amplifier noise figure, T is the amplifier physical tempera- 
ture, k'Q is Boltzmann’s constant, Ps is the power at the input of the ampli- 
fier and b is the value of the flicker noise component at IHz. The frequency 
at which the flicker and white components are equal is known as the “flicker 
corner”, /c [6]. 

The relationship between the phase noise of the loop amplifier, 5 'a 0(/), 
and the oscillator phase noise, S^{f), can be found from the set of (13). This 
was first derived by Leeson in the 1960s [7]. The noise at outputs 1 and 2 in 
Fig. 1 were calculated to be: 




( 12 ) 





(13) 



where, Ql = Qo {^ + Pi + P 2 ), fo is the cavity resonant frequency, Ql is the 
loaded Q-factor of the resonator, Qq is the unloaded Q-factor of the resonator, 
the factor /q/(2(5l) is equal to the half power bandwidth, A/0.5, of the 
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resonator, and /3i and P 2 are the coupling of the two resonator ports. Output 1 
is the high-power port directly after the amplifier and Output 2 is the filtered 
port. At Fourier frequencies inside the resonator bandwidth the phase noise is 
similar at both ports and equal to (/q/(2(5l/))^; in this regime the amplifier 
noise is integrated by the resonator. Outside the resonator bandwidth, output 
1 is equivalent to the amplifier noise because the amplifier noise is added to 
the passing signal and output 2 is filtered below the amplifier noise by the 
resonator. The insertion loss of the resonator leads to output 2 having lower 
power than output 1. Equation (13) does not include phase noise due to 
resonator frequency fluctuations. For example, such fluctuations can arise 
from vibration and temperature sensitivity of a resonator and are additive to 
the noise associated with the fluctuations in the electronics. 

As follows from Leeson’s analysis, the obvious way to improve the phase 
noise of the free-running oscillator is to implement a high-Q resonator and a 
low-noise amplifier. The highest-Q microwave dielectric resonators are sap- 
phire dielectric resonators. They have been shown to have Q-factors of greater 
than 10^ at room-temperature, 10^ at 77K^ and greater than 10® at 4.2 K^. 
Resonators with a more complex structure, utilizing the Bragg effect, can ob- 
tain even higher Qs than sapphire resonators. These resonators concentrate 
the field into free space using hollow layers of low-loss dielectrics. Q-factors 
of up to a factor of three higher than sapphire have been obtained [8] . 

The lowest-noise amplifiers are constructed using Si bipolar transistors. 
Unfortunately these are yet to operate in the X-band (8-12 GHz) frequency 
range, although in the near future this may become possible. The most com- 
mon amplifier at microwave frequencies is constructed with GaAs transistors. 
Unfortunately, this type of amplifier has a large 1// (flicker) noise when oper- 
ated in saturation. During 1992 the free-running oscillator with lowest phase 
noise was constructed at the University of Western Australia (UWA) with a 
cryogenic sapphire resonator operating in the TEgp,^ mode with a Q-factor 
of 2.5 X 10® at 9.73 GHz and a GaAs FET amplifier with an SSB phase noise 
of —102.5— 12.5 log [/] dBc/Hz [9,10]. The resulting oscillator phase-noise 
spectral density was consistent with Leeson’s model and gave an oscillator 
SSB phase noise equivalent to — 140dBc/Hz at IkHz. By implementing a 
similar strategy to UWA, Hewlett-Packard reported comparable results of 
— 140dBc/Hz at IkHz in 1995 for a 13 GHz oscillator [11]. Because the mea- 
surement system noise floor was lower in their case, the researchers there 
were also able to determine a lower phase noise of — 162dBc/Hz at 10 kHz 
Fourier frequency. 

In the following sections we will discuss various techniques of oscillator 
phase noise reduction. 

^ See contribution by J. Hartnett and M. Tobar at Chap. 1-3 in this volume for 
further details. 

^ See contribution by A.G. Mann at Chap. 1-2 in this volume for further details. 
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2.3 Loop Oscillator with Resonator in Reflection 



Depending on the coupling, a resonator in reflection may have a substantially 
sharper phase- versus-frequency response than a resonator in transmission. By 
exploiting this characteristic it has been shown that an improvement in noise 
performance may be obtained with a reflection oscillator [12]. A schematic of 
a reflection oscillator is shown in Fig. 2. 

The effective quality factor of this resonator has been shown [12] to be: 



Qei? 



2PQo 

| 1 -/ 32 |- 



(14) 



This is much larger than the cavity intrinsic Q-factor as /3 — > 1. To evaluate 
the phase noise of the oscillator in question, Leeson’s equations (13) are used 
with the loaded Q-factor, Ql, replaced with QeS- 

In 1993 Tsarapkin [12] implemented a reflection oscillator incorporating 
a room-temperature sapphire resonator with Qq = 3 x 10® at 6 GHz. The 
effective Q-factor of the resonator inferred from phase noise measurements 
was 10®, which represented a three-fold improvement of the Q-factor corre- 
sponding to a 10 dB improvement in noise. The single sideband phase noise 
was measured to be close to — 130dBc/Hz at 1 kHz Fourier frequency, due to 
the high effective Q and low noise of an S-band Si BJT amplifier. 

It shoult be noted that a stable operation of a reflection oscillator is only 
possible for coupling values j3 < 1. 




Fig. 2. Resonator-oscillator configured with the resonator in reflection 



3 Phase Noise Reduction 

with Automatic Frequency Control 

A frequency stabilized microwave oscillator with a frequency control system 
is shown in Fig. 3. Here the high-Q resonator is used as both a bandpass 



14 



Eugene N. Ivanov and Michael E. Tobar 



Mixer 



LPF 



Lr 




esonator 





Varactor 

Phase 

Shifter 



Amplifter 

Output 

Fig. 3. Resonator-oscillator with a DC control loop to cancel phase noise and lock 
the oscillator frequency tightly to the resonator frequency 

filter in the loop oscillator and as a dispersive element of the frequency dis- 
criminator. The oscillator phase noise is reduced by applying a correction 
signal from the output of the frequency discriminator to the varactor phase 
shifter inside the loop. Many researchers have implemented designs to reduce 
the oscillator phase noise [13,14,15,16,17,18,19,20]. Using this technique, the 
phase noise of a room-temperature X-band FET oscillator based upon the 
low-order mode dielectric resonator was reduced to — 120dBc/Hz at 10 kHz 
Fourier frequency [15]. Increasing the Q-factor of the resonator to 2 x 10^ by 
making use of high order whispering gallery modes in the sapphire loaded res- 
onators resulted in a single-sided phase noise close to — 125dBc/Hz at 1 kHz 
Fourier frequency [18]. 

For a high gain frequency control loop, the oscillator phase noise suppres- 
sion is primarily limited by intrinsic fluctuations in the frequency discrimina- 
tor. Assuming that the non-linear mixing stage of the frequency discriminator 
is the only source of fluctuations, the phase sensitivity of the frequency dis- 
criminator expressed in terms of its phase noise floor, , is given by: 



where. Pine is the incident power on the resonator, fee is Boltzmann’s constant 
and Tmix is the mixer effective noise temperature. The latter is a function 
of Fourier frequency and power at the mixer rf port. At Fourier frequencies 
around 1 kHz, Tmix was measured to be close to 10^ K for typical X-band mix- 
ers operating near saturation (a few milliwatts of power at the rf port) [21]. 
Significant improvements in the sensitivity of frequency discriminators has 
recently been achieved with applications of interferometric signal processing 
at microwave frequencies. Such a technique, in combination with low-noise 




(15) 
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HEMT amplifiers, has enabled the development of microwave interferomet- 
ric frequency discriminators with effective noise temperatures close to the 
ambient temperature (see discussion below). 

4 Transposed-Gain (Double-Frequency) 
Amplifier-Oscillator 

The schematic of a “transposed-gain” or “double-frequency” microwave am- 
plifier is shown in Fig. 4. The technology uses low-noise VHF silicon transis- 
tors instead of higher-flicker-noise microwave GaAs transistors [22,23,24,25]. 
The amplification is provided at low frequencies by down-converting the sig- 
nal at the input and converting it back to the original frequency at the output. 
The auxiliary microwave oscillator is set close to the frequency of operation. 
The frequency of amplification is equal to the difference of input frequency, 
/o, and the auxiliary oscillator frequency, /aux- 

The spectral purity of the output signal of the transposed gain amplifier 
is not affected by phase fluctuations of the auxiliary oscillator. These fluc- 
tuations are common to the two consecutive stages of frequency conversion, 
and thereby become cancelled in the frequency up-converter. This leaves the 
front-end down-converter and VHF amplifier as the only important sources 
of noise in the transposed gain amplifier. 

Choosing the front-end amplifier with a low noise figure and a low flicker 
noise VHF amplifier enables a significant improvement in the phase noise 
performance of the loop oscillator. The circuit diagram of a loop oscillator 
based on a transposed gain amplifier is shown in Fig. 5. Making use of a 
high-Q sapphire dielectric resonator with a Q-factor of 3.5 x 10^, the phase 
noise of such an oscillator was reduced to — 120dBc/Hz at 1 kHz Fourier 
frequency [24,25], which is almost 20 dB better than a conventional oscillator 
where a microwave FET amplifier is used to sustain the oscillations [18]. 



Downconvcrter Upconverter 




Fig. 4. Double-frequency microwave amplifier 
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Fig. 5. Double-frequency microwave resonator-oscillator 



5 Electro-Optical Oscillators 

A low-noise electro-optical oscillator has been constructed by Yao and Maleki 
at the Jet Propulsion Laboratory [26]. Current versions of the oscillator are 
adaptations of a basic loop oscillator that utilizes an optical-fiber delay line 
as the dispersive element [27,28,29,30]. The range of oscillator operating fre- 
quencies is set by the photodetector bandwidth, and with modern high-speed 
devices this can easily be extended to millimeter waves. A basic schematic of 
this type of oscillator, which uses a diode laser as the optical source, is shown 
in Fig. 6. The output of the microwave amplifier modulates the current of a 
semiconductor laser, resulting in intensity modulation of the laser beam. This 
type of oscillator exploits the long delay times and low loss of state-of-the- 
art optical fibers. The predominantly amplitude-modulated laser light passes 
through the optical fiber and is detected by a photodetector, which produces 
a microwave signal. The signal is then amplified, filtered and sent back to the 
laser diode or amplitude modulator, which completes the loop. The oscillator 
can operate at any frequency (within the bandwidth of the microwave ampli- 
fier) at which the total phase shift around the loop is a multiple of 2tt. This 
allows the frequency of the microwave oscillator to be switched between the 
adjacent modes separated with a spacing of approximately c/(l^/e), where c 




Output 



Fig. 6. Delay-line electro-optical oscillator utilizing a modulated diode laser 
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is the velocity of light, I is the length of the fibre, and e is the dielectric per- 
mittivity of fibre. Frequency switching is one of the attractive features of a 
delay-line oscillator, which provides an opportunity for low cost and effective 
frequency synthesis at microwaves. Leeson’s equation is still applicable for 
this oscillator with: 

Qh = ttt/o . (16) 

Here r is the fiber delay time. Thus, a fiber of length 3 km with a delay time 
of 10 ms at an /o of 10 GHz will have a Ql of the order of 3 x 10®. 

The best result obtained to date is a phase noise of — 140dBc/Hz at a 
10 kHz Fourier frequency in a dual loop configuration that uses an external 
laser with a modulator at the output [29]. At the National Institute of Stan- 
dards and Technology (NIST), a current modulated laser diode was imple- 
mented with a phase noise of — 133dBc/Hz at lOkHz Fourier frequency [30]. 
The interesting feature of an electrical-optical oscillator is that its phase noise 
does not degrade with carrier frequency as quickly as that of a conventional 
oscillator. For example, a multiplication of two in frequency causes a factor- 
of-four degradation in oscillator phase noise, but this does not occur in the 
electro-optical oscillator because the fiber delay time is independent of mod- 
ulation frequency. 

6 Interferometric Frequency Discriminators 

The frequency discriminator is a key part of any frequency stabilization sys- 
tem and improvements in its sensitivity directly translate into the correspond- 
ing improvements in the oscillator phase noise. Various ideas of improving 
the sensitivity of frequency discriminators can be found in publications dat- 
ing back to the late 1950s [31]. For example, in 1960s, a carrier rejection filter 
based on a critically coupled microwave resonator in reflection was suggested 
as the dispersive element in a frequency discriminator [32]. Suppressing the 
carrier reflected from the resonator reduces the effective noise temperature of 
the nonlinear mixing stage of the frequency discriminator and, therefore, the 
uncertainty in phase noise measurements. Following this idea, Dick in 1992 
developed the X-band frequency discriminator based on a critically coupled 
Sapphire Loaded Cavity (SLC) resonator operating at a liquid nitrogen tem- 
perature. The phase noise floor of such a frequency discriminator was mea- 
sured to be close to — 160dBc/Hz at Fourier frequency / = IkHz [33,34]. 
However, the sensitivity of Dick’s frequency discriminator was limited by 
the lack of carrier suppression caused by imperfect matching of the cavity 
to the transmission line. The drawbacks of frequency discriminators based 
on critically coupled resonators were completely overcome in interferometric 
measurement systems [5,21,35,36,37,38,39]. By using interferometric signal 
processing, the phase noise floor of the X-band frequency discriminator was 
reduced to a level of — 155dBc/Hz at / = IkHz Fourier frequency without 
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the use of cryogenic fluids. This enabled the development of a 9 GHz room- 
temperature oscillator with phase-noise spectral density of — 150dBc/Hz at 
/ = IkHz, which represented at least 25 dB improvement in the oscillator 
phase noise performance as compared with the previous state of the art. 

The enhanced sensitivity of the interferometric measurement system arises 
from its ability to satisfy two seemingly contradictory requirements: high 
power at the input of the interferometer, as well as small signal operation of 
the microwave readout system. This is achieved by balancing the interferom- 
eter and amplifying the signal with the suppressed carrier before providing 
it to the nonlinear mixing stage. Combination of a carrier cancellation tech- 
nique and low noise microwave amplification enables the interferometric noise 
measurement system to operate with effective noise temperatures close to its 
physical temperature. 

In this section we consider (i) the principles of operation of interferometric 
frequency discriminators and the noise mechanisms affecting their sensitivity, 
(ii) the applications of microwave interferometric signal processing to phase 
noise reduction in microwave oscillators and (iii) noise analysis and perfor- 
mance of tunable ultra-low phase noise oscillators with automatic carrier 
suppression. We will also discuss possible approaches to improving the long- 
term frequency stability of microwave oscillators with interferometric signal 
processing. 

6.1 Phase Noise Floor 

of Interferometric Frequency Discriminator 

The schematic diagram of the interferometric frequency discriminator is 
shown in Fig. 7. It consists of a microwave interferometer with a high-Q res- 
onator in one of the arms followed by a readout system. The latter includes 
low-noise microwave amplifier and nonlinear mixing stage. The sensitivity of 
the interferometric frequency discriminator to pump oscillator frequency fluc- 
tuations results from frequency to phase conversion, which takes place in the 
high-Q resonator. This upsets the balance of the interferometer and results in 
power fluctuations at its output. We have chosen to describe the sensitivity 
in terms of the readout systems effective noise temperature, Trs, which may 
be expressed as a sum of three components representing noise contributions 
of the microwave amplifier, the double balanced mixer and lossy components 
of the discriminator shown on Fig. 7: 

^eff 

7’rs = t:®p + ^ + To. (17) 

-^amp 

Here, iFamp and are the microwave amplifier gain and its effective noise 
temperature, respectively, and Tq is the ambient temperature. At high am- 
plifier gain the mixer noise contribution, becomes insignificant and (17) 
is simplified to Trs « Tf^p -|- Tq. 
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Fig. 7. An interferometric frequency discriminator (patented) [21] 



In the general case, the readout systems effective noise temperature, Trs, 
is a function of Fourier frequency, /, and power at the input of the low-noise 
microwave amplifier, Pamp [35] . By suppressing the carrier at the output of the 
interferometer and choosing a microwave amplifier with a low level of Johnson 
noise, Trs can be reduced to a level close to the ambient temperature, Tq. 
For instance, the effective noise temperature of about 360 K was measured 
in [5] . A value of Trs near to To implies that the measurement system noise 
floor is primarily limited by thermal fluctuations in the lossy components of 
the interferometer. 

Assuming that oscillator operating frequency, fosc, is equal to the reso- 
nant frequency of the high-Q resonator /res, the limit imposed on the inter- 
ferometric frequency discriminator phase noise floor by the effective noise 
temperature of the microwave readout system in terms of Single SideBand 
(SSB) spectral densities is given by [35]: 

^FD(l)/ r,. _ ^bTrs (1 + 

^ Pine 4/J2 

where Pine is the power of the microwave signal incident on the resonator, fee 
is Boltzmann’s constant, (3 is the resonator coupling coefficient, /res and Qq 
are the resonant frequency and unloaded Q-factor of the resonator, respec- 
tively, and A/( 5)5 = /res(l + /?) /(2<5o) is the resonator loaded half bandwidth. 
Substituting into (18) the set of parameters corresponding to the typical 
room-temperature SLC, namely f3 = 0.7, Qo = 190 000 and /res=9GHz, and 
assuming that Trs = 360 K and Pi„c = 50 mW, yields an SSB phase noise 
floor of — 155dBc/Hz at / = IkHz. This is more than 50 dB better than the 
phase noise of a free-running oscillator based on the same resonator and shows 
the high potential of the interferometric phase noise reduction technique. 

An additional component of the frequency discriminator phase noise floor 
arises from PM and AM fluctuations inside the microwave interferometer. 
These fluctuations occur in both the voltage-controlled as well as the ferrite 
components of the interferometer. They can also be induced by vibrations 



1-f 



(t 



0.5 



(18) 
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of the interferometer components. If one assumes that the microwave ferrite 
circulator was the only source of nonthermal fluctuations inside the inter- 
ferometer, a numerical estimate for the frequency discriminator phase noise 
floor can be calculated as = — 158dBc/Hz at / = IkHz [-5]. This is 

3 dB below the thermal noise floor given by (18). However, at Fourier frequen- 
cies below a few hundred hertz, the intrinsic phase fluctuations in circulators 
become the major mechanism to limit the noise floor of an interferometric 
frequency discriminator. This is because of the flicker nature of the phase 
noise in microwave ferrite components [37]. For instance, the spectral density 
of phase noise in a typical microwave circulator was measured to be equal to 

« -150 - 121ogio(/)[dBc/Hz] . (19) 

If the oscillator operating frequency fosc is not exactly equal to /res, the 
phase noise floor of the interferometric frequency discriminator is also affected 
by oscillator AM noise. For typical FET transistor oscillators with a low level 
of AM noise (/l^M ~ — 135dBc/Hz at / = 1 kHz) this effect is relatively 
weak provided that the oscillator detuning from the cavity resonance does 
not exceed one tenth of its bandwidth. 

Another mechanism for the AM-to-PM conversion in interferometric fre- 
quency discriminator results from an error in setting the reference phase shift, 
6(()ref. The frequency discriminator phase noise floor due to this effect is given 

by 

C^^^(/) = aM(/)tan^(5<(>ref). (20) 

Making use of (20) and assuming a relatively high level of oscillator AM 
noise (/l^M ~ — 120dBc/Hz), the upper limit on the reference phase shift 
error must be less than 1.4° if a thermal noise-limited performance is to be 
achieved. 

6.2 Ultra-Low Phase Noise Oscillator 
with Interferometric Signal Processing 

A simplified diagram of the frequency-stabilized microwave oscillator with 
an interferometric signal processing is shown in Fig. 8 (patented) [21]. The 
high-Q resonator is used both as a band-pass filter in the loop oscillator and 
a dispersive element of the frequency discriminator [4] . 

The oscillator phase noise suppression is achieved by applying a filtered 
signal from the output of the frequency discriminator (mixer) to the Voltage 
Controlled Phase shifter (VCP) inside the loop oscillator. The VCP allows 
the tuning of the oscillator operating frequency by changing the effective 
electric length of the loop. The frequency discriminator and VCP represent 
the sensor and actuator, respectively, of a frequency control system which 
locks the oscillator to a selected resonant mode of the high-Q resonator. 
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Fig. 8. A frequency-stabilized microwave oscillator with interferometric signal pro- 
cessing (patented) [21] 



The spectral density of the oscillator phase noise at Fourier frequencies 
within the bandwidth of a high-gain frequency-control system is given by [35] : 

( 21 ) 

i 

The first term on the right-hand side in this expression represents the fre- 
quency discriminator total phase noise floor due to the various noise mech- 
anisms discussed previously, while the second term represents the high-Q 
resonator resonant frequency fluctuations. These resonator fluctuations arise 
from temperature, seismic and microwave power fluctuations. 

The oscillator phase noise was measured by implementing a second inter- 
ferometric frequency discriminator with similar sensitivity. Both frequency 
discriminators were based on the commercial temperature-stabilized SLC res- 
onators developed by Poseidon Scientific Instruments Pty Ltd [40]. The re- 
sults of noise measurements are shown in Fig. 9. Curve 1 corresponds to the 
phase noise of the free-running loop oscillator. Closing the frequency feedback 
loop with a DC gain of 58 dB reduces the oscillator phase noise by 50 dB at 
Fourier frequencies below a few kHz (curve 2). The SSB phase noise of the 
oscillator in this case follows a flicker frequency law and fits to: 

Crif) « -60 - 301ogio(/) [dBc/Hz], (22) 

which corresponds to £“‘^(lkHz) « — 150dBc/Hz. 

The various components of the oscillator phase noise given by curves 3-6 
in Fig. 9 were calculated from a small signal model of the low-noise oscillator 
with the parameters closely matched to those of the developed oscillator. 
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Fig. 9. Phase noise performance of a 9 GHz oscillator: measured phase noise of 
the free-running oscillator {curve 1); measured phase noise of frequency-stabilized 
oscillator {curve 2); phase noise due to the frequency servo finite loop gain {curve 3)\ 
phase noise due to readout system effective noise temperature ( curve 4 ) ; phase noise 
due to intrinsic phase fluctuations of microwave circulator {curve 5); phase noise 
due to oscillator amplitude fluctuations {curve 6) 



It was also assumed that the carrier was suppressed at the SLC resonant 
frequency and the total DC gain of the feedback control loop was equal to 
58 dB. The loop filter was designed to provide a phase margin of the open- loop 
transfer function equal to 25°. 

Curve 3 shows the suppression of the free-running oscillator phase noise by 
the frequency servo. This level of the oscillator phase noise could be achieved 
if the frequency discriminator was noiseless. Comparing curves 2 and 3 shows 
that the relative degradation of the oscillator phase noise at Fourier frequen- 
cies above 10 kHz is due to the insufficient gain of the frequency servo. 

Curve 4 in Fig. 9 corresponds to the oscillator phase noise due to the 
readout system effective noise temperature. It varies as f~^ and is a major 
factor limiting the oscillator phase noise performance at Fourier frequencies 
from 200 Hz to 10 kHz. 

At Fourier frequencies below a few hundred hertz, the oscillator phase 
noise is limited by phase fluctuations in the circulator (curve 5 in Fig. 9). 
The phase noise performance of the oscillator in this frequency range can be 
improved by replacing the circulator with a 3 dB hybrid coupler as suggested 
in [34]. In the latter case, the power at the input of the microwave inter- 
ferometer must be increased by 6dB to compensate for the loss of signal in 
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the hybrid coupler. The component of the oscillator phase noise caused by 
AM-to-PM conversion is shown by curve 6 in Fig. 9. 

From the above analysis it follows that further improvements in the oscil- 
lator phase noise performance could be achieved by increasing both the power 
incident on the resonator and its Q-factor. For instance, a phase noise spec- 
tral density of the order of — 160dBc/Hz is expected for a room-temperature 
SLC oscillator operating with an incident power of Pine = 500 mW. Q-factors 
of the order of 5 x 10^ and 5 x 10® have been achieved with SLC resonators 
operating at the liquid nitrogen (77 K) [3] and helium (4.2 K) [41] tempera- 
tures, respectively. The phase noise of a frequency-stabilized oscillator based 
on a 77 K SLC resonator with Pine = 50 mW is expected to be equal to 
— 180dBc/Hz at / = IkHz. It is worth noting that at Fourier frequencies 
higher than the resonator bandwidth, the oscillator phase noise does not de- 
pend on the Q-factor (see ( 18)). This implies that for / > 250 Hz, the phase 
noise of an oscillator based on a 77 K SLC resonator will not be improved by 
cooling the resonator to lower temperatures. 



6.3 Tunable Ultra-Low Phase Noise Oscillator 
with Automatic Carrier Suppression 

The best phase noise performance of the interferometric oscillator is achieved 
when the oscillator operates at a frequency close to the resonant frequency of 
the high-Q resonator. Tuning the operating frequency by changing the phase 
balance of the interferometer ruins the carrier suppression and degrades the 
oscillator phase noise performance. This occurs because the effective noise 
temperature of the microwave readout system rises with input power. To 
minimize the degradation of the oscillator phase noise, an automatic carrier 
suppression system capable of maintaining the balance of the interferometer 
within the oscillator tuning range has been developed [5] . In such an oscillator 
the carrier is automatically suppressed due to the joint operation of two 
feedback control systems. The first (frequency) control system maintains the 
phase balance of the interferometer, while the second (amplitude) control 
system keeps the amplitude mismatch between the interferometer arms at a 
minimum. The sensors of both control systems are almost identical except 
for the quadrature settings of reference phase shifters </>refi and </>ref2- 

Responding to variations of interferometer phase mismatch, the two feed- 
back control systems alter the oscillator frequency and the attenuation of 
the interferometer compensating arm until the balance of the interferometer 
at a new operating frequency is achieved. This enables the degradation of 
the oscillator phase noise associated with the lack of carrier suppression to 
be significantly minimized. However, there are other noise mechanisms that 
affect the oscillator phase noise, which are not related to the quality of car- 
rier suppression and depend only on the oscillator frequency shift from the 
high-Q resonator centre of resonance, i.e. fosc — /res- The tuning range of the 
frequency stabilized oscillator with automatic carrier suppression is limited 
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by the maximum phase mismatch AlZVax at which the interferometer can 
still be balanced: 

AlZVax = sin“^(/3eq), wllCre /3eq = TvV ^ ^ 

-L + P2 

/3eq being the equivalent coupling of the resonator, and (3\ and P 2 are the 
resonator coupling coefficients (see Fig. 9). From (23), the boundaries of the 
oscillator frequency tuning range can be found: 

/osc = /res±A/o.5(l-^e\)^ (24) 

where A/ 0.5 = (l+/3i + / 32 )/res/( 2 < 5 o) is the resonator half-bandwidth and Qo 
is the unloaded Q-factor. 

The experimental dependence of oscillator operating frequency on the 
interferometer phase mismatch is shown in Fig. 10 (curve 1). It corresponds to 
an oscillator based on a typical room-temperature SLC resonator having the 
following parameters: /res = 9 GHz, /3i = 0.75, /32 = 0.15 and Qq = 200 000. 
The tuning range of the oscillator is close to ±14 kHz, which is comparable to 
the SLC resonator half-bandwidth, A /o.s. Reducing the resonator’s coupling 
coefficient, one can increase its tuning range as shown in (24); however, the 
phase noise of the oscillator will be sacrificed (18). This confirms the intuitive 
perception that low-phase noise operation and broad frequency tuning are 
mutually exclusive. 

Power at the output of a microwave interferometer (the input of low-noise 
microwave amplifier) as a function of phase mismatch is shown by curve 2 in 




T3 

o 




Phase mismatch, deg 

Fig. 10. Oscillator frequency offset from the resonant frequency of SLC resonator 
{curve 1) and power at the output of microwave interferometer {curve S) as func- 
tions of interferometer phase mismatch 
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Fig. 10. It is clear that even at the boundaries of the tuning range the power 
at the input the of low-noise microwave amplifier does not exceed —68 dBm, 
which is low enough to prevent any significant degradation of the frequency 
discriminator effective noise temperature. These results also confirm that 
extremely high levels of carrier suppression could be reproducibly achieved 
and maintained. Defining the carrier suppression, C, as a ratio of power 
incident on the high-Q resonator to the power at the input of the microwave 
readout amplifier, C = Pinc/Tamp, gives a maximum value equal to 109dB. 

6.4 Phase Noise Performance of Tunable Oscillator 
with Automatic Carrier Suppression 

The phase noise spectra of a tunable oscillator with automatic carrier suppres- 
sion has been measured at different offsets from the SLC resonant frequency 
and is shown on Fig. 11. For instance, curve 1 gives the phase noise spectrum 
at /osc = /res- In this case the spectral density of the phase noise equal to 
— 150dBc/Hz was measured at Fourier frequency / = IkHz. The 5dB noise 
degradation as compared with the fixed-frequency oscillator (see Fig. 9) is 
caused by the phase noise of the voltage-controlled phase shifter, which was 
introduced into the interferometer to enable electronic tuning of the oscilla- 
tor frequency. Altering the phase mismatch of the interferometer pulls the 
oscillator frequency from /res- The phase noise spectra corresponding to fre- 
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Fig . 11 . The phase noise spectra of a frequency-stabilized microwave oscillator 
with automatic carrier suppression at different offsets from the resonant frequency 
of the SLC resonator: /osc = /res {curve 1), /osc = /res + 5kHz {curve 2) and 
/osc — /res + 10 kHz {curve 3) 
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quency offsets from /res equal to 5 kHz and 10 kHz are given by curves 2 and 
3 respectively. 

The noise performance of a microwave oscillator with automatic carrier 
suppression has been analyzed by solving a system of coupled nonlinear dif- 
ferential equations, which describe the joint operation of frequency and am- 
plitude control systems. The results of the noise analysis are presented in 
Fig. 12. Here, various components of the oscillator phase noise were calcu- 
lated as functions of Fourier frequency (curves 2 - 6) . To verify the results 
of numerical simulations, the measured phase noise spectrum of the tunable 
oscillator is also shown in Fig. 12 (curve 1). Calculations were performed as- 
suming the following parameters; a 10 kHz offset from the SLC centre of res- 
onance; interferometer phase fluctuations equivalent to the measured phase 
noise of the voltage-controlled phase shifter; interferometer amplitude fluctu- 
ations consistent with the AM noise of the voltage-controlled attenuator [37]. 

Curve 2 in Fig. 12 shows the suppression of the free-running oscillator 
phase noise by the frequency servo. 

Curve 3 gives the oscillator phase noise floor due to phase fluctuations 
inside the microwave interferometer. It varies as 1//^ and is a major factor 
limiting the oscillator phase noise at offset frequencies below 400 Hz. This 




Fourier frequency, Hz 



Fig. 12. The noise budget of a frequency-stabilized microwave oscillator with au- 
tomatic carrier suppression: Measured phase noise {curve I); noise floor due to 
the limited gain of frequency servo {curve 2)\ noise floor due to phase fluctuations 
inside interferometer {curve 5); noise floor due to readout system finite noise tem- 
perature {curve 4}', noise floor due to oscillator AM noise {curve 5); noise floor 
due to amplitude fluctuations inside interferometer {curve 6). It is assumed that 
/osc - /res = 10 kHz 
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component of the oscillator phase noise floor can be reduced by setting the 
resonator coupling close to critical. 

Curve 4 corresponds to oscillator phase noise floor imposed by the flnite 
effective noise temperature of the microwave readout system TeS- It varies 
with 1/ P within the frequency range from 100 Hz to 10 kHz and with 1//^ at 
/ < 10 Hz. The rapid increase of the oscillator noise at / < 10 Hz is caused by 
the flicker noise of the microwave amplifier in the readout system of frequency 
discriminator. 

At higher offset frequencies around 10 kHz the oscillator phase noise is 
limited by oscillator AM noise (curve 5). This limit arises from the residual 
sensitivity of the frequency discriminator to oscillator AM noise when /osc 7^ 

/res- 

The last component of the oscillator phase noise floor is due to amplitude 
fluctuations inside the interferometer (curve 6). This noise floor was calcu- 
lated for an amplitude control system based on a single-pole low-pass Alter 
with corner frequency at 10 Hz, which was the system used in our experi- 
ments. By increasing either the bandwidth of the amplitude control system 
or its gain, the effect of this noise source on the oscillator phase noise perfor- 
mance can be reduced. 



6.5 Amplitude to Frequency Conversion in Sapphire Loaded 
Cavity Resonators 



Amplitude modulation to frequency modulation (AM-to-FM) conversion in 
an SLC resonator results from the dependence of sapphire dielectric permit- 
tivity on temperature. The latter is altered by fluctuations of the dissipated 
microwave power, which gives rise to power-dependent fluctuations in the 
SLC resonant frequency. This mechanism was studied by making use of an 
SLC stabilized oscillator similar to that shown in Fig. 8. The tight frequency 
locking of the oscillator to the SLC resonance ensured that oscillator fre- 
quency closely followed the SLC resonant frequency. The main advantage 
of this approach was an extremely low level of spurious frequency modula- 
tion from voltage to phase conversion in the voltage controlled attenuator. 
The magnitude of spurious frequency variations was estimated to be at least 
seven orders of magnitude less than the useful effect caused by frequency 
power dependence of the SLC resonant frequency. 

From the measurements performed in the range of Fourier frequencies 
from 15 mHz to 1 Hz it was found that the power-to-frequency transfer func- 
tion of the SLC resonator corresponds to that of the first-order low-pass 
Alter: 



d/res O: 

dP 1 -I- /27r/rth ' 



(25) 



For a typical room-temperature SLC resonator operating at frequencies 
around 9 GHz, the values of a and rth were measured to be equal to 
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0.4kHz/mW and 34s respectively. These results are consistent with numer- 
ical estimates obtained from the thermal conductivity, the specific heat of 
sapphire and the geometry of the resonator. 

The above mechanism of power-to-frequency conversion gives rise to os- 
cillator phase noise with spectral density 



QOSC 



= 4P; 



cose 

*^AM 



(/) 



diss 



1 -b (27r/rth) P 



(26) 



where Pdiss is the power dissipated in the resonator and 5 'am(/) is the spectral 
density of oscillator amplitude fluctuations. As *S'am(/) oc 1// for a typical 
microwave transistor oscillator, the phase noise spectral density will vary at 
a rate of 50dB/decade at low Fourier frequencies above / « 1/rth ~ 20 mHz. 

The instability of the SLC resonant frequency induced by power fluctu- 
ations has serious implications for the design of ultra-low phase noise os- 
cillators, making the goal of improving the phase noise performance of mi- 
crowave oscillators a difficult task. For instance, from the results of simu- 
lations it follows that at Pdiss ~ 500 mW and / « 1 Hz the spectral den- 
sity of the excess phase noise due to AM-to-FM conversion is almost 70 dB 
higher than the thermal noise floor. Remembering that the thermal noise floor 
scales inversely proportional with power (see (18)), while the intensity of the 
power-induced frequency fluctuations in the SLC resonator are proportional 
to power squared (see (26)), one can arrive at the rather pessimistic conclu- 
sion that the medium-term frequency stability of SLC microwave oscillators 
is always going to be impaired if thermal-noise-limited performance at high 
Fourier frequencies is to be achieved. Fortunately, there are ways of control- 
ling the AM-to-FM conversion in the SLC resonators, including: (i) the de- 
sign of temperature-compensated sapphire dielectric resonators [42,43,44,45] 
(also, see contribution by J. Hartnett and M. Tobar elsewhere in this volume); 
(ii) suppression of the oscillator amplitude noise; (iii) controlling the SLC op- 
erating temperature by making use of the difference in frequency-temperature 
coefficients of various modes of the SLC resonator. 



6.6 Amplitude Noise Suppression in Oscillators 
with Interferometric Signal Processing 

With the advent of low phase-noise-oscillators with interferometric signal 
processing, the phase noise spectral density at Fourier frequencies useful for 
Doppler radar is reduced well below that of the amplitude noise. This is one 
of the reasons that further improvements in oscillator phase noise must pro- 
ceed in concert with the development of the means for controlling amplitude 
fluctuations: suppression of the oscillator amplitude noise will also facilitate 
the achievement of low levels of phase noise [5] . 

Considering the oscillator with automatic carrier suppression [5] , the sen- 
sor of the interferometer amplitude mismatch control system turns out also 
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to be sensitive to oscillator amplitude fluctuations. This allows the develop- 
ment of microwave oscillators with interferometric amplitude discriminators. 
The predicted noise budget of such a microwave oscillator is shown in Fig. 13. 
Curve 1 in Fig. 13 corresponds to the amplitude noise of a free-running os- 
cillator. Curve 2 shows the noise floor, which would be possible if the sensor 
of the AM noise-reduction system was noiseless. Curve 3 represents the noise 
floor of the interferometric amplitude discriminator. The spectral density of 
overall amplitude fluctuations of the oscillator is given by curve 4. It varies 
as 1//^ in the frequency range from 10 Hz to 10 kHz, and AM noise lev- 
els as low as — 160dBc/Hz appear to be possible at / = IkHz. In such a 
case, the noise power of the oscillator with Pdiss = 500 mW would be al- 
most equally divided between phase and amplitude fluctuations at Fourier 
frequencies around IkHz. 




Fig. 13. Oscillator amplitude noise budget (/res = 9 GHz, Pdiss = 500 mW) 



7 Dual-Mode Microwave Oscillators 

with Improved Long-Term Frequency Stability 

Temperature fluctuations are a major noise mechanism affecting the long- 
term frequency stability of classic oscillators. This is because of the frequency- 
temperature dependence of the high-Q resonator, which is a key element for 
determining the oscillator operating frequency. There are several possible ap- 
proaches to the solution of the above problem involving the design of temper- 
ature compensated resonators [42,43,44,45], the stabilization of the resonator 
operating temperature [40] or a combination of both techniques [41]. One 
of the effective ways of stabilizing the resonator temperature relies on the 
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different temperature dependence of various resonant modes in the high-Q 
resonator [46,47]. This leads to the idea of a dual-mode oscillator where the 
high-Q electromagnetic resonator is shared by two conventional oscillators 
which are frequency locked to the modes with different frequency-temperature 
coefficients. In such a case the beat frequency between the two oscillators is 
a direct measure of the resonator instantaneous temperature. This enables 
the resonator temperature to be stabilized by phase locking the beat tone 
of a dual-mode oscillator to a stable frequency reference. In doing so, the 
frequency instability of the reference oscillator would be the only major noise 
mechanism, which limits the accuracy of temperature stabilization. 

We illustrate the principles of operation of the dual-mode oscillator based 
upon the SLC resonator excited in two orthogonal electromagnetic modes, 
belonging to H- and E-mode families. Temperature-induced frequency fluc- 
tuations of the SLC resonator, 6/, are given by 

df^ df® 

6/h = ^6T and 6/e = ^6T, (27) 

where 6T is the amplitude of temperature fluctuations, d/res/dT is the res- 
onator frequency temperature coefficient, and superscripts H and E are used 
to indicate the mode type, i.e. a quasi-TE or TM mode respectively. 

For a room-temperature SLC resonator; d/^^g/dT « 500kHz/K and 
d/®g/dT « 700kHz/K [42]. By controlling the SLC operating temperature, 
for example with a Peltier thermoelectric cooler or by varying the dissipated 
microwave power, one can phase-lock the beat signal between the H- and 
E-mode oscillators to an external frequency reference. The noise floor of the 
equivalent temperature control system can be found as: 



ST = where i^he 



df“ df® 

J res J rei 

“dT dT 



(28) 



and 6/osc is the rms frequency fluctuations of an external oscillator. Com- 
bining (28) and 27, the frequency stability of each microwave oscillator can 
be found. The latter, expressed in terms of the Square Root Allan Variance 
(SRAV), is given by 



a 



H.E _ 
V 



d/HT/dr /,g, 
t'HE /h.E ^ 



(29) 



where is the resonant frequency of the H and E modes, and where /osc 
and are the operating frequency and the SRAV of the reference oscillator 
respectively. 

As follows from (29), the frequency stability of a microwave oscillator 
can be much less than that of its reference source, provided that separation 
between the two microwave frequencies, |/res~/res|j is much smaller than their 
absolute values. For example, assuming a quartz oscillator with « 10“^^, 
and which is operating at approximately 100 MHz, is used in order to bridge 
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the gap between the two microwave frequencies, one expects that the SRAV 
of the 10 GHz H-mode oscillator will be close to 2.5 x 10“^^. 

More detailed analysis of the dual-mode oscillator shows that it is not 
necessary to control the temperature of the SLC resonator in order to achieve 
the level of oscillator frequency stability given by (29) . Several alternatives to 
controlling the SLC temperature include (i) coupling varactor diodes to the 
SLC resonator or (ii) inserting an electronically controlled phase shifter into 
the microwave interferometer of frequency discriminator (see Sec. 6.3). Both 
of these techniques can directly tune the oscillator frequency. The drawbacks 
of these techniques are related to the additional noise associated with the 
semiconductor devices and the necessity to meet certain requirements for the 
magnitudes of oscillator frequency tuning coefficients. 

The results of noise analysis of a dual-mode oscillator are summarized in 
Fig. 14. It is assumed that a fixed frequency offset between H-mode (master) 
and E-mode (pilot) oscillators is maintained by varying thepower dissipated 
in the SLC resonator. The average power dissipated in the SLC resonator by 
the master oscillator is assumed to be 500 mW, while the power dissipated by 
the pilot oscillator is chosen to be 50 mW. These calculations were performed 
assuming a reference oscillator with a SRAV of = 10“^^ -I- 1.5 x 
The SRAV of relative ambient temperature fluctuations was measured and 
found to fit the following formula: = 3 x 10“^(1 -I- >/t). 




cti -4-3-2-10 1 2 

Ph log^ ^[Fourier frequency, Hz] 



Fig. 14. Components of phase noise floor of the master oscillator due to various 
noise mechanisms. See text for details of each contribution 
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Curve 1 in Fig. 14 shows the master oscillator phase noise when the phase- 
locked loop is inactive. Curve 2 gives the phase noise floor due to intrinsic 
fluctuations in the frequency discriminator of the master oscillator. Intrinsic 
fluctuations in the frequency discriminator of the pilot oscillator are respon- 
sible for the noise floor given by curve 3. The 10 dB difference between curves 
2 and 3 arises from the assumed 10 dB difference in oscillator powers. The 
components of the master oscillator phase noise floor due to ambient temper- 
ature fluctuations as well as fluctuations in the level of dissipated microwave 
power are given by curves 4 and 5 respectively. Power fluctuations of the pilot 
oscillator give rise to the phase noise floor shown by curve 6. The 20 dB offset 
between curves 5 and 6 results from the 10 dB difference in oscillator powers 
(see (26)). Curve 7 shows the total phase noise of the master oscillator, which 
is almost coincident with the noise floor imposed by the reference oscillator 
frequency fluctuations. This means that the effect of noise sources such as 
temperature and power fluctuations on the frequency stability of a dual-mode 
oscillator is negligible as compared with that of a conventional single-mode 
oscillator (curve 1). 

Knowing the spectral density of oscillator phase noise allows its frequency 
stability in the time domain to be calculated. Such calculations were carried 
out for three different states of the master oscillator. First, the SRAV of 
a free-running master oscillator with the frequency control loop turned off 
was calculated. The dependence of SRAV on integration time in this case 
is shown in Fig. 15 (curve 1). Secondly, the SRAV of a frequency-stabilized 
master oscillator was calculated (curve 2 in Fig 15). Curves 1 and 2 converge 
at T > 10 s; this is because at such integration times the ambient tempera- 




Fig. 15. Calculated dependencies of SRAV of the master oscillator as a function of 
integration time. 
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ture fluctuations are a common mechanism of frequency instability for both 
oscillators. At shorter integration times (r < 1 s) the SRAV of the frequency- 
stabilized oscillator rapidly improves compared with the free-running oscilla- 
tor, due to the phase noise suppression by the interferometric frequency con- 
trol system. The large round dots in Fig. 15 correspond to the experimental 
results obtained at Poseidon Scientific Instruments Pty. Ltd. with two fre- 
quency stabilized oscillators (Pdiss ~ 300 mW) with automatically balanced 
interferometers. The excessively high value of SRAV at r = 1 s was likely due 
to the high noise floor of the measurement system. Curve 3 illustrates the 
dependence of the master oscillator SRAV on the integration time when the 
phase-locked loop is closed. It is almost flat over integration times up until 
100s and close to cr^ « 3 x 10“^^, and this limit represents three orders of 
magnitude improvement over a conventional frequency stabilized oscillator 
for the range 10 < r < 100 s. 

8 Conclusion 

This contribution to the current volume has provided a brief introduction 
to the theory of microwave oscillators, has analyzed basic noise mechanisms 
which limit their frequency stability, and has discussed the different means 
for oscillator phase and amplitude noise reduction. A particular emphasis has 
been placed on applications of microwave interferometric signal processing 
for the design of ultra-low phase noise oscillators. This technique has enabled 
the development of microwave oscillations with phase noise performance 25- 
30 dB better than the previous state of the art. Apart from that, it has been 
shown that the fundamental limit imposed on the phase noise performance 
of a microwave oscillator with interferometric signal processing is primarily 
due to the thermal noise generated inside the interferometric frequency dis- 
criminator. We have also outlined two possible trends in the development 
of ultra-low noise microwave oscillators. First, we have shown that princi- 
ples of microwave oscillators with the potential of achieving thermal noise 
limited performance. Second, we have demonstrated how the concept of a 
dual mode oscillator can benefit the development of microwave oscillators 
with improved medium term frequency stability by taking advantage of the 
anisotropy of sapphire dielectric resonators. 
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Abstract. Ultrastable cryogenic microwave oscillators are secondary frequency 
standards in the microwave domain. The best of these oscillators have demonstrated 
a short term frequency stability in the range to a few times 10“^®. The main 

application for these oscillators is as flywheel oscillators for the next generation 
of passive atomic frequency standards, and as local oscillators in space teleme- 
try ground stations to clean up the transmitter close in phase noise. Fractional 
frequency stabilities of passive atomic frequency standards are now approaching 
3 X / y/r where r is the measurement time, limited only by the number of 

atoms that are being interrogated. This requires an interrogation oscillator whose 
short-term stability is of the order of or better, which cannot be provided 

by present-day quartz technology. Ultrastable cryogenic microwave oscillators are 
based on resonators which have very high electrical Q-factors. The resolution of the 
resonator’s linewidth is typically limited by electronics noise to about Ippm and 
hence Q-factors in excess of 10® are required. As these are only attained in super- 
conducting cavities or sapphire resonators at low temperatures, use of liquid helium 
cooling is mandatory, which has so far restricted these oscillators to the research or 
metrology laboratory. Recently, there has been an effort to dispense with the need 
for liquid helium and make compact flywheel oscillators for the new generation of 
primary frequency standards. Work is under way to achieve this goal in space-borne 
and mobile liquid-nitrogen-cooled systems. The best cryogenic oscillators developed 
to date are the “whispering gallery” (WG) mode sapphire resonator-oscillators of 
NASA’s Jet Propulsion Laboratory (JPL) and the University of Western Australia 
(UWA), as well as Stanford University’s superconducting cavity stabilized oscilla- 
tor (SCSO). All of these oscillators have demonstrated frequency stabilities in the 
range of a few times 10“^® to a few times 10“^®. In this contribution we review only 
liquid-helium-cooled secondary frequency standards, such as those just mentioned, 
which have attained frequency stabilities of or better. 



1 Introduction 

The first successful cryogenic oscillators were based on superconducting nio- 
bium vacuum cavities and were developed by Stein and Turneaure at Stan- 
ford University in the 1970s [1,2]. The Q-factors pushed the limits of niobium 
cavity technology; Q values as high as a few times 10^^ were sometimes ob- 
tained and a few times 10^° were routinely obtained. The oscillators based on 
these resonators achieved a fractional frequency stability (more rigorously, the 
Square Root Allan Variance, SRAV, [3]) of 1 x for integration times, 
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T varying from 0.1s to 10 s, and an inferred noise floor of about 3 x 10”^® 
from 30 s to 100 s. This result was obtained by locking a Gunn oscillator with 
relatively poor stability, to the resonator at the lowest possible temperature 
(1.3K) so as to minimize the temperature coefficient of resonator frequency. 

In the late 1970s, work by Braginsky et al. at Moscow State University 
paved the way for oscillators based on cryogenic sapphire resonators. Bragin- 
sky’s group showed that superconductor-coated sapphire resonators could be 
fabricated with Q values of the order of 10® [4]. Later “Whispering Gallery” 
(WG) mode resonators were shown to exhibit similar Qs, limited only by 
the loss tangent of sapphire, which is a monotonically decreasing function of 
temperature [5,6]. At temperatures around liquid nitrogen temperature, Bra- 
ginsky et al. found that the loss obeyed a temperature dependence [6], 
which was explained by the phonon transport theory of Gurevich and Tagant- 
sev [7]. At liquid helium temperatures the loss is limited by crystal imperfec- 
tions, which even in the year 2000 is only partially understood. The residual 
transition metal impurities in the sapphire, such as Gr, Fe, Mo and Ti, are 
paramagnetic and act at low temperatures to nullify the temperature coef- 
ficient of mode frequency due to the sapphire alone. This is a very useful 
property which considerably alleviates temperature regulation requirements 
and allows operation at the more accessible liquid helium temperatures above 
4.2K. 

In the mid-1980s Dick et al. of the JPL developed an oscillator based on 
a superconducting- lead-coated sapphire resonator, powered by a ruby maser: 
the Superconducting Gavity Maser Oscillator (SGM) [8]. Frequency stabil- 
ity was about 4-5 x 10“^^ over the range 1 s to 1000 s, limited by flicker 
frequency noise [9]. At about the same time, a group at the University of 
Western Australia (UWA) was developing an oscillator which used a low- 
order WG-mode sapphire resonator inside a superconducting niobium shield: 
the Sapphire Loaded Superconducting Gavity (SLOSG) [10]. This oscillator 
achieved a stability of 1 x 10“^^ at 1-1000 s [11]. This was followed in the 
early 1990s by a high-order WG resonator [12,13] using a different sapphire 
material: “HEMEX” grade from Grystal Systems, Inc [14]. This new material 
exhibited a record value for Q in one sample at 12 GHz (8 x 10® at 1.6 K [15], 
remeasured at 2 x 10^® in 1999) and a mode frequency zero temperature 
coefficient in all modes [16]. In 1995 a pair of oscillators based on HEMEX 
resonators exhibited a stability of 8 x 10“^® at 50s and 2 x 10“^®/-\/r up to 
30 s [17]. In 1999 the stability had improved to about 5.4 x 10”^®/-y/r from 
Is to 4s with a minimum Allan deviation of 2.4 x 10“^® from 16s to 64s. 
In 1997 JPL developed an oscillator based on a HEMEX sapphire resonator, 
the Gompensated Sapphire Oscillator (GSO). It operates at 9K, cooled by 
a closed-cycle helium refrigerator, and uses a disk of ruby for temperature 
compensation [18]. The stability of this oscillator is about 3 x 10“^® from Is 
to 500 s [19]. 
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Although some of these high-precision oscillators have been used for scien- 
tific experiments, such as looking for the secular drift in the fine structure con- 
stant [20] , their long-term stability is inferior to that of atomic frequency stan- 
dards. Because of their unsurpassed short-term stability, they are increasingly 
finding a role as local oscillators for the next generation of passive atomic fre- 
quency standards. In passive atomic frequency standards, a narrow-linewidth 
atomic resonance is interrogated periodically, which makes it susceptible to 
phase noise at harmonics of the interrogation frequency [21,22]. For exam- 
ple, the stability of the Laboratoire Primaire du Temps et des Frequences’ 
(LPTF) cesium fountain clock was limited to 1.3 x 10“^^/-\/r entirely by 
the 2 X 10“^^ stability of its Oscilloquartz 8600B local oscillator [22]. This 
is considerably worse than the stability limit imposed by the signal-to-noise 
ratio for detection of the atoms, estimated at about 3 x As ad- 
vanced laser-cooled atomic standards approach stability, they 

will require local oscillators at least an order of magnitude more stable than 
present state-of-the-art quartz oscillators. Both the UWA and JPL sapphire 
oscillators have been used as the local oscillator on passive atomic frequency 
standards: the UWA clock on the CSIRO Yb ion frequency source [23] and 
the cesium fountain at the LPTF in Paris [24], while the JPL clock has been 
used on the Linear Ion Trap Source (LITS) (mercury ion) [25]. 

Of the resonator technologies available today only low temperature su- 
perconducting cavity resonators and whispering gallery mode sapphire res- 
onators have exhibited Q-factors high enough (> 10®) to enable the resonance 
to be resolved to parts in 10^® or better: we will thus confine this discussion 
to these resonators. 

2 Superconducting Cavity Resonators 

The unloaded electrical quality factor of a vacuum superconducting cavity 
resonator is given by 



where Rs is the surface resistance and F is the geometric factor of the mode 
(with dimensions of ohms), which is proportional to the ratio of total elec- 
tromagnetic energy stored in the resonator to the energy of the tangential 
component of the magnetic field integrated over the walls of the cavity. Typ- 
ically for centimetre size resonators at 10 GHz in the lowest-order modes, F 
is of the order of 10^ U to 10® U. Below the critical temperature (Tc) the 
surface resistance drops by several orders of magnitude as the temperature is 
lowered, as is illustrated for niobium in Fig. 1. The approximate dependence 
of surface resistance on frequency and temperature (T < 1/2 Tc) is given by 



where A(0) is half the energy gap of the microscopic theory of supercon- 
ductivity ( « l.SfcTc) k is Boltzmann’s constant, and Rq is the limiting or 






( 1 ) 



i?s = Au}^-’^-^/Texp[-A {0)/kT] + Rq 



(2) 
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Fig. 1. The Q-factor as a function of temperature for a niobium TMoio cavity at 
10 GHz 

residual resistance. The lowest values of surface resistance (Rq) are attained 
at the lowest temperatures reached (e.g. IK for a liquid helium-4 system). 
The best values obtained were 3 x 10“® 14 for lead (Tc = 7.2 K) and 1 x 10“® 14 
for niobium (Tc = 9.25 K) and, more reproducibly, values ten times larger. 
This residual resistance has not yet been fully explained. 

Special care is taken to prepare the cavity surfaces in order to achieve the 
highest possible Q values. The cavity is machined from ultra-pure niobium 
and then undergoes a conditioning process consisting of an initial chemical 
cleaning, a 1900° C ultra-high vacuum firing, a chemical etching to remove a 
surface layer of about 0.1mm, and a final ultra-high vacuum firing. Typical 
values for the unloaded Q-factor obtained by this method are about 10^^, 
limited entirely by surface effects and not by temperature. The cavity was 
cooled inside a mu-metal shield to avoid trapping the Earth’s magnetic field, 
which creates regions of normal metal around each trapped flux line. Alloys 
such as NbaSn have a higher Tc (18 K) and so reach Rq at higher tempera- 
tures, e.g. 3 X 10“^ 14 at 4.2 K and 10 GHz, as compared with 2 x 10“® 14 for 
niobium at the same temperature and frequency. For the ultimate resonator 
Q-factor, bulk niobium is the preferred material, which necessitates operating 
temperatures in the vicinity of 1 K. 



2.1 Frequency Stability of Superconducting Cavity Resonators 

The resonant frequency of a given superconducting cavity resonator mode 
can be expressed as: 

/(T)(xc[d(T) + X,(T)/(2T)]-' , 



(3) 
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where c is the velocity of light, d{T) is a characteristic dimension of the 
resonator and Xg{T) is the surface reactance of the superconductor. The 
surface reactance is given by an expression of the form: 






2TTffioS{0) 



I + B exp 




( 4 ) 



where <5(0) is the penetration depth at OK («5 x 10“®m for niobium) and B 
is a constant. 

The frequency stability of the resonator depends on the sensitivity of d 
and Xg to many environmental factors, the most important of which are 
discussed below. Frequency repeatability is typically 10“^ to 10“® per thermal 
cycle between room-temperature and liquid helium temperature, and 10“^ if 
the cavity is maintained liquid nitrogen temperature. 



2.1.1 Temperature Dependence 



The temperature dependence of the cavity resonator frequency is due to a 
combination of effects: the temperature dependence of the surface reactance, 
and the thermal expansion due to both the lattice and electrons. Both these 
effects act to decrease the resonant frequency as the temperature is increased. 
Thus, the temperature coefficient of resonant frequency is of the form 






= aT^ + bT ^ exp 




( 5 ) 



where the term represents the lattice thermal expansion and the expo- 
nential term represents the surface reactance. 

Equation (5) is plotted in Fig. 2 for niobium. Because it is a monotoni- 
cally decreasing function of temperature, the lowest temperature coefficients 




Fig. 2. The temperature coefficient of resonant frequency for a niobium cavity 
resonator cavity at 10 GHz 
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are reached at the lowest attainable temperatures. This is also where the 
Q-factor is at a maximum. At 1 K, for example, the temperature coefficient 
of frequency in niobium is — which requires temperature regula- 
tion to be better than 1 pK to achieve 10“^® frequency stability. This is just 
beyond the capability of a single stage of temperature regulation and germa- 
nium thermometers. Recently, however, nanoKelvin temperature regulation 
at « 1 K has become possible using multistage regulation and paramagnetic 
thermometers interrogated by SQUIDs [26] . This improved temperature con- 
trol could enable higher levels of frequency stability. 



2.1.2 Pressure Dependence 



The frequency of the resonator has a dependence on isotropic pressure (p) or 
stress given as [5]: 



= A 

/ dp Kr ’ 



(6) 



where A is the surface area of an end wall, K is the wall stiffness (« 10® 
Nm”^) and r is the effective resonator wall thickness. For typical niobium 
cavities with r = 0.3A, one has (1//) df /dp = — 1 x 10“® Torr“^, which 
implies that the cavity must be operated under high-vacuum conditions to 
attain a high frequency stability. Equation (6) also implies that the mounting 
of the resonator must not apply any time- varying stresses greater than about 
10“"^ Nm“® to permit 10“^® frequency stability. 



2.1.3 Power Dependence 



The radiation pressure of the electromagnetic energy stored in the resonator is 
an anisotropic pressure that dilates the cavity, causing a resonator frequency 
shift given by [5] : 



iA 

fdU 



{2Kr^) ' , 



( 7 ) 



where U is the stored energy, which is equal to PQ(2Trf)~^ where P is the 
power dissipated in the resonator. For a SCSO niobium TMgio cavity, this 
frequency shift is about —1 x 10”^®/ pj. Thus for a dissipated power of a few 
microwatts it is necessary to regulate the resonator power at the 100 ppm 
level to achieve a 10“^® frequency stability. 

The magnetic field dependence of the penetration depth S{H) is given 
by [5]: 



1-k 





S{H) = So 



(8) 



Ultrastable Cryogenic Microwave Oscillators 



43 



where is the first critical field and n is the Ginzburg-Landau parameter 
(0.78 for Nb). This leads to an increase in the effective size of the cavity 
or a decrease in resonant frequency proportional to stored energy, which is 
of order 1 x 10”^^/pJ, comparable with the effect described by (7). The 
experimentally measured coefficient of frequency with stored energy is about 
-2 X 10-iVpJ [2], 

2.1.4 Gravity 

A resonator deforms under its own weight and therefore has a sensitivity to 
changes in the earth’s gravity or local accelerations; it also has a second- 
order sensitivity to tilts from the vertical. To the first order, its average 
(horizontal) dimension (d), which determines the frequency, is unchanged by 
gravity. Through Poisson’s ratio, however, the vertical dimension (h) changes 
to the first order. The fractional change in frequency with acceleration (a) 
can be expressed as: 

f da d da Y 

where z/ is Poisson’s ratio, g is the density and Y is Young’s modulus. A 
typical SCSO niobium TMqio cavity has a sag/acceleration sensitivity of 
about 4 X 10“® per g and a tilt sensitivity of 2 x 10“® per radian, in agreement 
with finite element modelling [27] . A new suspension around the center of such 
a TMqio mode cavity is expected to reduce these sensitivities by two orders 
of magnitude [27]. 

3 Sapphire Dielectric Resonators 

Monocrystalline sapphire is a material with uniaxial anisotropic complex per- 
mittivity. At microwave frequencies the permittivity parallel to the crystal’s 
c-axis is 11.5 and perpendicular to it is 9.4. The resonators we are consider- 
ing normally have cylindrical symmetry with the crystal c-axis aligned to the 
cylinder axis, within 1°. Sapphire resonators are almost always surrounded 
by a metallic shield (sometimes of superconductor) to prevent rf radiation 
leakage. When the shield is a metallic coating on the sapphire surface, the 
resonator can be considered as a vacuum cavity filled with dielectric and 
the modes’ descriptions follow those of a vacuum cavity, namely transverse- 
magnetic (TMm,n,p) or transverse-electric (TE^. n,p), with subscripts m,n,p 
to denote the number of field variations in the radial, axial and azimuthal 
directions respectively. In this configuration the proximity of the shield has 
a maximal influence on the resonator; surface resistance, even of supercon- 
ductors, dominates the resonator’s Q value and the temperature dependence 
of skin depth contributes to the resonator frequency-temperature coefficient. 
For modes that are reasonably well confined, i.e. m > 6, the influence of 
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the shield on resonator Q and frequency can be greatly reduced by placing 
it some distance from the sapphire element. In this configuration the modes 
in the resonator are in general some hybrid between TM and TE. We de- 
note a mode with a dominant axial (z-direction) electric field dependence as 
an E-mode (quasi-TM or WGH) and one with a dominant axial magnetic 
field dependence as a H-mode (quasi-TE or WGE). The designation WG (for 
“whispering gallery”), usually means that m is large enough (> 6) that the 
electromagnetic fields are largely confined to the sapphire; energy resides in- 
side the dielectric but close to the dielectric/vacuum interface. A practical 
demonstration of the energy confinement is given by the observation that, 
even when the shield is removed, the mode frequency and Q are essentially 
unchanged. 

The electric and magnetic filling factors, here denoted and respec- 
tively (see Table 1), are a measure of the respective field energies stored in 
the dielectric to the total stored energy. They may be defined either perpen- 
dicular or parallel to the crystal c-axis and have values between 0 and 1. WG 
modes have values near the extremes («0 or 1), while hybrid modes have 
intermediate values («0.5). It is common to designate modes in a dielec- 
tric resonator as F^m,n,p+s (quasi-TMm_„_p +5 or WGHm.n.p+ 5 ) or Hm^n,p+s 
(quasi-TEm.n,p-i-i 5 or WGEm,n,p-i-< 5 )- Here m, n and p are the number of az- 
imuthal, radial and axial variations and (5 is a number slightly less than 1. 
Normally “mode families” are grouped with the same number of axial (p) and 
radial (n) field variations but with different azimuthal field variations (m). A 
slightly different nomenclature, which we will use, is Em,n,p and Hm,n,p- For 
example, the fundamental E-mode family is designated as Em, 1,1 and the fun- 
damental H-mode family is designated as Hm,i,i. Another nomenclature due 
to Krupka et al. [28] groups the modes according to whether they are sym- 
metric (S) or antisymmetric (N) about the equatorial plane. In this notation 
Em, 1,1 is Nl-m and Hm,i,i is S2-m, for example. In sapphire, as the azimuthal 
mode number increases, the modes become more whispering gallery-like and 
the electric filling factors perpendicular and parallel tend towards zero and 
unity respectively. 



Table 1. WG-mode magnetic (pp) and electric (pe) filling factors, perpendicular 
(T) and parallel (||) to the sapphire cylinder axis 





Magnetic 


Electric 






Pm II 


Pe± Pell 


E mode 


0.90 


0.04 


0.05 0.95 


H mode 


0.04 


0.90 


0.95 0.05 
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3.1 The Q- Factor 

The unloaded electrical quality factor of a shielded dielectric resonator is 
given by: 

= pe tan S + Pf,x'' + Rsr~^ , (10) 

where Pe{~ 1) and are the mode electric and magnetic filling factors, tan <5 
is the loss tangent of the dielectric and x", the imaginary part of the AC sus- 
ceptibility, represents losses due to paramagnetic impurities in the dielectric. 
The third term on the right-hand side represents losses at the walls. If m is 
small, r is small and the wall losses are large. For example, in Braginsky’s 
niobium-coated sapphire F « 70 [4], while in WG-mode resonators with m 
« 14, T « 10® O and the wall term is generally negligible compared with the 
sapphire terms. 

Braginsky et al. were the first to study the dielectric losses in sapphire, 
using WG-mode resonators. He and his colleagues found for 50K < T < 
200 K, tan <5 ~ ® at 9 GHz and 36 GHz [6]. These results are in accord 

with the phonon transport theory of Gurevich and Tagantsev , which pre- 
dicts that tan S is proportional to in rhombohedric crystals and wT® in 
hexagonal crystals [7]. Sapphire may be intermediate between the two cases: 
its lattice belongs to the rhombohedric Dad symmetry class but the effec- 
tive part of the phonon spectrum is closer to hexagonal [7]. Dielectric losses 
have been calculated by Gurevich and Tagantsev for a variety of crystal point 
group symmetries and have the general form 

tan S cxco^kTye^'^ , (11) 

where Od is the Debye temperature and, for centrosymmetric crystals, 
j -|- j = 6 in most cases. 

We also note that dielectric loss is inversely proportional to the Debye 
temperature. Estimates of tan 5 for sapphire using Gurevich and Tagantsev’s 
theory are in order-of-magnitude agreement with observation [6]: sapphire 
is one of very few materials with ultra-low dielectric loss because it has a 
centrosymmetric crystal with a high Debye temperature (1047 K). 

Braginsky found that, below about 50 K, tan <5 is greatly affected by the 
level of crystal imperfection; there is a strong correlation between tan S and 
the crystal growth rate and only a weak temperature dependence. At liquid 
helium temperatures he observed that tan <5 ~ wT® [6] , which is explained by 
the excitation of sound waves due to the random charge distribution of inho- 
mogeneities (such as impurity ions) [29] . At UWA we have found that in well- 
grown crystals tan <5 ~ T~^ [15], and recently that tan 5 ~ where a « 2. 
The temperature dependence of the Q-factor at 12 GHz from 1.6 K to 300 K is 
illustrated in Fig. 3. It is now generally accepted that the Q-factors obtainable 
in monocrystalline sapphire at 10 GHz are 2 x 10® at room-temperature and 
2-6 X 10^ at 77 K, independent of the manufacturer, provided that the crystal 
is well grown. Anisotropy in tan <5 is, however, observed around 77 K; the Q is 
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Fig. 3. The temperature dependence of the Q-factor of a sapphire dielectric res- 
onator mode at 12 GHz 



5-6 X 10^ for E modes and only 2 x 10^ for H modes [28]. At 4.2 K, Q values at 
10 GHz are in the range 1-4 x 10® [15,30] for Crystal Systems’ HEMEX grade 
and 1-2 x 10® in Union Carbide material [31]. In one particular sample of 
HEMEX “standard purity” grade material (referred to as resonator 1 in this 
contribution) we have observed a Q value as high as 1 x 10^® at 4.2 K, rising 
to 1.8 X 10^® at 1.8 K. Previous measurements (8 x 10® at 1.6 K) [15] were 
underestimates due to contamination. However, two other HEMEX samples, 
another “standard purity” grade material (referred to as resonator 2) and one 
“white high purity” grade material (referred to as resonator 3), have shown 
Qs of only 2-3 x 10® at 4.2 K [32]. Using a calorimetric technique on a small 
sample of UV-grade sapphire in a waveguide, Buckley et al. have measured a 
loss tangent in sapphire at 2.45 GHz [33]. Their measurements give a different 
power law around 77 K (« and values at 300 K and 77 K which are at 

variance with measurements made on WG-mode resonators. 

Sapphire grown by different techniques such as the Heat Exchange Method 
(Crystal Systems’ HEM EX) and the Czochralski method (Union Carbide) 
exhibits different levels of impurity ions, which can greatly affect the para- 
magnetic susceptibility, both in the real part (y', affecting mode frequency) 
and in the imaginary part (y", affecting dielectric loss). In Union Carbide 
material at certain frequencies in the X-band, paramagnetic losses can be 
appreciable. This is due to the Electron Spin Resonances (ESRs) of resid- 
ual, usually ppm-level, Cr®+ (11.45 GHz) and Fe®+ (12.05 GHz) impurities. 
Modes near these resonances are significantly degraded in Q at 4K, but at 
77 K this is only so if the mode lies inside the ESR linewidth (« 40 MHz). At 
low temperatures, such as 4.2 K, the susceptibility is also power-dependent 
due to partial saturation of the ESRs because of the long spin-lattice relax- 
ation time (« 0.2s). For example, it is observed that the Q of an 11.60GHz 
E mode reaches a limiting value of 4 x 10® at high power ( ~ 1 mW) but at 
a power around 1 pW drops to 2 x 10^ [30]. 
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Three HEMEX resonators tested at UWA exhibit chromium and iron im- 
purity levels of the order of parts per billion, as determined by measurement 
of the mode frequency shift (y') as the electron spin resonances at 11.45 GHz 
(Cr^+) and 12.05 GHz (Fe^+) are alternately saturated [34]. Thus, param- 
agnetic losses from the Gr^+ and Fe^+ ESRs appear negligible in HEMEX 
material. Resonator 2 contains a slight excess of Ti^+ ions, as determined 
from the temperature dependence of mode frequency (see below) [16]. Previ- 
ous measurements of the loss tangent of 300 ppm Ti^+ doped sapphire [35,36] 
can be scaled to about 1 ppm to find that the paramagnetic loss of HEMEX 
should be of the order of 1 x 10“^^ at 6 K and 2 x 10“^° at 10 K. This is more 
than an order of magnitude smaller than the loss associated with the lattice 
term. 



3.2 Frequency Stability of Sapphire Dielectric Resonators 

The frequency of an unshielded cylindrical dielectric resonator operating in 
a WG mode can be written as: 

/(T) (X c {d{T) [er{T){l + x'{T))f^y" , (12) 

where d(T) is the diameter of the dielectric, Cr(T) is the relative permittivity 
of the dielectric and x'(T) is the real part of the paramagnetic susceptibility 
of the dielectric. The frequency stability of the resonator is determined by 
the sensitivity of d, £r(T) and y^(T) to various environmental parameters dis- 
cussed below. Frequency repeatability after thermal cycling of the resonator 
from liquid helium temperatures to room temperature and back again is bet- 
ter than that of superconducting vacuum cavities. Braginsky et al. report that 
the frequency reproducibility for niobium-coated sapphire is about 10“® [5], 
while Luiten has determined that for solid 5-cm-diameter resonators with 
spindles it is no larger than 10“® [37]. 



3.2.1 Temperature Dependence 

In sapphire, de/dT and dd/dT are both proportional to the thermal expan- 
sion coefficient, which at low temperatures can be well described by a 
law. Thus, the temperature dependence of a given mode frequency, /, in a 
shielded resonator can be expressed at low temperatures as [16,34]: 



(/ - /o) 

fo 



AT^ + -H C(T) 



(13) 



where /o would be the mode frequency at absolute zero if no paramagnetic 
impurities were present. The first term on the right-hand side represents the 
combined temperature dependence of the dielectric constant and the inte- 
grated thermal expansion coefficient of the sapphire. The coefficient A is 
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2 X 10“^^ K“^ for H modes and 3 x 10“^^ for E modes, about 50 per- 
cent larger than predicted [16]. The second term represents the temperature 
dependence of the surface reactance (Xs) of the metallic cavity, which is 
normally only appreciable for superconducting walls. The third term, C'(T), 
represents the effect of the temperature dependence of the magnetic suscep- 
tibility of residual paramagnetic impurities in the sapphire. 

For a number of paramagnetic impurities, the third term of (13) can be 
written as: 



where is the mode magnetic energy filling factor representing the fraction 
of the magnetic field energy which is stored in the dielectric and in the correct 
direction (usually perpendicular to the c-axis) to couple to the jth param- 
agnetic ion. The susceptibility x'j is proportional to Ng^, where N is the 
concentration of the jth paramagnetic ion and g is its effective spectroscopic 
splitting factor (normally 2). Equation (14) assumes low concentrations of 
each species so that they act independently of each other. 

Equation (13) shows that, in the absence of paramagnetism, the frequency 
reaches a maximum as a function of temperature at absolute zero. Since the 
first two terms of (13) have negative first derivatives as a function of temper- 
ature, temperature compensation (where df/dT = 0) at higher temperatures 
only occurs when dC jdT < 0. The temperature at which df/dT = 0 we will 
refer to as a “turning point” and denote as Tm, since it represents a maximum 
of the mode frequency. In the first generation of UWA resonators, namely 
the 3-cm-diameter “SLOSC” resonators (see Sect. 5.1.1), where the geome- 
try factor was small, the first term is almost negligible and the turning point 
was determined by the superconductor surface reactance and susceptibility 
of the (residual) paramagnetic impurities in the sapphire [34,38]. WG-mode 
resonators for our ultrastable oscillators are now typically 5 cm in diameter; 
these larger elements have much better confinement of the microwave fields 
to the interior of the sapphire, which greatly increases T, and makes the sec- 
ond term of (13) negligible. Temperature compensation may then occur as a 
result of the lattice {T'^) and paramagnetic terms. 

Differentiating (13) twice, we obtain the curvature expressed in terms of 
fractional frequency. For the lattice term alone, it is — 12 AT^. Numerically 
this is about 10“’^K“^ at 77K, while at 6K it is only 10“®K“^. If we assume 
we can set the temperature of the resonator within AT of Tm, and control 
it to a precision of 6T, then the frequency instability of the resonator due 
to temperature fluctuations will be —12AT^AT8T. If AT is ImK and ST 
is 0.1 mK, then the fractional frequency instability is 10“^® at 6K but 10“^"^ 
at 77 K. This illustrates one of the benefits of operating at liquid helium 
temperatures versus liquid nitrogen; temperature control, for a given stability, 
is much easier. 




(14) 



J 
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Temperature compensation by residual paramagnetic impurity ions is 
observed in sapphire resonators fabricated from both Union Carbide and 
HEMEX material. In Union Carbide material in the X-band frequency range 
(8-12 GHz) [16,34], or in a resonator which has an appreciable coupling to 
ruby (Cr^+-doped sapphire) [18,19], is a strong function of both mode 
type and frequency. This is because the dominant paramagnetic species have 
ESRs near the operating frequency: 11.45 GHz for Cr^+ and 12.05 GHz for 
Fe^’*'. The real part of this susceptibility for operating frequencies (w = 27t/) 
that are more than a few ESR linewidths from the spin resonance is given by 



Xj = XO] 




(15) 



where xoj is the DC susceptibility of the jth paramagnetic ion that has 
an ESR frequency at u>j. This expression has opposite signs on either side 
of the paramagnetic impurity ESR frequency. It explains why in a Union 
Carbide resonator no turning point is seen in the frequency temperature 
function for modes immediately above the 11.45 GHz chromium resonance: 
in this regime C will have the wrong sign to balance the effects of thermal 
expansion. The temperature dependence of the DC susceptibility, xoj, is given 
by a Curie Law: xoj oc T~^. This means that Tm is simply proportional 
to {CT/AY/^ [34], which is a very slow function of the ion concentration 
or magnetic filling factor. Even using ruby (300 ppm Cr^’*') cannot be 
pushed higher than about 30 K. The C coefficient of (14) is observed to be 
maximal for Em,i.i modes ~ 0.9) and minimal for Hm,i,i modes {p^i. ~ 
0.03 — 0.05) [34]. This is in agreement with the expectation that the most 
efficient rf magnetic field required to flip spins at resonance is perpendicular 
to the crystal field axis; i.e. Xj\\ << Xj±- The turning points in Union Carbide 
resonators range from 5.8 K in H modes {Pfi± = 0.05) at 9.8 GHz through to 
13K in E modes (p^j_ = 0.9) at 11.2 GHz. 

In HEMEX resonators the situation is different: a frequency-temperature 
maximum is observed in all modes, at least over the frequency range mea- 
sured at UWA (4.7-22 GHz) [30]. The temperature of the maximum is the 
essentially the same for all members of a particular mode family (i.e. the same 
axial and radial mode numbers but varying circumferential mode number) 
and is thus dependent on mode type yet independent of frequency to good 
approximation. In Fig. 4 we show a comparison of the E and H modes in the 
X-band for resonator 1. Both modes show a turning point in the frequency- 
temperature function although the frequency maximum for the H mode is 
at a lower temperature with a much lower curvature. The turning points ob- 
served in the three Crystal Systems’ HEMEX resonators we have tested at 
UWA are shown in Table 2. The E modes vary from 7.7 K to 8.8 K, while the 
H modes show a large variation, from 4.7 K to 13.5 K (see Fig. 5). 

In a given resonator the turning points of all other mode types lie between 
those of the E modes and H modes. The observation of a much higher turning 
point temperature (« 13.5 K) in the H modes of resonator 2 compared with 
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Fig. 4. Comparison of the temperature dependence of Whispering Gallery E and 
H modes at about the same frequency for a HEMEX resonator (number 1) 
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Fig. 5. The temperature dependence of mode frequency for the Hi4,i,i mode in the 
three HEMEX resonators; the much higher turning point temperature (« 13 K) in 
resonator 2 suggests a second impurity ion which has a highly anisotropic g factor 



the other two, suggests a second impurity ion which has a highly anisotropic 
g factor favouring H modes. In these HEMEX resonators the dominant para- 
magnetic impurities are Mo^’*' and Ti^+, which have ESRs at 165 GHz and 
1134 GHz respectively [16]. The corresponding energy gap between the spin 
levels expressed as a temperature (Tiuij/k) is 7.9 K for Mo^’*' and 54 K for 
Ti^+. Mo^+ is present because the sapphire is grown almost totally enclosed 
in a molybdenum crucible. Its presence has been confirmed at the part-per- 
million level by conventional swept-field ESR spectrometer measurements at 
300 K and 77 K via its unique signature [39] . ESR spectrometer measurements 
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on HEMEX sapphire at liquid-helium temperatures have failed to detect the 
presence of Ti^+ ions at the relatively poor sensitivity of 1 ppm. However, 
the behaviour of Ti^+ in sapphire has been confirmed by the later experi- 
ments of Hartnett et al. with highly doped (300 ppm) Ti^+-sapphire [36]. In 
contrast to Cr^+ and Fe^’*', which have g = 2 and are isotropic {g± = gy), 
both Mo^+ and Ti^+ are anisotropic, Ti^+ being highly so with g± <C g\\ [40]. 
In the case of Cr^+ or Fe^+, where the energy gap between the spin levels 
(0.5 K) is much less than the physical temperature, the susceptibility follows 
a Curie Law. 

In Mo^’*' and Ti^+, where the energy gap between the spin levels is com- 
parable to or greater than the physical temperature, the susceptibility is of 
the form 



fcr) 

„ f E„\ 

kT) 



(16) 



This form of the susceptibility is also known as the Van Vleck susceptibil- 
ity, and is predicted to exist even when the classical susceptibility should 
be zero. This might be expected in the case of Ti^’*', where the period of 
the applied rf magnetic field may be greater than the spin-spin relaxation 
time [16]. We have fitted (16) to the H- and E-mode frequency data for 
the three HEMEX resonators, the free parameters being the energy differ- 
ences between levels, En, and the differences between the coefficients of each 
energy level, — On-i- The agreement of the experimental data with the fit- 
ted curves is excellent. The residuals of the fit are consistent with 10-20 mK 
temperature-calibration errors in the upper part of the temperature range 
shown. Mo^"*" and Ti^+ are present in all three resonators in varying amounts 
(see Table 3). It is clear from a comparison of Tables 2 and 3 that is pro- 
portional to (a low power of) the ion concentrations. Resonator 3 has only 
60-70% of the concentrations of the Ti^+ and Mo^+ of resonator 1, and it also 
has the lowest turning points. The turning point of H modes depends criti- 
cally on the Ti^+ concentration: resonator 2 has sufficient Ti^+ concentration 
to elevate Tm well above 6K. If the Ti^+ concentration is not too high, the 
temperature compensation points are determined largely by the Mo^^ ions. 



Table 2. Tm (K) for Em,i,i and modes in HEMEX resonators 1, 2 and 3 
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Table 3. Tm (K) and ion concentrations in HEMEX resonators 1, 2, and 3. The 
ion concentrations have been normalized to resonator 1 and determined from the 
frequency-temperature dependence of the Hi4,i,i mode [16] 



Resonator 


1 


2 


3 


Tn,(K) 


6.0 


13.5 


4.7 


Mo®+ 


1 


0.9 


0.7 


tF+ 


1 


1.7 


0.6 



3.2.2 Pressure Dependence 

Under isotropic pressure (p) or stress, the frequency of the resonator will 
shift [5] according to: 

where = (l/e)de/dp. For = 10, we find {l/f)df/dp = 

— 1 X 10“®Torr“^, which is the same order of magnitude as for supercon- 
ducting resonators. 



3.2.3 Power Dependence 

Anisotropic pressure due to electromagnetic radiation pressure can be readily 
estimated and is given by [5] as: 



15 /^ 1 + ^ 

7^ ““ VV 



(18) 



where a is a numerical factor of order unity and V is the effective volume 
of the resonator. The largest uncertainties in the above equation come from 
the effective volume and averaging factor. For the UWA 5-cm-diameter WG- 
mode resonators, U « 2 x 10“®m^ and taking a « 0.3 [5], F = 4 x 10^^ Nm“^ 
and K = 4.4 [41] in (18), we estimate a fractional frequency shift of —1 x 
10“^^ for a (5 of 2 x 10®. All resonators show an approximately linear 
dependence of mode frequency on the microwave energy stored in the res- 
onator, of about —1 x 10“^® consistent with the above estimate due to 

electromagnetic radiation pressure with an unloaded Q of 2 x 10® [41]. The 
coefficient does not vary significantly over the mode family [41]. This 

effect would limit the long-term frequency stability to the 10”^^ level if the 
power level were unregulated, since power fluctuations of up to 0.1 percent 
are possible with microwave amplifiers. 
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3.2.4 Gravity 

The acceleration/tilt sensitivity of both 3-cm and 5-cm-diameter cylindri- 
cal sapphire resonators with end-mounting “spindle” extensions has been 
measured and found to be of the order of 10“® per g [10,37]. In the 5-cm 
resonators the tilt sensitivity in the E modes is about three times larger than 
in H modes. 



3.3 Resonator Mode Selection 

One problem with sapphire WG resonators is that each mode consists of a 
pair of quasi-degenerate modes split by between a few and tens of kilohertz 
due to small geometrical imperfections. These imperfections are due to slight 
eccentricity of the cylinder and/or misalignment of the crystal c-axis to the 
resonator geometric axis. This effect is typically only observable when the Q 
value is above several million, which is achieved only at cryogenic tempera- 
tures. If the sapphire is rotated slightly with respect to the coupling port dur- 
ing a subsequent reassembly at room-temperature, the coupling on the next 
cooldown will be different. Resonator applications require reproducible cou- 
pling to only one of these modes. Santiago et al. [42] have achieved this mode 
coupling control by adding a larger dominant perturbation to the resonator 
frequency. This perturbation is provided by a nearby non-axially symmetric 
sapphire wedge, which rotates the resonator standing- wave pattern with re- 
spect to the fixed coupling port (a waveguide in their case). This wedge also 
provides a means of frequency tuning. Its mounting is mechanically rigid so 
as not to introduce unwanted frequency modulation. 

Another concern with WG-mode resonators is the very high density of 
modes. These spurious modes are other WG modes as well as “hybrid” modes, 
which are simply the usual empty cavity modes, perturbed by the presence 
of the sapphire. In order to have a robust resonator these spurious modes 
must not be allowed to get too close to the wanted WG mode. The larger the 
shield dimensions for a given sapphire, the higher the density of unwanted 
modes but the smaller the wall losses. Therefore the shield must be just large 
enough to give acceptable wall losses for the mode in question. Supercon- 
ducting shields are useful here if the resonator is to be operated at liquid 
helium temperatures, because their losses can be at least two or three orders 
of magnitude smaller than copper. Ring resonators have a smaller mode den- 
sity than solid sapphire resonators and these have been preferred by some 
researchers [43,44]. One solution adopted by Taber and Florey [44] is to op- 
timize, by direct computation of mode frequencies, the height and radius of 
the metallic shield necessary to open a “window” in frequency space free of 
all modes except the desired WG mode and having a given geometry factor. 
The width of the window is inversely related to the geometry factor required 
for the desired WG mode. Another solution is to place slots in the cavity 
walls to reduce the Q-factor of the cavity modes [45] . 
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4 Oscillator Frequency Stability: 
Fundamental Limitations 



The fundamental limitations to the frequency stability of a macroscopic os- 
cillator have been derived by Braginsky and Vyatchanin [46]. An oscillator 
can be considered as a resonator whose losses are made up by an active de- 
vice (e.g. an amplifier) having a noise temperature Tn- The device’s thermal 
noise energy, ^Tn, causes fractional frequency fluctuations according to the 
Townes-Schawlow formula: 



A/ / kTn 
fr \2 PQ^t) 



(19) 



where r is the measurement integration time and P is the power. 

A second frequency fluctuation term arises through radiation pressure. 
As P increases, the amplitude of the electromagnetic radiation pressure and 
its fluctuations increase. This leads to a fluctuating mechanical deformation 
of the resonator, and degradation of frequency stability. Fluctuations in the 
occupation number N, SN, are given by bN = {Nr^/ry/^ in the high tem- 
perature limit, kT > hv, valid for microwave frequencies, where is the 
resonator relaxation time Q/{T^f)- The corresponding power fluctuation bP 
is bNhf /Tr, and since power P = Nhf /tt the fractional frequency fluctuation 
due to radiation pressure can be expressed as 



fp fdpy T 



( 20 ) 



Since Af/fp has a power dependence inverse to that of Af/fp, there is 
an optimum power level which minimizes the sum of these two oscillator 
frequency fluctuations. The oscillator has a minimum frequency fluctuation, 
(A///)min, at an optimum power level. 



Fopt = 




where = kT^/(hf) is the amplifier noise number. The minimum frequency 
fluctuation is 



/ 



= 2^Al 



I h 

2ttt / dU ’ 



where (1//) df/dU for both sapphire and superconducting vacuum reso- 
nators is of order — 10“® J“^. 

If the amplifier has ideal quantum-limited performance, so that An = 1, 
we find the oscillator quantum limit, (A///)i„in « which may be 

independently deduced from an application of the Heisenberg energy uncer- 
tainty principle to the measurement of the minimum length change measur- 
able in the lowest mechanical eigenmode of the resonator. For the sapphire 
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resonators at 4K described here Popt ~ 10“^ W, while for superconducting 
cavity resonators at 1 K, Popt ~ 10“® W, which is close to their actual oper- 
ating powers. However, in practice, the stability is orders of magnitude above 
the quantum limit for two reasons: 



1. The resonator is driven by an amplifier with A„, 2> 1. For example, a typi- 

cal oscillator, limited by the white frequency noise of its Pound frequency 
discriminator to a Square Root Allan Variance of will have An 

of order 10® and an optimum power three orders of magnitude larger. This 
raises (A///)min to « 5 x /s/t. In the case of the sapphire resonator, 
because of its lower Q-factor Popt is elevated into an experimentally inac- 
cessible regime. 

2. Technical power instabilities cause radiation pressure fluctuations much 
larger than assumed in (20), so that it is then given by 



'/5P‘ 



AP, 



where AP is the power level stability of the oscillator. 



5 Ultra-High Stability Oscillators 

With the exception of the SCM, all oscillators described here have a schematic 
diagram similar to that shown in Fig. 6. Here, an existing room-temperature 
oscillator (multiplied crystal or synthesizer or loop oscillator) is actively 




Fig. 6. Schematic diagram of ultra-stable oscillators (except JPL’s SCM) 
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locked to the center of the resonator mode. The resonator is the key ele- 
ment of a frequency discriminator, usually employing a Pound (IF) modula- 
tion scheme. This requires the carrier incident on the resonator to be phase- 
modulated at a low (0.1-2 MHz) radio frequency. This phase modulation is 
usually implemented using a voltage-controlled phase shifter (PS). PM-to- 
AM conversion upon reflection provides the discriminator signal, which is 
recovered from a detector diode (Dl) by synchronous detection with the ref- 
erence oscillator. The resonator input coupling is usually set near unity for 
maximum carrier suppression, which allows square law operation of the de- 
tector diode. This maximizes the discriminator sensitivity and minimizes the 
sensitivity to incidental AM generated by the phase modulator. After am- 
plification and filtering, the discriminator signal is fed back to a frequency- 
controlling input of the oscillator to lock its frequency (Pound frequency 
servo). Usually the incidental amplitude modulation generated by the phase 
modulator is actively cancelled using a feedback loop which derives an error 
signal from a second detector, D2 (AM servo). The energy in the resonator 
can be stabilized to eliminate one source of long-term drift. This can be im- 
plemented by a power servo, using a voltage-controlled attenuator (VGA) 
and cryogenic (back diode) detector at the resonator. The Square Root Allan 
Variance (SRAV), or Allan frequency deviation, achieved by the oscillators 
described below is summarized in Fig. 7. Figure 7 shows that in the present 
state of the art the resonator bandwidth can be resolved to about 1 ppm, 
or, equivalently, the resonance line-splitting factor is 10“®. Not shown on the 




integration time, tau (s) 

Fig. 7. The Square Root Allan Variance (SRAV) referred to a single oscillator, 
achieved by the oscillators described in the text: JPL’s SCM, JPL’s CSO, the 
SCSO, and UWA’s 5 cm sapphire oscillator (SO) in 1995 and 1999 
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figure is the 77 K sapphire resonator (CSO) of Dicket al. [47] which achieved 
a line-splitting factor of 1.5 x 10“^ using a Pound scheme. 

5.1 UWA Sapphire Oscillators 

The sapphire oscillators developed at UWA have used a loop oscillator con- 
figuration. In this configuration the Sapphire Dielectric Resonator (SDR) 
operates both in transmission and reflection. In transmission the resonator 
is the primary frequency-determining element of the free-running loop oscil- 
lator, while in reflection it is the dispersive element in an active Pound- type 
frequency stabilization scheme. A bandpass filter {Q w 10^) is necessary to 
select the required sapphire dielectric resonator mode. The circuit losses are 
compensated by the gain of the GaAs FET amplifier which runs in slight 
saturation. The loop electrical length is servo-controlled by the Pound fre- 
quency stabilization scheme to lock the oscillation frequency to the center of 
resonance. The carrier incident on the SDR is phase-modulated by a varactor 
diode phase shifter driven by a crystal reference oscillator, at a rate which is 
much larger than the resonator bandwidth. The microwave power dissipated 
in the resonator is of the order of 0.2-2 mW. The transfer function of the 
Pound frequency stabilization circuit is essentially that of a single-pole inte- 
grator and has a unity gain crossover point at about I kHz. All of the loop 
oscillator components are at room-temperature except for the circulator and 
isolators that are placed near the resonator to minimize frequency pulling 
effects. The resonator is housed in a vacuum can which is permanently evac- 
uated. This is mounted on a thermal insulator inside another vacuum can 
inside a cryostat insert, which is cooled with liquid helium. A single stage of 
resonator temperature control is achieved using a carbon-glass or germanium 
thermometer, heater and PID temperature controller. At least two nominally 
identical oscillators were constructed, with the resonators mounted in sepa- 
rate cryostats and compared using a double heterodyne configuration. 

5.1.1 3-cm Sapphire Resonator-Oscillator 

The first UWA sapphire oscillator was based on the Hgpp (9.73 GHz) mode 
of a 3 cm diameter, 3 cm high cylindrical sapphire resonator fabricated from 
Union Garbide material enclosed in a niobium shield, and known as the Sap- 
phire Loaded Superconducting Gavity (SLOSG) resonator [10,11]. The mode 
exhibited a turning point at 6K (and curvature 3.7 x 10“®K“^) due to the 
combined effects of the temperature dependence of the surface reactance of 
the superconducting niobium shield and the Gurie Law susceptibility of the 
residual Gr^+ ions. The unloaded Q-factor was only 6 x 10® due to the wall 
losses. The power dependence of mode frequency exhibited a maximum due 
to a combination of the partial saturation of the Gr®+ electron spin resonance 
and differential heating between the sapphire and the cavity walls. The fre- 
quency stability achieved by beating a pair of oscillators together with a 
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loaded Q of 3 x 10® was 9 x 10“^® over 3s to 300s [11], which represents a 
line-splitting factor of 3 x 10“®. No amplitude modulation canceling system 
was employed on the Pound phase modulator, the incidental AM being sup- 
pressed by the gain compression of the amplifier placed after the modulator. 

5.1.2 5-cm Sapphire Resonator- Oscillator 

The next generation of UWA sapphire oscillators utilized a 5-cm-diameter 
resonator, to realize a higher field confinement, higher Q-factors and inde- 
pendence of the resistivity of the shield walls, which can be made of copper. 
A WG mode at 11.93 GHz with a geometric factor (T) of order 10® 

was chosen. The sapphire resonators, nominally identical, were fabricated 
from Grystal Systems’ HEMEX grade material (diameter = 5 cm, height = 
2-3 cm tapered) [17,37] and mounted inside cylindrical niobium shields. As 
described earlier, the mode frequency-temperature dependence of these three 
resonators can be explained in terms of a combination of a few parts per mil- 
lion of residual paramagnetic Mo®+ and Ti®+ ions. For the frequency stability 
results reported in 1995 [17], we had only two resonators: resonator 1 with 
a turning point at 6K (and curvature of « 10“®K“^) and resonator 2 with 
a turning point at 13 K, which we operated at approximately 6K with a 
minimum frequency-temperature coefficient of 3 x 10“^® K“^. Temperature 
control of 10 pK was achieved with a carbon-glass thermometer and a heater 
in good thermal contact with the shield. The loaded Q of both resonators 
was 1 X 10®. In 1999 we used resonator 3 to replace 2, thereby avoiding a 
large resonator temperature coefficient. Resonator 1 is enclosed in a copper 
shield, while resonator 3 is enclosed in a niobium shield. 

The loop oscillator circuit employed at UWA for the 5-cm resonators is 
shown in Fig. 8. The carrier power incident on the SDR is phase-modulated by 
a varactor diode phase shifter (PSl) driven by a crystal reference oscillator at 
a rate of 80 kHz, which is low enough that we can employ conventional lock-in 
amplifiers. The microwave power dissipated in the resonator is regulated by 
the power servo comprising detector (D2) and voltage controlled attenuator 
(VGA). This servo minimizes amplifier power fluctuations, the variation of 
insertion loss of PS2 with the error voltage from the frequency stabilization 
servo and the long-term variation of incident power on the resonator due 
to the variation of transmission line attenuation with liquid helium bath 
level. D1 and D2 are back diode detectors placed near the resonator in the 
cryogenic environment. The advantage of this position is that it eliminates the 
room-temperature dependence of detector sensitivity and improves the signal- 
to-noise ratio by eliminating transmission line loss (typically 5dB) before 
the detectors. The power servo detector (D2) is operated at a power level 
corresponding to its highest sensitivity. By judicious choice of the coupling 
ratio of the Directional Goupler (DG) that provides power to D2, we can 
change the ratio of loop power to the fixed diode power. This allows us to 
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Fig. 8. Schematic diagram of the UWA loop oscillator circuit for the 5-cm resonator 



trade off the noise ffoor of the power servo against the frequency stabilization 
servo noise ffoor in order to optimize the stability of the oscillator. 

Both of the phase modulators (PSl and PS2) have a variation of inser- 
tion loss with bias level that causes incidental Amplitude Modulation (AM) 
together with the desired Phase Modulation (PM) . Incidental AM due to the 
error signal in PS2 is removed by the power servo. However, the component 
of the AM generated by PSl, which is in phase with its PM, will masquerade 
as a frequency offset error at the discriminator. Any variations in the level 
of this AM will induce frequency fluctuations. In some of our modulators we 
find a turning point in the variation of insertion loss with bias. If we operate 
at this extremum we can eliminate the AM. This turning point has a temper- 
ature coefficient resulting in changes to the AM level (hence frequency offset) 
with room-temperature. To reduce the variation in unwanted AM, we have 
implemented an AM servo which keeps the phase modulator bias level at the 
turning point. A lock-in amplifier monitoring the power servo detector (D2) 
recovers the in-phase component of the AM and provides an error signal for 
the bias of the phase modulator (PSl). When this fourth (AM) servo sys- 
tem is running, the temperature sensitivity of the oscillator drops to about 
1 X IQ-^^K-P 

The performance of the 5-cm sapphire resonator-oscillator has improved 
since the results reported in 1995 [17]. Then, a minimum Allan deviation of 
8 X 10“^® was reached at 50s [17], which represents a line-splitting factor 
of 8 X 10“^. Between 0.3 s and 30 s the stability was about 2.5 x 10”^^/y^, 
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limited by the measurement system and servo system noise floors. Up to 
1000 seconds the stability degraded as approximately 1-3 x 10“^®^/? due to 
the resonator(s). The stability over one day is about 10“^^. Further research 
has identifled pre-stress in the resonator mounting structure as a cause of 
medium-term drift. A new mounting structure is under test. Flicker frequency 
noise in some small circulators has also been identifled as a contributor to 
resonator short-term instability. 

In 1999, using resonators 1 and 3, with loaded Qs of 3 x 10® and 0.65 x 10® 
respectively, we achieved an Allan deviation of about 5.4 x 10 “^®/-\/t from 
Is to 4s and a minimum Allan deviation of 2.4 x 10“^® from 16s to 64s. 
This represents a line-splitting factor of about 3 x 10“^. These stabilities 
are referred to a single oscillator, i.e. the raw Allan deviation divided by 
the square root of two. It is likely that resonator-oscillator 1 is much bet- 
ter than resonator-oscillator 3, because its Q value is five times higher. We 
attribute the improvement at 1-10 s mainly to the lower measurement noise 
floor enabled by a single heterodyne stage. The beat frequency between res- 
onators 1 and 3 is only 0.6 MHz and so it can be measured directly on a 
12-digit frequency counter such as the HP53132A. The improvement at 10- 
100 s is mostly attributable to the new mounting structure. The observed 
Allan deviation from Is to 32s is explained by the sum of the noise floors 
of the Pound frequency servo of resonator- oscillator 3, the power servo of 
resonator-oscillator 1, and the time-domain measurement system. The Pound 
frequency servos exhibit a flicker floor at about 2 x 10“^®. For integration 
times longer than about 100 s, the frequency stability degrades as approxi- 
mately 3 X . Further details will be published elsewhere. 

In 1998 the sapphire oscillator was operated at LPTF in Paris, as a fly- 
wheel to a cesium fountain clock [24]. The combination yielded a frequency 
stability of 5 x 10“ For operational convenience the sapphire oscillator 
operated in the mode at 9.19 GHz, which is IMHz away from the ce- 

sium atomic resonance. This mode had the usual temperature turning point 
at 6K and similar curvature, but its loaded Q was only about 10® and cou- 
pling of the order 0.3. Both of these effects caused a reduction in oscillator 
stability, resulting in a minimum Allan deviation at 10 seconds of 3 x 10“^^. 
This represents a line-splitting factor of 3 x 10“®. 

5.1.3 JPL Maser- Sapphire Oscillator (SCM) 

The Jet Propulsion Laboratory (JPL) implemented a ruby maser [8] oper- 
ating in a coaxial resonator, coupled to a superconducting Pb film-coated 
sapphire TEppp-mode resonator maintained at 1.6 K via a pumped liquid 
helium bath. The rationale behind using a maser was the well-known ex- 
tremely low noise of such devices - near the quantum limit. The output 
power available was at the nanowatt level, three orders of magnitude greater 
than a typical hydrogen maser. The coupling between the ruby and the sap- 
phire resonator was made via a quarter wavelength coaxial resonator. This, 
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together with additional superconducting shields, gave sufficient spatial iso- 
lation of the sapphire resonator from the magnetic field of the ruby maser to 
prevent Q degradation of the lead coating. This magnetic field was provided 
by superconducting persistent current solenoids. It tuned the ruby maser so 
that, when pumped with rf at 13 GHz, the ruby provided oscillation at the 
resonator frequency of 2.6 GHz. The TEopp-mode resonator with a Q of 10® 
acted to passively stabilize the frequency fluctuations of the low-Q resonator 
in which the ruby gain medium was embedded: no active frequency control 
was required. The resonator had a frequency temperature turning point at 
1.57K. The frequency of oscillation was sensitive to the pump power. The os- 
cillator operates in a regime of pump power (a “valley” ) where the sensitivity 
is reduced by two orders of magnitude, to about 2x 10“^^/ dB [9]. A beat mea- 
surement to measure the SGM’s frequency stability was performed against a 
Stein-Turneaure type oscillator (SGSO) and H-maser [9]. The SGM’s Allan 
deviation was estimated to be better than 4-5 x 10”^^ [9] from Is to 1000s. 
This represents a line-splitting factor of 8 x 10“^. 

5.1.4 JPL Sapphire-Ruby Closed-Cycle System 

The JPL has, since 1996, been developing a cryogenic sapphire oscillator 
for the ultra-high stability and low phase noise requirements of local oscilla- 
tors in the ground stations of NASA’s Deep Space Network. This oscillator 
is expected to operate continuously for periods of one year or more, with 
performance targets of stability (1-100 s) of 3 x 10“^® and phase noise of 
— 73dBc/Hz (at IHz) at a frequency of 34 GHz. 

The oscillator is based on a large cylindrical HEMEX-grade sapphire 
crystal which operates at 10.4 GHz in a WG Hi4_i^i mode [18,19]. A high- 
azimuthal-number WG-mode resonance was chosen because of its high field 
confinement to minimize the shield dimensions: the shield-limited Q is greater 
than 10^®. Temperature compensation at «8.5K is provided by a nearby 
ruby disk of similar diameter and thickness, which adds a 1/T term to the 
frequency-temperature dependence, as discussed in Sect. 2.1.1. The ruby ele- 
ment has approximately the same dimensions assembled with a gap of either 
2 mm or 4 mm from the sapphire-sufficient to provide coupling to the spins 
of the chromium ions via the evanescent H field of the H14.11 mode in the 
sapphire. The operating frequency was chosen to give a sufficiently high tem- 
perature turning point (a few degrees above the normal boiling point of liquid 
helium) without excessive paramagnetic losses; it was estimated to limit the 
Q to 3 X 10®. The observed unloaded Q is 1-2 x 10® at 8 K. The sapphire disk 
is sufficiently thick that the acceleration sensitivity of the resonator is in the 
low 10“® /g range. The sapphire element is connected to the outside world by 
a thermal ballast, which removes short-term temperature variations. Without 
the ruby temperature-compensation element, thermal ballast would allow a 
resonator stability of better than 3 x 10“^^/-\/r above 30 s. With the ruby 



62 



Anthony G. Mann 



temperature compensation present, the thermal stability above is estimated 
to be better than 1 x 10“^® for times greater than 10s. 

The resonator assembly is cooled on the end of a two-stage Giffard- 
McMahon closed-cycle cryocooler. Cryocooler-generated vibrations are at- 
tenuated by a novel vibration isolation technique. Using a thermal design 
similar to that of Mossbauer experiments, which transfers heat to the cry- 
ocooler without needing physical contact using turbulent convection in a 
gravitationally stratified helium gas [48], the cryocooler pump (pressure) vi- 
brations (at 2.5 Hz) have been attenuated to negligible levels. 

The short-term stability of the CSO incorporating this resonator is equal 
to or less than a flicker floor of 2.4 x 10“^® (for r in the range 1-100 s), 
and is less than 3 x 10“^^ from 100 s to 500 s when measured against a H 
maser [19]. Its medium-term stability is about 1 x 10”^^ per day. With the 
CSO as a flywheel for the LITS trapped mercury ion frequency standard, 
the CSO/LITS combination had a limiting performance of 3.0 x / ^/ t ^ 

an improvement on the performance using a mechanically compensated 77 K 
CSO as the local oscillator [47]. 

5.2 Superconducting Cavity Stabilized Oscillator (SCSO) 

The Superconducting Cavity Stabilized Oscillator (SCSO) utilizes a super- 
conducting niobium TMoip-mode cavity operating at 8.6 GHz, in ultra-high 
vacuum at 1.2 K [1,2,27]. Although not the optimum mode for use as a fre- 
quency standard, this mode was chosen since the technology available at the 
time for producing ultra-high-Q superconducting cavities for particle acceler- 
ators was most suited to this cavity geometry. Mechanical stability is achieved 
by making the walls of the cavity about the same thickness as its 1.3 cm ra- 
dius. The cavity is supported from the top and connected with indium-sealed 
vacuum flanges to a pump-out port and to a stainless steel waveguide. High 
vacuum conditions for the cavity are maintained by means of a permanent 
internal vacuum with a pinch-off and by an exterior vacuum can that is im- 
mersed in pumped liquid helium. In the space version of the SCSO, the cavity 
will be supported at its centre [27], which will reduce its sensitivity to tilt 
and acceleration by about two orders of magnitude, to about 4 x 10“^^ per g. 
The temperature of the cavity is controlled to 1 pK in the short term and 
10 pK per week. Magnetic shielding ensures that the field at the cavity is less 
than 10 mC. Both the dewar and the electronics are tilt-controlled to reduce 
the effect of variations in local gravity. The entire apparatus consists of three 
SCSO systems cooled in the same top-loading helium dewar. 

The SCSO utilizes the high-Q cavity resonance to lock a voltage-controlled 
oscillator (VCO). In the original design a small portion of the power (1 pW) 
of a Gunn oscillator with variable frequency was used to excite the cavity. 
This signal was phase-modulated at 1 MHz to provide a Pound frequency 
lock signal to servo the Gunn oscillator. In the space version the microwave 
circuitry has been updated from the original 1970s microwave technology [27]. 
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The Gunn oscillator is replaced by a varactor-tuned Dielectric Resonator 
Oscillator, which has been selected for low close-to-the-carrier phase noise, 
and hence requires less control loop gain. Also the power level is now actively 
stabilized to 0.1%. The connection to room-temperature is made using a 
stainless steel waveguide with copper baffles in order to minimize the thermal 
losses. 

The Allan frequency deviation for the original measurements with a 10 Hz 
noise bandwidth are shown in Fig. 7 as a function of measurement time r. 
For T < 30 s, (Tj, = lO^^'^T”^, which is consistent with — 120dBc/Hz of white 
phase noise measured at 0.1 kHz and 50 kHz in the frequency domain. This 
T~^ dependence is due to the effect of mechanical modulations since bright 
lines can be mechanically excited in the phase noise spectrum. Above 100 s 
the Allan deviation goes as approximately 3 x lO^^^-^r and for r > 1000s 
there is a linear drift of approximately 2 x 10“^^ per day due to the resonator. 
This was determined by beating pairs of SCSOs, and SCSOs against cesium 
frequency standards. The Allan deviation that remains when the linear drift 
of the SCSOs is subtracted off is 3 x 10“^® and represents an apparent noise 
floor for 30 s < T < 100 s. This level of frequency stability was not approached 
by any other frequency standard for more than 20 years, and represents a 
line-splitting factor of 6 ppm. The known sensitivities of the resonator to 
temperature (2 x 10“^° per K) and electromagnetic radiation pressure are 
not enough to explain this drift, given that the temperature was stable to 
15 pK over 1 week and the power stable to 1 percent [27]. However, it is 
possible that bias drift in the electronics and variations in local gravity do 
contribute significantly. The space version of the SCSO, because of improved 
electronics, mechanical suspension and temperature control, may realize a 
short-term stability in the region of 10“^^ [27]. 

6 Summary 

Over the past 25 years short-term frequency stabilities of 10“^"^ to 2 x 10”^® 
have been achieved in secondary frequency standards using cryogenic res- 
onators with line-splitting factors of 0.3 ppm to 6 ppm. These oscillators are 
still five orders of magnitude from any quantum limit. In the last few years the 
need for such stability has arisen for local oscillators on the next generation of 
atomic fountain clocks. If there is a quantum leap in the technology of grow- 
ing artificial sapphire, then dramatic improvements in the short-term stabil- 
ity of sapphire oscillators are possible due to the increase in Q-factor. Until 
then, the best hope for advances in short-term stability may rest with low- 
temperature superconducting resonators. In space, in the absence of gravity, 
a short-term stability of order 10“^^ may be possible for the Superconducting 
Cavity Stabilized Oscillator due to improved electronics, temperature control 
and resonator mounting. 
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Abstract. Low-noise high-stability resonator oscillators based on high-Q mono- 
lithic sapphire “Whispering Gallery” (WG)-mode resonators have become impor- 
tant devices for telecommunication, radar and metrological applications. The ex- 
tremely high quality factor of sapphire, of 2 x 10® at room temperature, 5 x lO’^ at 
liquid nitrogen temperature and 5 x 10® at liquid helium temperature has enabled 
the lowest phase noise and highly frequency-stable oscillators in the microwave 
regime to be constructed. To create an oscillator with exceptional frequency sta- 
bility, the resonator must have its frequency-temperature dependence annulled at 
some temperature, as well as a high quality factor. The Temperature Coefficient of 
Permittivity (TCP) for sapphire is quite large, at 10-100 parts per million/K above 
77 K. This mechanism allows temperature fluctuations to transform to resonator 
frequency fluctuations. 

A number of research groups worldwide have investigated various methods of 
compensating the TCP of a sapphire dielectric resonator at different temperatures. 
The usual electromagnetic technique of annulment involves the use of paramag- 
netic impurities contributing an opposite temperatnre coefficient of the magnetic 
susceptibility to the TCP. This technique has only been realized successfully in 
liquid helium environments. Near 4K the thermal expansion and permittivity ef- 
fects are small and only small quantities of the paramagnetic ions are necessary to 
compensate the mode frequency. Compensation is dne to impurity ions that were 
incidentally left over from the manufacturing process. 

Recently, there has been an effort to dispense with the need for liqnid helium 
and make a compact flywheel oscillator for the new generation of primary frequency 
standards such as the cesium fountain at the Laboratoire Primaire du Temps et 
des Frequences (LPTF), France. To achieve the stability limit imposed by quantum 
projection noise requires that the local oscillator stability is of the order of 
Currently work is under way to achieve this goal in space-borne and mobile liquid- 
nitrogen-cooled systems. The work appears promising and, as at early 2000, the 
realization of this goal should not be far off. 

In this contribution we review techniques that cancel the TCP of sapphire and 
other dielectric resonators. Details of the temperature control system required to 
achieve current and target frequency stabilities are discussed. 



A. N. Luiten (Ed.): Frequency Measurement and Control, 
Topics Appl. Phys. 79 , pp. 67-91, 2001. 

(c) Springer- Verlag Berlin Heidelberg 2001 
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1 Introduction 

A number of dielectric materials have been investigated for their suitability as 
resonators for stabilizing microwave oscillators, ranging from ceramics to pure 
crystals. Pure single-crystal sapphire has been found to have the highest qual- 
ity factor for frequencies of the order of 10 GHz. To make use of its low loss 
tangent, high confinement is necessary, and can only be achieved if high-order 
WG modes are excited [1,2, 3,4, 5, 6]. Usually the crystal axis is cut aligned to 
the geometric axis. These modes allow the radiation and conductor losses 
to be kept to a minimum, as most of their electromagnetic energy resides 
inside the dielectric but near to the dielectric/ vacuum interface (see Fig. 1). 
In general, all modes are hybrid but usually have a dominant component of 
electromagnetic field. We denote a mode with a dominant axial (z-direction) 
electric field dependence as an E-mode (quasi-TM or WGH) and one with a 
dominant axial magnetic field dependence as an H-mode (quasi-TE or WGE). 
The electric and magnetic filling factors (between 0 and 1) are a measure of 
the respective field energy either perpendicular or parallel to the crystal axis. 
It is common to designate modes in a dielectric resonator as Em,n,p+s (quasi- 

or WGHyyy yy Or n (qUaSt-TEyyy yy 5 Or WGEyyy yy p^ ^ ) . 

Here m, n and p are the number of azimuthal, radial and axial variations, 
and (5 is a number slightly less than unity. Normally “mode families” are 
grouped with the same number of axial (p) and radial (n) field variations but 
with different azimuthal field variations (m). For example, the fundamental 
E-mode family is designated as Em,i,s- In sapphire, as the azimuthal mode 
number increases the modes become more “whispering gallery” -like and the 
electric filling factors perpendicular and parallel tend towards zero and unity 
respectively. 



Side view Top view 




dieiectric resonator eiectromagnetic energy 



Fig. 1. A resonator with diameter d, height L, relative permittivity e, and rel- 
ative permeability fi. Dark shaded areas represent regions of high electric field 
density. Whispering gallery modes complete total internal reflection at the dielec- 
tric/vacuum interface, and for resonance to exist an integral number of wavelengths 
must fit into the effective electrical path length, 7rd(e/r). Azimuthal mode number 
(m) can be counted as the number of nodes in a half circumference 
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To construct low-noise and high-stability oscillators, the high Q of the 
modes discussed above is essential. However, temperature dependence is an- 
other important parameter that must be considered. No temperature control 
system is perfect, and so temperature fluctuations inevitably will cause the 
resonator frequency to shift . This review is specifically focussed on discussing 
methods of temperature compensation that annul the frequency-temperature 
dependence at specific control temperatures. Panov and Stanov [7] were the 
first to implement a mechanical compensation technique where two pieces of 
sapphire were held apart by a temperature-sensitive tuning element. Later, 
Abramov et al. [8] further developed this method at room temperature with 
two closely spaced unshielded sapphire disks separated by a copper spacer. 
They were able to reduce, but not quite cancel, the frequency-temperature 
dependence in a high order WGH mode at 8.1GHz. At temperatures above 
77 K, Dick et al [9] employed a similar mechanical compensation technique 
and were successful in utilizing a copper spacer to cancel the resonator tem- 
perature dependence. 

Another temperature-compensation technique utilizes composite dielec- 
tric structures consisting of more than one low-loss monocrystal. Two very 
thin slices of monocrystalline rutile were clamped tightly against the ends 
of a cylinder of sapphire monocrystal [10,11]. The TGP of sapphire and ru- 
tile are of opposite sign and thus the temperature coefficient of the com- 
posite resonator may be cancelled. This was achieved in various modes, 
namely quasi-TM (E) modes (around 50 K) and quasi-TE (H) modes (around 
150 K). Other similar techniques made use of an extremely thin slice of ru- 
tile [12], or a central rutile puck [13] in conjunction with a crystal resonator. 
Frequency-temperature compensation was achieved but usually at the ex- 
pense of the overall resonator Q-factor. Potential problems that exist with 
these techniques include sensitivity to seismic fluctuations as well as the ther- 
mal impedances introduced by the necessity of a composite structure. 

At liquid helium temperatures, frequency-temperature compensation of 
monolithic sapphire resonators has been achieved by the residual para- 
magnetic impurities of the order of a few parts per million. Tempera- 
ture compensation was observed in the range 5 K to 13 K with Gr^’*' and 
Ti3+ 

ions [14,15,16,17]. This work led to an investigation of intentionally 
doped sapphire with a larger concentration of Ti^+ ions to raise the temper- 
ature of compensation [18,19,20]. Gompensation was achieved in quasi-TM 
(E) modes (at 9K), in quasi-TE (H) modes (at 76 K) and for all hybrid modes 
in between. However, the Q-factors were strongly degraded, particularly for 
modes with compensation temperatures above 50 K. A compensation point 
of about 10 K was achieved in a composite ruby-sapphire structure [21,22] 
where the ruby and sapphire elements were separated by a few millimeters. 
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2 Compensation Techniques 



The physical dimension (d) of most materials expands with increased tem- 
perature, and contracts on cooling. In sapphire and other materials, this 
is accompanied by a permittivity (e) increase or decrease respectively [23]. 
Thus, the electrical path length within the resonator (see Fig. 1) changes in 
accordance with both effects. The change in path length causes a change of 
the frequencies of the normal modes of the resonator. This dependence is 
given by 

\{T) (X d{T) and X{T) (X y/e(f) . (1) 



If a dielectric resonator contains paramagnetic ions, then on cooling be- 
low liquid nitrogen temperatures, the paramagnetic susceptibility (y) of the 
lattice usually increases, which also affects the wavelengths (frequency) of the 
normal modes: 



A(T) (X ,/JKf) = x/l + X{T ) . 



( 2 ) 



As the permeability (/i) increases, the electrical path length increases, and 
thus the resonant mode frequency decreases. Combining (1) and (2), the 
modal frequency-temperature dependence can be written: 



f{T)^ 



1 



(3) 



Differentiating (3) and dividing by / yields 
Id/ I dd I 1 dfi 1 1 9e 

']ln^'^~d'^~ 2^df~ 2~eWr' 

The TCP (or de/dT) of a resonator is cancelled when df /dT vanishes. It is 
important to note that a fractional variation in permittivity or permeability 
will only lead to half the fractional frequency shift, and that (4) can be 
written as an equality by introducing energy filling factors for each term in 
(4). Normally these are calculated numerically after the resonance has been 
identified and generalized to include anisotropic components perpendicular 
(T) and parallel (||) to the cylinder axis. 

To generalize (4) to the full anisotropic form, we can write: 

fdT 

... 

f dT de\\ dT dfn_ dT dfx\\ dT dL dT dd dT J ' ^ 



where L is the axial length of the cylinder and d is the diameter. Equations (4) 
and (5) may be rewritten as: 



fdT 












2 II “a* II 



-Pdad -PlO-l , 



( 6 ) 
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where Px is defined as an energy filling factor, a* is the temperature coeffi- 
cient of permittivity, permeability or expansion, and the subscript of these 
parameters represents the permittivity components ej_, ey, the permeability 
components /rj_,/r||, the diameter d or the length L [24,25]. 

It should be noted here that compensating the TCP of a resonator re- 
quires the addition of another mechanism of opposite sign. This could be 
with the addition of paramagnetic impurities with an opposite temperature 
coefficient of permeability, or a material with opposite expansion coefficient, 
or a material with the opposite temperature coefficient of permittivity. Thus, 
(6) must be considered as summing the effect of all materials present. 



2.1 Paramagnetic Compensation 

It is apparent from (4) and (5) that if dp/dT is of the opposite sign to the 
TCP (or de/dT) (see Fig. 2), then df /dT may go to zero at some temperature 
depending on the relative energy filling factors. This has been achieved with 
residual paramagnetic ions at temperatures below 80 K [14,15,19]. Many ions 
with unpaired electrons exhibit paramagnetic behavior, and a corresponding 
magnetic moment. Their spins will tend to align parallel or anti-parallel to 
the applied magnetic field, with their magnetic dipoles precessing about the 
direction of the magnetic field. A magnetically dilute ( < 0.1%) concentration 
of paramagnetic ions act independently. On cooling, thermally excited states 
become less likely according to Boltzmann’s statistics. Alignment occurs to 
minimize the orientation energy of the spins and, because of this, the magnetic 
susceptibility increases. 

In a paramagnetic doped crystal, the real part of the susceptibility {x') 
results from the energy-level differences in spin states. In Ti^+-doped sapphire 




Fig. 2. Real part of the paramagnetic susceptibility {x! = /r — 1) and permittivity 
(e) in Ti^^-doped sapphire, where d\ijdT is of the opposite sign to dtjdT. Ex- 
perimentally determined values are shown for the susceptibility (curve 1 is y[| and 
curve 3 is x±) S'Hd permittivity (curve 2 is £|| and curve 4 is e^) of sapphire with 
approximately 40 parts per million paramagnetic ions 
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the first energy level is 1134 GHz above the ground state [26] and cannot 
be directly excited with a microwave field; therefore any AC susceptibility 
component can be neglected, leaving only a DC or static term. In contrast, 
for Cr^+-doped sapphire the first energy level is 11.44 GHz above the ground 
state and can be easily saturated by a microwave field. 

Calculation of the temperature dependence of the susceptibility (y') can 
be simplified when the doping ions can be treated as an ensemble of non- 
interacting (or dilute), homogeneously distributed ions. In this case, the para- 
magnetic susceptibility for a particular species is adequately described by the 
classical van Vleck equation [27] and for temperatures such that k-^T » 
ZFS (zero field splitting energy of the first excited state) reduces to the 
standard Curie Law: 



/ 1 f 

M - 1 = X = 



iVgVy(j + i) 

SkT 



( 7 ) 



where k^ is Boltzmann’s constant, T is the absolute temperature, /i' is the 
real part of the permeability, N is the concentration of paramagnetic ions, g 
is the Lande factor, hb is the Bohr magneton and J is the equivalent total 
angular momentum of the ground-state ion. The above expression is a good 
description for Cr^+ in sapphire (ruby) [14,17,27]. In other cases, the much 
weaker van Vleck Temperature Independent Paramagnetic (TIP) susceptibil- 
ity [15] is applicable e.g. Ti^+ in sapphire, which has high-frequency excited 
spin states. In this case the susceptibility is better expressed as: 



f,'-l = x' = N 



y~] ®^p( ) 

Eexp(-^) 



(8) 



where En are the energy levels of the paramagnetic ion. This can be inter- 
preted as the zero response of the spins to an applied alternating magnetic 
field, leaving only a small contribution, On, from a quantum mechanical mix- 
ing of the thermally unpopulated excited states into the ground state. 

The imaginary part of the susceptibility (y") accounts for the losses in 
the system due to the paramagnetic dopants [28] . When the compensation is 
strong, the losses are also large. This can be understood in terms of the rela- 
tionship between the real and the imaginary parts of the susceptibility. That 
is, x"{T) oc x'(T) cx N. Thus, in both cases dg/dT and the paramagnetic 
losses are dependent on the concentration of the doping ion. 



2.2 Dielectric Compensation 

Sapphire-rutile composite WG resonators have been constructed with di- 
electric compensation of the TCP of sapphire above liquid helium temper- 
atures [11]. For these types of resonators a small piece of compensating di- 
electric (for example, rutile) is used to perturb the frequency of the sapphire 
resonator and annul the frequency-temperature dependence. It will be re- 
ferred to as the “perturbation dielectric” . In sapphire, the permittivity term 
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of (4) is about 10 times the dimensional term [15,28,29] and in rutile it is 
about 65 times [30,31,32,33]. If we neglect dL/dT, and dd/dT, set d^/dT = 0 
for paramagnetic impurity-free material and assume the mode is either pure 
TE or TM, then by summing the two dielectric terms from (5) we obtain 

fdT~ 2 es dT 2 6R dT ’ ^ 

where ps and pn are the electric energy filling factors in sapphire and rutile 
respectively and we assume ps +PR ~ 1, which is a good approximation for 
WG modes. For sapphire, es is or the order 10 with positive des/dT, whereas 
for rutile cr is of the order 100 with negative den/dT (see Fig. 3). 

The TCP of sapphire is compensated when df /dT = 0 in (9), therefore 

PR 1 ^es , 1 9 £r gg . 

PS es dT ^ 6R dT 

where a* represents the effective TCP values for sapphire (S) and rutile 
(R) at the compensation (turning point) temperature. These values include 
the small thermal expansion effects that initially were neglected in (9). The 
ratio of these filling factors, pr/ps, has been calculated for pure E and H 
modes (see Fig. 4) [11]. This ratio approximately represents the ratio of the 
physical volumes of the two dielectric materials. Only a small volume of rutile 
in needed for compensation, acting as a perturbation on the sapphire modes. 
For turning points in the 50 K to 80 K range, the volume ratio should be 
< 10 - 2 . 





9 



Fig. 3. Permittivity of sapphire and rutile as a function of temperature. Both are 
uniaxial anisotropic crystals. Experimentally determined values for the parallel 
components (curves 1 [Rutile] and 2 [Sapphire]) and perpendicular components 
(curves 3 [Rutile] and 4 [Sapphire]) are given 
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Fig. 4. Required ratio of filling factors of the electric field energy in the rutile (or 
perturbation dielectric) and the sapphire resonator to create a turning point (TP). 
Curves for perfect E and H modes have been calculated from (10) with data from 
Fig. 3 



The Q-factor of high-order WG modes in the composite resonator can be 
calculated from 



Q ^ = PS tan 5s + PR tan 5 r 



tan 5s 

1 + (pr/ps) 



(PR/ps)tan5R 

1 + (pr/ps) 



( 11 ) 



where tan 5s and tan 5r are the respective loss tangents for sapphire and 
rutile. For pn/ps ^ Ij which is the case with a small perturbation dielectric, 
(11) becomes 



Q ^ « tan 5s -b — tan 5r . (12) 

PS 

With pr/ps ~ 10“^, typical Q values for E and H modes at 77 K are 8 x 10® 
and 1 X 10^, respectively. 



2.3 Mechanical Compensation 

In (4), if de/dT is of opposite sign to dd/dT then df /dT may vanish at 
a certain temperature. This technique has been achieved by arranging two 
dissimilar materials with differential thermal expansion to compensate the 
change in permittivity (e). Abramov [8] and Dick [9] separated two pieces of 
sapphire by a copper rod. This idea is similar to that of Panov [7], Tobar [34] 
and Bilenko [35], where the gap between two sapphire cylinders modulates 
the resonant frequency. Other forms of mechanical compensation have been 
applied, for example using a superconducting plate [13] above a sapphire 
resonator and servo controlling its position with a piezoelectric transducer. 



3 Experimental Results 

In this section we summarize the current state of experimental research into 
temperature-compensated resonators. In some cases these resonators were 
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incorporated into frequency-stable oscillators. The main determinants of a 
resonator’s performance are its Q-factor and the mode curvature at the oper- 
ating temperature. In the case of a compensated mode the operating tempera- 
ture corresponds to the turning-point temperature. To compare the degree of 
electronic stabilization performance, we define a Line Splitting Factor (LSF) 
as the fraction of the bandwidth to which the oscillator was locked: 

resonance frequency x best stability , . 

Lbr = — — — . (13) 

resonator bandwidth 

3.1 UWA Liquid Helium Sapphire Oscillator 

In the mid-1980s, the sapphire oscillator project was initiated at the Univer- 
sity of Western Australia (UWA) . The heart of the oscillator was a Sapphire 
LOaded Superconducting Cavity (SLOSC) [36,14] based on a niobium cav- 
ity loaded with a 3-cm-diameter cylindrically cut Union Carbide sapphire 
monocrystal. The cavity exploited the high Q of the (9.73 GHz) mode 

in the sapphire cylinder, as well as the very low losses in superconducting 
niobium at liquid helium temperature. The mode exhibited a frequency- 
temperature turning point at 6 K due to a combination of the effect of the 
surface reactance of superconducting niobium and the static susceptibility of 
about 1 part per million of Cr^^ ions. Mode curvature was measured to be 
3.7 X 10“®/K^ at the turning point. A dependence of the SLOSC frequency 
on power is thought to be due to a combination of the saturation of the Cr^+ 
resonance (spins occupying excited states) and differential heating between 
the sapphire and the cavity walls. 

An oscillator was constructed using the resonator as both the frequency- 
determining element as well as the dispersive element in a Pound discrimina- 
tor scheme. A fractional frequency Allan deviation of better than 1 x 
was achieved over 3-300 seconds with a minimum of 9 x 10“^®. The loaded 
Q of this resonator was 3 x 10®, with a line-splitting factor of 3 x 10“®. 

To realize a higher field confinement and lower the dependence of the 
mode’s characteristics on the cavity walls, the next generation of resonator 
utilized a 5-cm-diameter resonator. Two nominally identical Crystal Systems’ 
HEMEX-grade pure sapphire resonators [37,16] were mounted inside cylindri- 
cal niobium cavities that were cooled to 6K with liquid helium. Temperature 
control of 10 pK was achieved with a combination of a carbon-glass ther- 
mometer and a heater in good thermal contact with the shield. A WG mode 
with Hi 4 1.5 at 11.9 GHz, exhibited a loaded Q of 10®, and was chosen as the 
operating mode. At 6K, in one of the resonators, df /dT was annulled with 
a curvature of ~ 10“®/K®, while the second had no turning point but a min- 
imum slope of 3 X 10“^®/K. The mode frequency-temperature dependence 
of both resonators can be explained in terms of a combination of a few parts 
per million of residual paramagnetic Mo®+ and Ti®+ ions. 

The resonator was used as a feedback element in a loop oscillator, where 
the oscillator frequency was locked to the centre of resonance by an active 
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Pound stabilization scheme, while a second servo system removed the spu- 
rious AM modulation produced by the phase modulator. Resonator temper- 
ature and microwave power were also controlled to minimize the resonator 
frequency fluctuations. Two nominally identical oscillators were constructed, 
mounted in separate cryostats and compared using a double heterodyne con- 
figuration. A minimum Allan deviation of 8 x 10“^® was reached at 50 s, 
which represents an LSF of 8 x 10“^. Between 0.3 s and 30 s the stability was 
about 2.5 X only limited by the measurement system and control 

system noise floors. 



3.2 UWA Dielectric 

and Paramagnetic Compensation Experiments 

In another experiment at UWA, two dielectric materials were used to achieve 
dielectric compensation. The main body of the resonator was a cylindrically 
cut piece of high-purity, low-loss sapphire with its cylinder axis aligned with 
the crystal axis. The perturbation dielectric consisted of two very thin disks 
of monocrystalline rutile [11] clamped tightly against the upper and lower 
surfaces of a cylinder of sapphire monocrystal. The composite resonator was 
supported in a copper cavity with copper posts (see Fig. 5) and placed in 
an evacuated can within a cryostat and cooled with liquid nitrogen. WG 
modes were excited and examined at microwave frequencies in the range of 
8-18 GHz. 

Gompensation was achieved in different modes from 50 K to 150 K, with 
Q-factor values varying from 5 x 10® to 3 x 10®. E modes had the lowest tem- 
perature turning-points, while the H modes had the highest. Mode curvature 



copper cavity 




0.21 mm 
rutile slices 



sapphire 



spring 

mechanism 



Fig. 5. Schematic of composite rutile-sapphire resonator in a copper cavity 
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was calculated at the turning point temperature to be between 2 x 10”^ and 

4 X 10“^ for E (WGH) modes and a little higher in H (WGE) modes. As- 
suming a conservative temperature-control system of 1 mK stability at 1 mK 
from the turning point, the fractional frequency stability due to temperature 
can be inferred to be about 10“^^ at 60 K. The curvature becomes greater at 
higher temperatures, and as a result a degraded stability can be expected. 

The Q-factors of the modes in the composite resonator were significantly 
lower than was predicted for temperatures below 100 K but were in agreement 
with expectations for modes above 100 K. This was due to the low Q in 
the sapphire monocrystal, as a result of a high concentration of Ti^+ ions, 
resulting in paramagnetic losses [19,39]. 

In another experiment [40] , a single thin slice of monocrystalline strontium 
titanate, with a permittivity of the order of 1000, was clamped to the top 
surface of a similar sapphire sample. The TGP of strontium titanate has the 
opposite sign to that of sapphire, and thus the resonance frequencies may 
be annulled. Gompensation was achieved in the range 80-160 K with various 
modes having Q-factors in the range of 2 x 10^ to 5 x 10^. The disadvantage 
of this design is that the large permittivity of strontium titanate led to a high 
spurious mode density. To overcome this problem a thin film of Strontium 
Titanate was deposited onto the top cylinder surface of a sapphire crystal. 
A large degradation in quality factor and mode interactions was observed 
without any compensation [41]. 

Paramagnetic (Ti^+ ion) compensation was investigated [19] in a joint 
collaboration between UWA, the University of Warsaw and the National In- 
stitute of Standards (NIST). A small laser-quality Ti^+-doped sapphire cylin- 
der was found to have frequency-temperature compensation points around 
50 K for WG modes in the microwave K-band range, with Q-factors around 
3 x 10®. To further investigate these observations, two identical copper cavi- 
ties were constructed with larger doped sapphire dielectric resonators. One of 
the sapphire crystals had a nominal concentration of 1000 parts per million 
of Ti®+ ions, while the other had about 40 parts per million Ti®+ ions. The 
cavities were placed in an evacuated can within a cryostat and cooled to 77 K 
with liquid nitrogen and then to 4.2 K with liquid helium. 

The 1000 ppm Ti^^-doped resonator exhibited frequency-temperature 
compensation in various WG modes (4-20 GHz) from about 76 K in H (WGE) 
modes, down to 27K in E (WGH) modes. The Q-factor at the compensation 
temperature was highest in E modes at about 1.5 x 10®, whereas in H modes 
it was about 5 x 10®. In the 40 parts per million resonator, turning points 
were found between 9 K and 35 K. The highest Q-factor at the turning point 
was 1 X 10® in the mode (17.73 GHz). In H modes this was in the Hg^i^a 

(16.64 GHz) mode, which exhibited a quality factor at 35 K of approximately 

5 X 10®. 

Mode curvature of the turning points in the range 50-80 K was 2-3 x 
10“^/K^. By optimizing the Ti®+ ion concentration, (about 200 ppm), the 



78 



John G. Hartnett and Michael E. Tobar 



best short-term resonator fractional frequency stability at 50 K due to tem- 
perature control is predicted to be 2 x in an H mode with a 

Q-factor of about 2 x 10®. This is limited by the low Q-factor, even if a 
temperature resolution of 100 pK was achievable. It would be a marginal 
proposition as a flywheel for atomic fountain clocks, which require a local 
oscillator stability of typically 5 x (please see the contribution by 

P. Lemonde et al at Chap. II-2 in this volume). 



3.3 JPL Maser- Sapphire Oscillator (SCM) 

Researchers at the Jet Propulsion Laboratory (JPL) implemented a ruby 
maser [42] operating in a coaxial resonator coupled to a superconducting 
Pb- film-coated sapphire resonator. The resonator was mounted in a super- 
conducting can, all maintained at about 1 K via a liquid helium bath. The 
coupling was via a 1 ^-wavelength coaxial resonator, which also gave sufficient 
isolation of the sapphire resonator from the magnetic field of the ruby maser 
to prevent Q degradation. Following the work of Braginsky [43], this group 
evaporated a thin Pb film onto a sapphire cylinder and measured a Q-factor 
of 2 x 10® in the TEop,i mode at 1.5 K. 

The maser provided gain with low noise and small power dissipation, while 
the sapphire resonator provided the frequency stability through the hundred 
fold smaller coefficient of thermal expansion. Any change in the stabilizing 
cavity’s resonant frequency resulted in a change in the oscillator frequency. 
Sapphire was chosen because of its high Debye temperature and rigidity, 
hence minimizing frequency shifts from tilt, temperature drift and vibration. 

The three coupled cavities shown in Fig. 6 form a multiple resonant sys- 
tem, one mode of which provides the stabilized operation and the other two 
modes having been designed not to oscillate. The ruby and the coupling res- 
onators were excited in coaxial TEM modes whereas the stabilizing resonator 
is excited in the TEoq.i mode. The sapphire’s Q-factor and the (negative) 
value for that of the pumped ruby resonator describe the condition of power 
balance, which in turn determines a minimum fractional energy content in the 
ruby resonator for oscillation. Oscillations naturally occurred first in the ruby 
resonator, but this mode was suppressed, leaving most of the energy to reside 
in the stabilizing sapphire resonator. Tuning was achieved by adjustment of 
the magnetic field bias to the ruby maser. 

A beat measurement to measure the SCM’s frequency stability was per- 
formed against a Stein- Turneaure type oscillator (SCSO). The SCSO’s per- 
formance was 3 X 10“^® [44] at the same integration times as the SCM. The 
SCM yielded a stability of 8 x 10“^® at 256 s. The mode Q-factor was 10® and 
its operating temperature about 1.0 K. This translates into a line-splitting 
factor of 8 X 10“^. 
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Fig. 6. Schematic of the three-cavity superconducting maser with a super- 
conductor-on-sapphire stabilizing resonator (SCM). Reprinted by permission [42] 



3.4 JPL Mechanically Compensated Sapphire Oscillator 

Dick et al. [9,45,46,47] constructed a sapphire resonator (diameter = 5 cm, 
height = 2.3 cm) made with two similar sapphire crystals (see Fig. 7). The 
two halves were separated by a copper post. The relative difference in the 
thermal expansion of the sapphire and the copper post, at 87 K, cancelled 
the temperature-induced frequency shift of the sapphire’s resonant mode due 
to the strong tuning effect of the gap spacing between the two crystals. 

Copper was chosen because of its much greater expansion coefficient over 
that of sapphire. The relative difference between the two thermal expansion 
coefficients is shown in Fig. 8 (shaded area). As the resonator structure cools, 
this difference causes the gap to decrease and the resonance frequency to 
increase. 

Many WG modes were investigated and the WGH„ 4^5 (or or quasi- 
TM„^i, 5 ) mode family was chosen as the most useful because the E field 
had maximum energy in the gap and strongly tuned the mode frequency. 
Other modes were only weakly tuned, such as the WGH„_i^i+i (E„_i^i +5 or 
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Upper 




Fig. 7. Schematic of compensated sapphire resonator (SCO) showing two halves 
separated by a 0.5 mm gap. Reprinted by permission [9] 




Temperature (Kelvin) 



Fig. 8. Thermal expansion coefficients for copper and sapphire. Differential motion 
(shaded area) was used to tune the temperature induced frequency shifts of the 
resonator. Reprinted by permission [9] 



quasi-TM„^i,i_i_ 5 ) mode family which had a minimum in its E field energy in 
the gap, and the WGE„^i_ 5 (H„^i _5 or quasi-TE^^i^^) mode family where the 
dominant E field lies tangential to the surfaces in the gap (i.e. perpendicular 
to the crystal axis). Measured tuning rates indicated that the WGH„_i ^5 mode 
family could be compensated above 77 K for modes with an azimuthal number 
n < 8. The WGHg^i^^ (7.23 GHz) mode was chosen because it enabled the 
highest Q-factor of 1.8 x 10® and had a high compensation temperature of 
87 K. 
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A liquid-nitrogen-cooled oscillator was constructed around the WGHg i ,5 
mode. First, the oscillator was arranged in an open loop configuration with 
unregulated temperature control. Measured against an H maser, the Allan 
deviation was measured to be 1.4 - 6 x 10”^^ for integration times (r) where 
1 < T < 100 s [9,45]. In the following year, a second thermal stage was added, 
which increased the thermal time constant between the can and the liquid 
nitrogen bath to damp the effects of bath temperature fluctuations. The loop 
gain was increased by increasing the modulation frequency in the Pound 
circuit to 2 MHz. These, with other improvements, led to a measured Allan 
deviation of 2.6-4 x 10“^^ [47]. Finally, by 1996, further improvements of 
the frequency-lock Pound circuit enabled an Allan deviation of 7.5 x 
between 3 s and 10 s and < 2 x 10“^^ for all times less than 100 s [46]. This 
was achieved with a Q-factor of 2 x 10® and therefore a line splitting factor 
of 1.5 X 10"^. 

Nevertheless, the CSO continued to exhibit a large frequency drift due to 
creep in the soft solder used to join the sapphire pieces to the copper support 
post. This was measured to be 1.5 x 10“®/day, which can be corrected but 
remains a drawback for long-term operation. Additional concerns remained 
with the vibration sensitivity of the multiple-element structure. In addition, 
the compensation fails at short times because of the mismatched thermal time 
constants of the two compensation mechanisms. Contamination problems in 
the high-field gap region limited the Q-factor but with improved Q values 
of 10^ a stability of 1-2 x 10”^^ is expected. When used as a flywheel for 
the Linear Ion Trap Standard (FITS), the combined CSO/LITS showed a 
stability of 2 x compared with 6.4 x for the FITS when 

measured using a super quartz local-oscillator of about 1 x 10”^® stability. 

3.5 JPL Sapphire-Ruby Closed Cycle System 

An oscillator [21,22] based on a high-Q HEMEX-grade cylindrically cut sin- 
gle sapphire crystal coupled to a nearby ruby element was recently built at 
JPL with temperature compensation at 10 K. The ruby element was approx- 
imately the same dimensions assembled, with a gap of either 2 mm or 4 mm 
from the sapphire. This resonator structure (shown in Fig. 9) was placed 
in a small dewar and cooled to 10 K with a two-stage Giffard-McMahon 
closed-cycle cryocooler. Cryocoolers generate vibrations that would normally 
degrade the performance of any oscillator. However, to reduce this prob- 
lem, novel vibration-isolation techniques were implemented, along with non- 
contact heat transfer via turbulent convection in a gravitationally stratified 
helium gas [48]. 

A high-azimuthal-number WG-mode resonance was chosen because of its 
high field confinement to minimize the shield dimensions. The WGE14 
mode was excited in the sapphire and its frequency to temperature fluctua- 
tions were cancelled, to first order, by the paramagnetic effect of the Gr®+ 



82 



John G. Hartnett and Michael E. Tobar 




Fig. 9. JPL’s ruby-compensated sapphire resonator (CSO). Reprinted by permis- 
sion [22] 



ions in the ruby (which is equivalent to a sapphire doped with a high concen- 
tration of Cr^+ ions, in this case 0.03%). Due to the close proximity of the 
ruby element and its geometry, the evanescent H field of the WGEi 4 _i ^5 mode 
in the sapphire provided coupling to the spins of the Cr^+ ions. A rotation 
of the magnetic field orientation is apparent in the ruby (Fig. 9), producing 
a small H field component perpendicular to the crystal axis. Chromium ions 
couple much more strongly to this perpendicular H field component than 
the dominant parallel component. Finite element calculations suggested that 
the required size of the ruby element to give the correct magnetic filling fac- 
tor was approximately 0.0012 (i.e. 0.12% of the H-field energy resides in the 
ruby element). By varying the gap, this energy content may be altered and 
the frequency-temperature compensation point moved. 

The resonant mode had a frequency of 10.395 GHz, 1 GHz below the 
11.44 GHz zero field splitting (ZFS) frequency of chromium. Its unloaded 
Q-factor in the assembled resonator was 1 x 10® when critically coupled. 
It had a compensation temperature of 8.54 K. The CSO incorporating this 
resonator exhibited an Allan deviation of 2.5 x 10”^^ for integration times 
(r) where 200 < r < 600 s when measured against an H maser. With the 
CSO as a flywheel for the FITS trapped mercury ion frequency standard, the 
CSO/LITS combination had a limiting performance of 3 x an 

improvement on the mechanically compensated CSO performance. 

3.6 NPL Liquid He Experiment 

At the National Physical Laboratory (NPL), Teddington, UK a liquid he- 
lium clock was built based on a 140-mm-long sapphire rod resonator with a 
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diameter of 20 mm [49,50]. This included a novel microwave choke arrange- 
ment (see Fig. 10) which confined the microwave fields to the central region 
of the resonator and reduced conductor losses. It was enclosed in a supercon- 
ducting lead shield (inner diameter 48 mm) and cooled to 4.2 K in a liquid 
helium cryostat. The structure was held in place by a spring-loaded piston 
arrangement. The shield was machined out of a single piece of lead, with 
a lead cap fitted to the top. Two vacuum jackets were employed and thin- 
film resistive heaters were attached to the resonator can. Thermometry was 
controlled through rhodium-iron and carbon-glass thermometers. 

Two independent methods provided temperature control to maintain the 
resonator at 4.5 K. First, the bath temperature was controlled by a pump 
working at constant speed with a heater immersed in the cryogenic fluid. By 
controlling the “excess” boil-off, the bath temperature was controlled to a 
stability of approximately 0.3 mK. The second level of temperature control 
was provided through the thermometers attached to the resonator can: using 
a 2Kn carbon-glass thermometer in an AC bridge, a lOpK resolution was 
achieved. 




iH Stainless steel Hi Copper 

Fig. 10. Schematic of NPL resonator design and housing. Reprinted by permis- 
sion [49] 
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Temperature compensation in the range 4-5 K was achieved in 10.9- 
17.1GHz modes by approximately a 0.3 ppm concentration of paramagnetic 
(mainly ions. These were high-order longitudinal modes with axial 

mode number p < 10. For higher axial mode numbers, the losses increased 
due to leakage as the longitudinal mode spacing became comparable to the 
choke dimensions. The highest Q value was 6x10^ at 17.1 GHz. A synthesized 
microwave source was stabilized by a 300 Hz frequency modulation, detected 
by a lock-in amplifier; the error signal was fed back to a Marconi 2031 sig- 
nal source at 20 MHz, the beat signal was down-converted and counted by a 
counter referenced to an H-maser. This yielded Allan variance values of 10“^^ 
at 100 seconds and 4 x 10”^^ at 500 s and represents an LSF of 2.4 x 10“®. 

3.7 NPL IFF Sapphire Rutile Experiment 

The NPL group implemented an oscillator [12] based on a resonator built with 
a 100-pm-thick single crystal rutile disk (diameter « 17 mm) glued to one 
axial surface of a single-crystal HEMEX sapphire puck of the same diameter. 
A WG mode was excited at 17.1 GHz with an azimuthal mode number of 7, a 
compensation temperature of 40.8 K and an unloaded Q-factor of 3 x 10®. The 
composite resonator was mounted in an OHFG copper housing, supported by 
quartz tubes, top and bottom (see Fig. 11) and held together by springs. The 
copper housing had a heater wound on its outer surface and silicon diode 
thermometers attached top and bottom. It was then placed in a vacuum can 
immersed in a liquid helium bath in a cryostat. A low-noise GaAs amplifier 
was used to feed back the filtered signal from the sapphire element and was 
stabilized using a Pound scheme with 100 kHz modulation. 
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Fig. 11. Schematic of the composite puck and its cryogenic housing. Reprinted by 
permission [12] 
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The frequency stability of the composite puck resonator-oscillator was 
measured against an H-maser and yielded a stability of 4 x 10”^^ at 1000 s, 
falling from 4 x 10“^^ at 100 s. The author believes that this indicated that the 
oscillator performance was limited by white noise at the longest integration 
times. By suitable choices of both the mode and the volume ratio (of the 
sapphire and the rutile), the turning-point temperature may be shifted within 
the range 30-90 K. A 60K design is envisaged with two orders of magnitude 
improvement in performance. This will be achieved by a reduction of the 
vibration sensitivity of the composite structure. 

3.8 IFF Sapphire-Quartz/ 

Lanthanum Aluminate Rutile Experiments 

At the Intitut fiir Festkorperforschung (IFF), Germany, they have exper- 
imented with two ideas [13]. In one instance they placed a small single- 
crystal rutile cylinder (radius = 2.0 mm, variable height) into the central 
hole of a single-crystal LaAlOa ring (inner radius = 2.0 mm, outer radius = 
7.6 mm, height = 7.6 mm) and excited the TEppp resonance mode at 5.6 GHz 
(Fig. 12). High-temperature superconducting (HTS) material (YBGO) was 
used for the end plates. The TEop.i mode was chosen for frequencies below 
20 GHz to achieve the highest Q-factors, lowest mode densities, and the ab- 
sence of current flow between the superconducting end plates and the normal 
side walls. 

Since the TGP (de/dT) for LaA103 at 77 K is of the order of 10“^/K 
and for rutile it is of the order of 0.1 /K and of negative sign, only a small 
amount of rutile was necessary to cancel the TGP in the LaAlOs ring at this 
temperature. The height of the rutile puck was varied to select the optimum 
electromagnetic Ailing factor for the rutile, since the compensation point is 
determined by the ratio of volumes of the two dielectrics. With a 2.5 mm 
height for the rutile cylinder, a 68 K compensation point was achieved with 
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Fig. 12. Schematic of the LaAlOs-rutile composite resonator. Reprinted by per- 
mission [13] 
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8 X 10“^/K^ curvature. The fractional frequency stability inferred from these 
characteristics is 8 x 10“^^ if a ImK temperature control is assumed. 

In another experiment, this group excited a WG mode, WGHr.i^a at 
23 GHz in a sapphire cylinder (radius = 6.5 mm, height = 5.63 mm) supported 
by a quartz disk of the same radius (height = 2.185mm). This resonator was 
housed in an OHFG copper cavity of 22 mm diameter and 10 mm height and 
cooled to 77 K with a Stirling-type cooler. This design was chosen for fre- 
quencies above 20 GHz because the Q-factor was mainly limited by dielectric 
losses and not by the wall geometry. A loaded Q of 4 x 10^ was measured 
at 77 K. 

The top and bottom plates were made from HTS material and the top 
plate positioned by a tuning screw with spacing to the dielectric in the range 
0.9 mm to 0.45 mm (see Fig. 13). At 79 K the mechanical tuning range was 
40 MHz but the Q-factor was significantly degraded. Temperature-induced 
frequency drift was approximately —200 kHz/ K at 77 K. Further temperature 
instabilities of ±0.05 K from the input voltage of the compressor resulted in 
±10 kHz fluctuations. A piezo-electric mechanism was implemented for pre- 
cise tuning and can compensate for these shifts. However, the main problem 
to this design is its vibrational sensitivity. 




Fig. 13. Schematic of the tuning mechanism and whispering gallery mode res- 
onator. Reprinted by permission [13] 



4 Discussion 

Table 1 summarizes the main achievements in this area, along with the mea- 
sured fractional frequency stability (Allan deviation) or its predicted value. In 
some cases these numbers were inferred from the curvature values at the turn- 
ing point. Stein and TurneaurSs work [44] has been included as a reference 
even though no compensation technique was used. Unfortunately, tempera- 
tures in the range of 1 K were needed for correct operation of this resonator. 
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One important point to note with regard to these results is that they were 
measured between three resonators all housed in the same cryogenic environ- 
ment. Thus the stability is not necessarily characteristic of three independent 
oscillators. 

Above 40 K a stability of appears only possible with a resonator 

made of a composite dielectric structure. Dielectrics doped with paramagnetic 
ions exhibit greatly enhanced losses. Because of the very high quality factor 
of single-crystal sapphire, it seems that a sapphire resonator with an attached 
perturbation dielectric is the best option. 

Such a composite sapphire resonator with rutile rings will be implemented 
at UWA. Calculations predict a Q-factor of 4 x 10^ to 1 x 10^, at a compen- 



Table 1. Fractional frequency stability (Allan deviation) summarized here is for 
integration times < 100 s. 



Year 


Method 


Comp. 
Temp (K) 


Stability 


Line 

Splitting 


Reference 


1975 


Niobium cavity 


1.2 


3 X 10"^® 


3 X 10"® 


[51,44] 


1986 


Gap 


77 


4 ~ 20 X 10"^^ 


4 X 10"® 


[f] 


1987 


Ruby cavity maser 


1 


> 8 X 10”^® 


8 X 10"'^ 


[42] 


1989 Cr®'*' ions, Nb cavity 


6 


> 9 X 10“^® 


3 X 10"® 


[36,14] 


1991 


Cr3+, Fe3+ ions 


5 ~ 13 


< 1 X lO-i'* 




[17] 


1994 


Copper post 


87 


1.4 ~ 6 X 10"^^ 


2.8 X 10"® 


[9] 


1995 


Copper post 


87 


2.6 ~ 4 X 10~i® 


5.2 X 10"'^ 


[46,47] 


1995 


Mo®+, Ti^+ 


6 


> 8 X 10“^® 


8 X 10"'^ 


[16] 


1996 


Copper post 


87 


0.75-2 X 10"^® 


1.5 X 10"'^ 


[46] 


1996 


Cr®+ions 


4 ~ 5 


> 1 X 10"®® 


2.4 X 10"® 


[49] 


1996 


SrTiOs disk 


100 ~ 130 


10"®® at 80 K * 




[40] 


1997 


Rutile Disk 


50 ~ 150 


> 8 X lO"®"* * 




[.39,10] 


1997 


HTS plate 


79 






[13] 


1997 Ti02 puck (LaAlOs) 


68 


> 8 X 10"®® t* 




[13] 


1998 


Ruby disk 


10 


2.4 ~ 4 X 10"®® 


2.4 X 10"® 


[22] 


1998 


Ti®+ ions 


50 


> 2 X 10"®® 




[19] 


1998 


Rutile disk 


41 


> 4 X 10“®® 


1.2 X 10"® 


[12] 


1999 


Rutile rings 


52 ~ 77 


~ 10"®®t 




[52] 



* Inferred, based upon a modest temperature stability of 1 mK within 1 mK 



of the turning-point temperature, 
t f /dT^ curvature calculated from plotted data, 
J Predicted. 
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Fig. 14. Schematic of proposed composite resonator with rutile rings clamped 
against the top and bottom surfaces of a sapphire cylinder. The rings are the same 
diameter as the sapphire 



sation temperature of 50 K to 77 K, with a short-term stability of at least 
6 X 10“^^ due to temperature control (of ImK within ImK of the turn- 
ing point). A rigorous finite element analysis was carried out on the struc- 
ture shown in Fig. 14, the analysis being achieved using software designed 
at Institute de Recherche en Communications Optiques et Microonde (IR- 
COM), University of Limoges, France [53]. To lessen the spurious mode den- 
sity, rings have been used instead of disks [52] . Based on expected Q-factors 
and G. J. Dick’s 87 K CSO [46] line-splitting factor of 1.5 x 10“^, a stability 
of 1.5 X 10“^"^ due to the electronics in the frequency discriminator is pre- 
dicted at 77 K and 4 x 10“^® at 50 K. If a temperature resolution of 100 pK 
is achieved, it would be Q-factor-limited, and a fractional frequency Allan 
deviation of < 10”^^ becomes realizable. 
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Abstract. The current status and prospects of optical frequency standards based 
on neutral atomic and molecular absorbers are reviewed. Special attention is given 
to an optical frequency standard based on cold Ca atoms which are interrogated 
with a pulsed excitation scheme leading to resolved line structures with a quality 
factor Q > 10^^. The optical frequency was measured by comparison with PTB’s 
primary clock to be nca, = 455 986 240 494.13 kHz with a total relative uncertainty 
of 2.5 X 10“^^. After a recent recommendation of the International Committee of 
Weights and Measures (CIPM), this frequency standard now represents one of the 
most accurate realizations of the length unit. 



1 Introduction 

Frequency-stabilized lasers are widely used in science and technology as op- 
tical frequency standards and wavelength standards. They generate the opti- 
cal reference frequencies which are required for precision laser spectroscopy, 
for optical communication and for length and frequency metrology. Optical 
frequency standards at various frequencies have been developed in many lab- 
oratories. The International Committee of Weights and Measures (CIPM) 
has evaluated and selected several radiations of such stabilized lasers, and 
it recommends them as references for the realization of the meter and for 
precision spectroscopy (see Table 1 and [1]). Their wavelengths range from 
the near Ultra Violet (UV) (243 nm) to the Infra Red (IR) (10.3 pm). 

In the most simple form of an optical frequency standard, the radia- 
tion of a single-frequency laser interacts with an ensemble of atoms, ions, 
or molecules that possesses absorption lines suitable as references for fre- 
quency stabilization. If the laser frequency is tuned across the resonance, a 
part of the power is transferred from the laser radiation to the absorber and 
an absorption feature is detected as a function of the laser frequency. The 
stabilization circuit converts this absorption signal to an error signal, which 
is then used to hold the laser frequency at the center of the absorption line. 
Reference lines with a high quality factor Q = vjbv, and a weak dependence 
of their transition frequency v on external fields and collisions are advanta- 
geous in order to achieve high stability and reproducibility of the reference 
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Table 1. Radiations recommended by the CIPM for the realization of the meter [1] 



Atom or 
Molecule 


Transition 




Wavelength 

(pm) 


Rel. Standard 
Uncertainty 


iH 


IS - 2S 




0.2431346246260 


8.5 xlO"^® 




43 - 0, R(13), as or (s) 




0.5146734664 


2.5 xl0"“ 


127t 

h 


32-0 R(56), aio 




0.53224503614 


7.0 xl0"“ 


127l2 


26 - 0, R{12), ag 




0.5435163331 


2.5 xl0"“ 


1271^ 


9-2, R(47), a7 




0.6119707700 


3.0 xl0"“ 




11 - 5, R(127), ai 3 or (i) 




0.63299139822 


2.5 xl0”“ 


127l2 


8-5, P(10), ag 




0.6402834687 


4.5 xl0"“ 


^°Ca 


^Pi - ^So; Amj = 0 




0.6574594392917 


6.0 xlO”^^ 


88gr+ 


5^Si/2 “ 4 ^ 715/2 




0.67402559095 


1.3 xl0”“ 


®®Rb 


5Si/2 (P = 3) - 5 P 5/2 (P = 


= 5) 


0.77810542122 


1.3 xl0"“ 


CH4 


7-6, 1 / 3 . P(7), 




3.392231397327 


3.0 xl0"i2 


0s04 


laser: 




10.30346525427 


6.0 xlO”^^ 



frequency. Compared with frequency standards operating in the microwave 
range, higher quality factors Q can be observed at shorter interrogation times 
and potential level shifts will cause smaller fractional frequency shifts at opti- 
cal frequencies. A frequency-stabilized laser can only be viewed as an optical 
frequency standard if its frequency is known; in other words, its frequency has 
to be determined in relation to the primary standard of time and frequency, 
the Cs atomic clock. The corresponding vacuum wavelength A, needed e.g. in 
interferometric length measurements, can then be calculated by the relation 
c = A X zz, where c = 299 792 458 m/ s is the value of the speed of light, which 
is now fixed by the definition of the meter [ 2 ] . 

Historically, only a few gas lasers (He~Ne, Argon-Ion, and CO 2 ) were 
available for applications in optical frequency standards, since only these 
lasers provided low-frequency noise and single-frequency operation. Hence, 
only absorption lines coinciding with the narrow emission ranges of these 
gas lasers could be selected as reference lines for the stabilization. Such ab- 
sorption lines were available, for instance, in the dense molecular spectrum 
of iodine in the visible spectrum and in absorption lines of CH 4 , CO 2 , SFg, 
and OSO 4 in the infrared spectral range. This restriction to accidental co- 
incidences between laser lines and absorption lines did not necessarily lead 
to the most accurate optical frequency standards. Consequently, a new gen- 
eration of optical frequency standards was founded with the development 
of widely tunable, coherent light sources, such as dye lasers, diode lasers, 
optical parametric oscillators, and the development of efficient methods of 
second-harmonic generation. Today, virtually any suitable absorption line in 
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the optical range from the UV to the IR can be addressed, thereby allowing 
the selection of an ideal frequency reference for the corresponding application. 

For frequency standards utilizing thermal quantum absorbers, the uncer- 
tainty in determining the center of the reference line (clock transition) is 
ultimately limited by frequency shifts arising from errors in the optical exci- 
tation and by the second-order Doppler effect. The shift of the absorbed fre- 
quency resulting from the first-order Doppler effect is Ai/(P*order) = fc-v/27r, 
which depends on the direction of the wave vector k and on the direction of 
the velocity of the absorbers. Consequently, so-called (first-order) “Doppler- 
free” methods can be used to suppress this shift by applying, e.g., counter- 
propagating beams in saturation spectroscopy. This is in contrast to the 
second-order Doppler shift resulting from the time dilation in the moving 
system of the absorber which, is Az/(2'^‘^order) = — z/ • and therefore 

cannot be suppressed by beam reversal. These shifts scale with the velocity 
of the absorbers and can only be reduced by orders of magnitude if the sig- 
nal generated for the stabilization comes purely from absorbers of very low 
velocity. The use of slow atoms also increases the interrogation time of the 
laser radiation with the atoms and therefore leads to a reduced transit-time 
broadening. The most rigorous method to reduce the detrimental influence 
of high velocities is to cool the absorbers. For example, atoms and ions can 
be cooled by laser radiation if they have a strong cycling transition (cooling 
transition). Laser cooling of molecules has not been observed so far, due to 
the lack of cycling transitions in molecular spectra. Nevertheless, by utilizing 
Doppler-free nonlinear spectroscopy it has been possible to select the slow 
molecules out of the thermal distribution [3] . 

We discuss these methods and techniques in the following sections. Sec- 
tion 2 gives a brief review of frequency-stabilization techniques. In many 
frequency standards, the absorbing ensembles are contained in absorption 
cells. Such standards are described in Sect. 3, together with methods of ve- 
locity selection and noise reduction. In Sect. 4, atomic and molecular beam 
standards are discussed, together with the method of separated-field excita- 
tion leading to narrow absorption features with comparatively low loss in the 
signal-to-noise ratio. Standards based on laser-cooled and trapped atoms are 
described in Sect. 5. 

2 Stabilization of the Laser Frequency 
to Reference Lines of Neutral Absorbers 

In this review we will concentrate on optical frequency standards operating 
in the spectral range from the blue to the infrared and which promise the 
lowest possible uncertainty. For all these lasers, the aim is to realize the true 
line center of a free absorber at rest in free space. This condition can be 
most closely approached using a single ion confined in the center of a Paul 
trap that, in principle, allows an infinite interaction time of the light with 
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the absorber. Hence, any broadening because of a limited interaction time 
can be neglected; and, by 1991, lines as narrow as 80 Hz had already been 
observed [4]. To avoid heating by the radio-frequency (rf) trapping field, only 
one single ion should be confined in the trap, and the signal-to-noise ratio 
of the detected signal will ultimately be limited by the quantum-projection 
noise of one particle [5]. The number of trapped particles can be increased 
in linear traps where the ions are confined on the axis of a two-dimensional 
quadrupole field. Compared with standards based on neutral particles, this 
number is still rather small; nevertheless, very impressive results have been 
obtained with standards based on ion traps. 

In standards based on neutral particles, the number of absorbers con- 
tributing to the signal can be orders of magnitude larger. However, the inter- 
action time with neutral absorbers is limited by the time that the absorbers 
spend in the light field, which is ultimately determined by gravity. 



3 Standards Using Absorption Cells 

In most optical frequency standards the absorbing gas is contained in a cell. 
The length of such cells may range from a few centimeters, as for the I 2 stabi- 
lized He-Ne laser, up to several meters as with CH 4 or 0 s 04 -stabilized lasers. 
In either case, the content of impurities has to be kept low in order to avoid 
frequency shifts caused by collisions with impurities. In the case of iodine- 
stabilized lasers, the quality of the absorption cell represents a limitation to 
the achievable accuracy. 

3.1 Iodine-Stabilized Lasers 

Table 1 shows that six of the recommended reference frequencies are sta- 
bilized to hyperfine structure components of molecular iodine, which has a 
rich spectrum of narrow absorption lines in the visible range. These compo- 
nents belong to the transition between the electronic B-level and the X-level 
(ground state). Since the iodine molecule is heavy, its velocity is rather low 
at room temperature. Furthermore, the vapor-pressure-mediated collision- 
induced shifts can be controlled conveniently via the temperature of a cold 
finger attached to the iodine absorption cell. Four of the iodine references are 
based on He-Ne lasers (A « 543, 612, 633 and 640 nm). Of this group, the 
633 nm standard is of particular importance since it is used in many laborato- 
ries as a reference for interferometric length measurements, laser wavelength 
calibrations, and applications in precision laser spectroscopy. For example, 
most of the commercial laser interferometers use He-Ne lasers (633 nm) as 
(secondary) references which are stabilized to their gain profiles. These lasers 
can conveniently be calibrated by beat frequency comparisons against the 
corresponding l 2 -stabilized He-Ne laser. Under specified operating condi- 
tions [ 1 ], the relative uncertainty of the standard’s output frequency can 
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be as low as 2.5 x 10“^^, which is sufficient for most technical applications. 
Consequently, this laser is considered as the “work horse” of length metrology 
and precision spectroscopy. Its output power of about 100 |xW is sufficient 
for many applications. If a higher output power is needed, argon-ion lasers 
(514nm) and frequency-doubled Nd:YAG lasers (532 nm), which are stabi- 
lized to iodine absorptions, are also available. As an example, we discuss the 
latter case in more detail in the next section. 

3.2 l 2 -Stabilized Frequency-Doubled Nd:YAG Laser 
at 532 nm Wavelength 

Frequency-doubled Nd:YAG lasers (532 nm) pumped by diode lasers are of 
particular interest for applications as optical frequency standards in view of 
their high efficiency, high output power (>100 mW), and low intrinsic noise. 
Small lasers providing output powers of greater than 100 mW at 532 nm are 
commercially available. Part of their emission range coincides with strong 
absorption lines of molecular iodine suitable as reference frequencies for sta- 
bilization. Figure 1 shows the absorption spectrum observed within the con- 
tinuous tuning range of about 5 GHz of a commercial laser. The observed 
absorption lines represent two sets of hyperfine components belonging to the 
32-0, i?(57) and the 32-0, P(54) ro-vibrational lines labeled #1104 and #1105 
respectively in the iodine atlas [6]. 

Various methods have been used in different laboratories to generate 
the error signal. The methods of modulation-transfer spectroscopy [7,8] and 
phase-modulation spectroscopy [9,10] are very powerful techniques to achieve 
discriminator signals of high signal-to-noise ratio. In our experiments, we 
have applied the method of phase-modulation spectroscopy since it allows 
for higher modulation frequency, which reduces the influence of residual low- 
frequency technical noise on the stabilization system. 

Figure 2 shows the layout of the stabilization scheme [11]. The out- 
put beam of a commercial, frequency-doubled Nd:YAG laser (approximately 





Fig. 1. Signal transmitted (T) and absorbed (A) by an iodine absorption cell in 
the vicinity of the lines # 1105 and # 1104 (according to the iodine atlas [6]) and 
corresponding hyperfine transitions 
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Fig. 2. Layout of an iodine-stabilized Nd:YAG laser 



100 mW) passes through a telescope, which forms a collimated laser beam 
of rco ~ 1 mm beam waist. Typically, a few milliwatts of the output needed for 
the stabilization pass through a Polarizing Beam Splitter (PBS 1), whereas 
the deflected beam is available for experimental use. The power ratio be- 
tween the two partial beams can be varied by rotating the half-wave plate 
in front of PBS 1. PBS 2 then divides the laser beam into a pump (satu- 
rating) beam and a probe beam. Again, the power ratio between the pump 
and the probe can be adjusted by the second half-wave plate. An Acousto- 
Optic Modulator (AOM) shifts the frequency w/27t of the pump beam by 
< 5 / 27 t = 80 MHz. The rf signal driving the AOM is switched on and off at 
an Audio Frequency (AF) of 23 kHz, corresponding to a fast chopping of the 
deflected (and frequency-shifted) saturating pump beam. The pump beam 
passes through the absorption cell and periodically saturates the absorption 
of those iodine molecules of which the Doppler-shifted transition frequency 
coincides with the frequency of the pump beam. The saturated absorption 
is then probed by a counter-propagating laser beam of frequency w/27r. The 
superposition of the counter-propagating beams (pump and probe) of differ- 
ent frequencies results in a “walking wave” structure where the nodes and 
anti-nodes move with a velocity cx (2w). Iodine molecules moving with the 
same velocity component experience a standing wave and the rules of satu- 
rated absorption can be applied. Correspondingly, the laser frequency WL/27T 
at the center of the observed saturation dip is Doppler-shifted by an amount 
of 5/2 (to first order) and the transition frequency of the molecule at rest is 
given by wo/27r = (wl + 5/2) /27t. In order to probe the “saturation holes” 
generated by the pump beam, the phase of the probe beam is modulated 
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by an Electro-Optic phase Modulator (EOM) at a modulation frequency of 
5 MHz. When the laser frequency is tuned through the molecular resonance, 
an intensity modulation at that frequency occurs, which is detected by a 
Photo-Detector (PD) and demodulated by a phase-sensitive detector to gen- 
erate an error signal for the stabilization. Frequency offsets generated by 
a residual linear absorption are strongly suppressed by chopping the pump 
beam and phase-sensitive detection. Consequently, the demodulated signal of 
the Double Balanced Mixer (DBM) is in turn phase sensitively detected by a 
lock-in detector, which is driven with the chopping frequency (23 kHz). With 
this method, only the nonlinear component, i.e. the saturated absorption, 
contributes to the error signal. Two stabilized laser systems have been con- 
structed at PTB and compared by means of beat frequency measurements. 

Figure 3 shows the beat frequency for a continuous time interval of 16 h. 
During this time the mean fluctuations of the beat are less than 500 Hz. 
Among other effects, the stabilized frequency critically depends on a precise 
alignment of the two counter-propagating waves in the iodine absorption cell, 
on a residual amplitude modulation generated by the EOM, and on spuri- 
ous optical feedback within the optical system. These influences are presently 
under investigation in our laboratory. In the case of modulation transfer spec- 
troscopy, it has been demonstrated that a frequency reproducibility of a few 
hundred hertz can be achieved [8]. Considering its high power, small size, 
and high-frequency reproducibility, the iodine-stabilized frequency-doubled 
Nd:YAG laser represents an optical frequency standard with important ap- 
plications in precision length metrology, interferometry, and spectroscopy. 
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Fig. 3. Beat note between two independent iodine-stabilized Nd:YAG lasers 
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3.3 Two-Photon Stabilized Laser 

The radiation of a laser stabilized to the two-photon transition 55'i/2 ~ 5 U 5/2 
in rubidium (see Fig. 4) represents a reference in the near-infrared at 778 nm 
wavelength [12]. It has recently been recommended by the CIPM for the 
realization of the length unit [1]. At this wavelength, easy-to-handle laser 
diodes of low-frequency noise are available, allowing the development of a 
transportable optical frequency standard of high precision. Furthermore, the 
laser may provide a precise frequency reference for optical communication 
systems since twice its wavelength coincides with the transmission band at 
1.55 p.m. Moreover, this laser plays an important role as an intermediate 
standard for the synthesis of optical frequencies [13] and as a reference 
for the frequency determination of the 2S ~ 8S/8D two-photon transition in 
atomic hydrogen and the determination of the Rydberg constant [14]. Several 
laboratories are now developing optical frequency standards based on the 
two-photon transition in rubidium and optical frequency measurements of 
the stabilized radiation have been performed [15]. 

Several different types of this optical frequency standard are presently 
under investigation. In its most simple implementation, the collimated beam 
of an extended cavity diode laser passes through an absorption cell filled 
with rubidium vapor. The cell is sealed with Brewster windows at is ends 
and filled with natural rubidium (73% ®®Rb and 27% ®^Rb). The beam is 
retroreflected by a mirror or a cat’s eye in order to achieve Doppler-free two- 
photon excitation. Optical feedback into the diode laser is avoided by Faraday 
isolators. When the laser frequency is scanned through resonance, the two- 
photon transition is observed via the blue fluorescence (420 nm) of the 6P-5S 
transition in the cascade of the spontaneous decay 5D 6P — s- 5S. With this 
technique, a frequency stability of ct( 2, r) = 3 x has been achieved 

for integrating times r up to 2000 s. In 1999, a two-photon QS-8S transition 
in cesium [16] has also been measured, although the natural linewidth of 
1.5 MHz is a factor of three larger than that of the rubidium transition. 

It is known that the stabilized frequencies of standards based on two- 
photon transitions suffer from light shifts. The magnitude of the shift de- 
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pends linearly on the intensity; therefore it is important to control the laser 
power and to prepare a well-defined laser beam geometry for the excitation. 
This requirement can be fulfilled if the absorption cell is mounted inside a 
non-degenerate optical resonator. The use of a resonator also allows a power 
buildup of the radiation and therefore an increase of the two-photon sig- 
nal. Furthermore, it provides exact retrorefiection of the laser beam, which 
is necessary to suppress residual first-order Doppler shifts. In these experi- 
ments [15], the laser frequency is pre-stabilized to a resonance of the buildup 
cavity. It can then be tuned through the two-photon resonance, if the length 
of the resonator is changed, by moving one of the cavity mirrors, i.e. by ap- 
plying voltage to the PZT transducer on which one of the mirrors is mounted. 
Compared with the results of the simple setup described above, the observed 
frequency stability is approximately the same. However, the light shift can 
be better controlled and consequently the frequency of the transition can be 
extrapolated more precisely to zero laser power. 

In recent experiments, laser-cooled ensembles of Rb atoms have also been 
utilized for frequency stabilization so as to reduce the infiuence of the second- 
order Doppler effect [17]. Further evaluations will show if a standard based 
on cold Rb atoms can lead to a significant reduction of the relative frequency 
uncertainty. Nevertheless, in its present state the Rb-stabilized laser already 
represents an important precision frequency reference. 

3.4 Acetylene- Stabilized Laser 

In the near-infrared spectrum, the wavelength range around 1.55 pm is of 
particular interest for optical telecommunications. To use the full bandwidth 
efficiently, it is divided into a “comb” of information channels leading to 
wavelength multiplexing and demultiplexing telecommunications systems. 
Recently, the frequency spacing between the channels recommended by the 
International Telecommunications Union (ITU) changed from 200 GHz to 
100 GHz and further reduction can be expected [18]. With strongly increas- 
ing requirements for the rate of data transmission, the separation between the 
channels will further decrease and the demands for the precise knowledge of 
the wavelengths of these channels will also increase; a comb of reference fre- 
quencies would be helpful for precise wavelength determinations. Acetylene 
(G 2 H 2 ) offers a comb of regularly spaced ro- vibrational overtone transitions 
around 1.55 pm wavelength (Fig. 5). With the two isotopes of carbon ^^G 
and ^^G, the spectrum spans a range between approximately 1.515 pm and 
1.553 pm. Any of the transitions shown in Fig. 5 can be used for a frequency 
stabilization, thereby providing a wide grid of frequency references. Figure 5 
also shows the wavelength of the 1.52 pm He-Ne laser and twice the wave- 
length of the two-photon Rb standard (Sect. 3.3) together with transmission 
channels recommended by the ITU. 

The generation of Doppler-free saturated absorption signals requires high 
laser intensities to saturate the weak overtone transitions. This can be 
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Fig. 5. The absorption lines of acetylene with different carbon isotopes, the Rb two- 
photon transition, or the He-Ne line may be nsed to serve as frequency references 
for the ITU grid (see text for further details) 



achieved by using a high-powered (>100 mW) erbium laser which can pro- 
vide sufficient power for direct excitation [19,20], or by placing the absorption 
cell in a power buildup cavity [21] similar to the technique described in the 
second part of Sect. 3.3 for the two-photon Rb-stabilized laser. The exper- 
iments performed at the Physikalisch-Technische Bundesanstalt (PTB) [22] 
have used a similar setup as described for the Rb-stabilized laser in Sect. 3.3. 
An extended cavity diode laser was used for the excitation. Its output power 
was around 4mW. About 2.5 mW of the power output was used for the sta- 
bilization. Approximately 3/4 of this power could be mode-matched into the 
build up cavity, providing a power buildup factor of about 80. The absorption 
cell had a length of 10.5 cm. The buildup cavity was again used for a pre- 
stabilization to reduce the frequency noise of the diode laser, and the laser 
frequency could be tuned through the molecular resonance by changing the 
length of the buildup cavity. 

Figure 6 shows the signal transmitted through the cavity when the fre- 
quency is tuned through a molecular resonance. The Doppler-limited (linear 
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Fig. 6. Saturated absorption line in acetylene 
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absorption) signal drops by about 18 percent and has a full width at half 
maximum of approximately 300 MHz. The Doppler-free saturation signal has 
a contrast of approximately 10 percent and a linewidth (FWHM) of 1.6 MHz. 
This reference line has been used for an absolute frequency stabilization of 
the laser. In the first experiments, the frequency stability of this laser was 
investigated by a comparison against an iodine-stabilized He-Ne laser oper- 
ating at 633 nm wavelength. The large frequency interval was transferred to a 
He-Ne offset laser via an auxiliary cavity, of which a resonance frequency was 
stabilized to that of the acetylene-stabilized laser. The frequency of the offset 
laser in turn was stabilized to another eigen frequency of the cavity and the 
beat between the offset laser and the iodine-stabilized laser was analyzed. For 
averaging times between r = 1 s and r = 300 s, the Allan standard deviation 
decreases with 1 /-\/t (see Fig. 7), corresponding to white frequency noise. 

In its present state, the instability is almost an order of magnitude larger 
than that of an iodine-stabilized He-Ne laser. Nevertheless, the acetylene- 
stabilized laser represents an optical frequency standard of high precision, 
which can be useful for many applications and in particular as a reference for 
optical communications technology. 

The observation of the absorption signal in an optical resonator is a power- 
ful tool to increase the effective length of the absorption cell and thereby the 
signal size. With increasing finesse, the effective length will further increase. 
Unfortunately, the sensitivity of the resonator to frequency fluctuations in- 
crease at the same time, with the result that residual frequency noise of the 
laser is converted to amplitude noise, which is then superimposed to the ab- 
sorption line. The influence of frequency noise can be strongly reduced by a 
modified method of heterodyne spectroscopy called Noise-Immune, Cavity- 




Fig. 7. Allan standard deviation between an acetylene-stabilized laser and an 
iodine-stabilized He-Ne laser (dots) and between two iodine-stabilized He-Ne lasers 
(squares) 
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Enhanced Optical Heterodyne Molecular Spectroscopy (NICE OHMS) [23]. 
The basic strategy of this method is to detect the absorption as a hetero- 
dyne signal between the carrier and two sidebands after being transmitted 
through the resonator. For this reason, the phase of the laser beam entering 
the resonator is modulated at a frequency equal to the free spectral range. 
Consequently, the generated sidebands are also transmitted through the cav- 
ity. Additionally, a second modulation frequency of a few megahertz is ap- 
plied to lock the laser to the cavity [24]. If the carrier frequency of the laser 
is locked to the cavity, and the cavity resonance is tuned through the ab- 
sorption line, the phase of the carrier changes due to the absorption, whereas 
the sidebands are not affected. Hence, an intensity modulation caused by the 
absorption will occur in the laser beam transmitted through the cavity, which 
can be phase-sensitively detected. Residual frequency noise of the laser will 
affect the carrier and the sidebands in the same way. Hence, amplitude noise 
converted from residual frequency noise will not be added to the signal but 
will only show up as a fluctuation of the signal size. In essence, the signal is 
not masked by additional noise and the sensitivity is not degraded. It is ex- 
pected that the application of NICE OHMS will further increase the stability 
of the acetylene-stabilized diode laser. 

3.5 Lasers Stabilized to CH 4 or OSO 4 Absorbers 

Spherical-top molecules, such as CH 4 and OSO 4 , are interesting in precision 
spectroscopy and metrology. Because of their symmetry, the molecular spec- 
trum depends only weakly on external fields. The F 2 ' component of the 
transition 1 / 3 , P{7) of CH 4 , nicely coincides with the 3.39 pm line of the He- 
Ne laser. Hence, it has been used as a reference frequency for the stabilization 
of such He-Ne lasers in many laboratories (see for example, [25,26]). Histor- 
ically, the measurement of both the frequency and wavelength of this laser 
determined a precise value for the speed of light. The modern definition of 
the meter, the SI base unit of length, arose from this type of measurement [2]. 

Various experimental techniques to allow the laser to interact with the 
molecules have been developed, including absorption cells inside and outside 
the laser cavity as well as an intracavity molecular beam [27]. For stabi- 
lization, Doppler-free saturated absorption and dispersion [28,29] has been 
applied. 

Most CH 4 -stabilized He-Ne lasers use a 60 cm-long-laser resonator with 
an intracavity CH 4 absorption cell of approximately 30 cm in length. The 
corresponding Doppler-free saturation signal has an amplitude of 2% of the 
laser power and a width of about 300 kHz (FWHM). The width is deter- 
mined by the limited interaction time t = 2wjv where w represents the 1 /e^ 
waist of the laser beam and v the molecular velocity perpendicular to the 
laser beam. For thermal absorbers, this transit-time was strongly reduced 
by expanding the diameter of the laser beam and the absorption cell (see 
e.g. [30]). Such expanded beam diameters allowed resolution of the hyperfine 
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structure of the absorption line, and even the 1.3 kHz recoil splitting of the 
saturation signal, clearly demonstrating the high potential of the CH4 line 
as a reference frequency. In spite of the super-high resolution observed with 
expanded laser beams, the line profile is still shifted and broadened by the 
second-order Doppler effect, which can only be reduced by the use of slow 
molecules. In saturated absorption spectroscopy, slow absorbers can be se- 
lected out of the thermal distribution by reducing the laser intensity. In this 
case, only the slow atoms staying long enough in the laser field will have a 
chance to contribute significantly to the saturation signal. Simultaneously, 
the transit-time broadening is also strongly decreased [31]. Since this method 
only makes use of a small fraction of the molecules in the thermal velocity 
distribution, the saturation signal is strongly decreased and a sophisticated 
highly stable laser spectrometer is needed to demonstrate high-resolution 
saturation spectra with negligible second-order Doppler effect [3] . With this 
method a relative spectral linewidth of less than 3 x 10“^^ has been observed. 

Similar to CH4, the spectrum of 0s04^ has a number of interesting ab- 
sorption lines’ suitable as references for the frequency stabilization of 
lasers [32]. OSO4 is a heavy molecule and hence the molecular velocity is 
much compared with CH4. Molecules containing the isotopes ^®®Os, ^®°Os, 
^®^Os are of particular interest since they have no hyperfine structure. The 
lines are in the range of 10 pm wavelength and have been used for the fre- 
quency stabilization of CO2 lasers. Different setups have been investigated 
using or a large external absorption cell[33], or an optical resonator contain- 
ing the molecular gas [34], or a molecular beam [35,36]. With such frequency 
standards, a relative frequency stability between several 10“^®/ \/t j s and a 
few j yj T j s and a frequency reproducibility in the range of 2 x 10“^^ 

have been reported [34] . With the low relative uncertainty of its recommended 
frequency of 6 x 10“^^, the Os04-stabilized CO2 laser plays an important role 
in precision frequency chains synthesizing optical frequencies [1]. 

4 Atomic and Molecular Beam Standards 

Atomic and molecular absorbers are often prepared in beams rather than in 
absorption cells for several reasons. First, many gases (e.g. hydrogen) or va- 
pors from metals with high melting points are not stable as atomic species but 
are readily available in molecular form or as solid material. After preparation 
of atomic particles from these materials, the use of a beam can lower the rate 
of collisions and hence the rate of formation of molecules. Metal vapors, on 
the other hand, easily contaminate windows in absorption cells. Second, the 
use of collimated atomic beams allows an excitation geometry in which the 
laser beam crosses the atomic or molecular beam in the transverse direction, 
thereby reducing first-order Doppler shifts and broadening by many orders 

^ See contribution by D. Rovera and O. Acef in Chap. III-2 of this volume for 
further details 
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of magnitude (depending on the collimation ratio). Third, one can spatially 
separate the excitation and detection zones, if one is using long-lived atomic 
or molecular states. This separation can have prominent advantages for the 
signal-to-noise ratio. 

4.1 Separated Field Excitation 

The high mean velocity of molecules or atoms ranges from less than 100 m/s 
to more than 2000 m/s. This velocity range means that a particle can only 
interact with a laser beam having a diameter of typically a few millimetres 
for a duration of less than 10“®s. Thus, the corresponding interaction-time 
broadening can be higher than 0.1 MHz. It can be reduced by applying Ram- 
sey’s method of separated field excitation, which was first introduced in the 
microwave range [37]. In the optical regime, where the wavelength of the 
radiation is typically much smaller than the diameter of the atomic beam, 
additional steps need to be taken to use linear optical Ramsey excitation 
schemes and blocking well-defined trajectories [38], or by using nonlinear op- 
tical Ramsey schemes of three [39] or more [40] spatially separated excitation 
zones. The most important advantage of optical Ramsey excitation with sep- 
arated fields arises from the fact that the transit time broadening and the 
resolution can be adjusted independently. The transit-time broadening can 
be increased by choosing short interaction times at each single zone, thereby 
allowing a large fraction of the atoms to contribute to the signal. The over- 
all resolution of the measurement is, however, determined mainly (as will be 
discussed below) by the much longer time-of-flight between the interaction 
zones. 

4.2 Frequency Standard Based on a Ca Atomic Beam 

The intercombination transitions of the alkaline earth atoms are well-known 
to represent excellent references for optical frequency standards (see e.g. [41] 
and references therein). For example. Mg, Ca (see Fig. 8) and Sr exhibit 
narrow natural linewidths of about 0.04 kHz, 0.4 kHz, and 6 kHz respectively. 
In all three cases the frequencies of the Amj = 0 transitions are almost 
insensitive to electric and magnetic fields. 

Since the ground states are connected via fast transitions to the 
^Pi states, the alkaline earth atoms can be laser-manipulated to minimize 
velocity-induced contributions to the frequency uncertainty. The intercombi- 
nation lines in an effusive beam have been investigated in magnesium [42] , in 
strontium [43,44] and in barium [45]. Most work for optical frequency stan- 
dard applications has probably been performed with a Ca atomic beam. Early 
work started as far back as 1979 [46] when Barger et al. obtained a resolution 
as low as IkHz [47]. Later, this transition was investigated at various places, 
e.g. at the PTB [48,49], at the National Research Laboratory of Metrology, 
Japan [50,51], at the National Institute of Standards and Technology [52], 
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Fig. 8. Partial energy diagrams of the alkaline earth metals magnesium and calcium 

USA, at the Tokyo Institute of Technology [53], in Torino, Italy [54], and at 
Hsinchu, Taiwan [55], to give an extensive but not exhaustive list. Here, we 
discuss the layout of a transportable atomic beam standard [49] that has been 
used to compare standards at PTB in Braunschweig and NIST in Boulder. 
A realization of such a Ca standard based on an effusive beam is shown in 
Fig. 9. 

A few milliwatts of the available output power of an Extended Cavity 
Diode Laser (ECDL) system is sent through a Polarization-Preserving single- 
mode Fiber (PPF) to a beam splitter / mirror configuration and is split into 
two beams (R1 and R2 in Fig. 9) of equal power. From each one of the beams 
(R1 or R2) crossing the atomic beam perpendicularly, an excitation geometry 
with two pairs of counter-propagating laser beams is obtained with the help of 
two cat’s-eye retro-reflectors. The co-propagating beams are separated by the 
distance D = 10 mm and the distance between the two innermost counter- 
propagating beams is d = 13 mm. The optical layout with the fused silica 
block Q (see Fig. 9) is designed in such a way that the part R2 leads to the 
same excitation geometry as R1 but its direction with respect to the atomic 
beam is reversed. The possibility of exciting the atoms from either direction 
R1 or direction R2 will be addressed in more detail later. 

The excited atoms are detected by measuring the fluorescence intensity 
from the decay of the excited atoms by a photomultiplier. The detected fluo- 
rescence intensity of the Am^ = 0 transition versus laser frequency detuning 
Ao/27t = (w — Wo) /27 t, representing the frequency difference between the laser 
frequency w/27r and the frequency wo/27t of the Ca intercombination line, can 
be described by the following expression [40,48]; 



In (1), A{P, V, Aq) describes the contribution of a particular atom with veloc- 
ity V to the signal, and B{P, Aq) describes the amplitude of the background 
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Fig. 9. Layout of a transportable Ca stan- Fig. 10. Optical Ramsey reso- 
dard nances in the Ca beam 



of the Doppler-broadened line, including the saturation dip, both depending 
on the laser power P and weakly on the laser frequency w/27t. The factor f(v) 
represents the velocity distribution where we have neglected the influence of 
the velocity components perpendicular to the atomic beam. We furthermore 
do not discriminate between the longitudinal velocity and the total velocity, 
owing to the high collimation of the atomic beam. 

- ^3 (2) 

gives the residual phase between the four exciting laser beams having the in- 
dividual phases, <l>i, in the interaction zone, and T = D/v is the flight time of 
the atoms between two co-propagating beams. The phase of each cosine func- 
tion contains three contributions. Besides ^l, there are the terms resulting 
from the second-order Doppler effect u>ov‘^/{2c^) and from the photon recoil 
Siec = ?ifc^/(2mca) where k is the wave vector of the laser held and mca the 
mass of a Ca atom. 

The signal for each velocity group v consists of two cosine functions sep- 
arated by the recoil splitting, 2(5rec = 27 t x 23.1 kHz with a period of 1/(2T), 
which can be set externally by changing the distance D. For an optimum 
superposition of the two cosines, the period should be an integer fraction 
of the recoil splitting. The FWHM linewidth of the signal is approximately 
given by 1/(4T). 

From the measured fluorescence signal versus detuning, v — vq = Ao/27t 
(F ig. 10), one clearly recognizes in the central part of the saturation dip the 
two central minima of the two cosine terms separated by the recoil splitting 
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of 23.1 kHz. With increasing detuning the structure is washed out, since 
all velocity groups v of the atomic beam contribute with a slightly different 
period (see (1)). Using the separation of D = 10 mm and a most probable 
atomic velocity (in the beam) of v-pmh = 620 m/s, the FWHM of the resolved 
structure is calculated to be 16 kHz, which agrees with the width of the 
measured signal. The inset of Fig. 10 shows the total detected signal where 
the Doppler broadening is determined by the degree of collimation of the 
atomic beam and by the temperature of the oven (T = 870 K), leading to a 
FWHM of the structure of 7.5 MHz. 

When the frequency of a narrow-linewidth extended cavity diode laser 
system was stabilized to the center of the optical Ramsey resonance feature 
of Fig. 9, the characterization of the frequency standard showed that the ma- 
jor contributions to the frequency uncertainty are due to a residual first-order 
Doppler and second-order Doppler effect caused by the high atomic veloci- 
ties. A laser beam reversal technique [48] was employed to take advantage of 
the fact that the phase shift of (2), and hence the resulting frequency shift, 
changes sign and therefore can be readily measured and taken into account. 
By this method the residual first-order Doppler effect can be effectively re- 
duced to an uncertainty level of 500 Hz. 

The influence of the second-order Doppler effect was evaluated by em- 
ploying a modified Fourier transform method to the measured fluorescence 
signal, which yielded the effective velocity distribution of our setup. The im- 
portance of such an approach was demonstrated by the fact that the effective 
velocity distribution determined by this method differed significantly from 
the one obtained when using only the thermal distribution of the atoms in 
the beam. Due to the attained correction term for the second-order Doppler 
effect, its uncertainty could be reduced to a value of 200 Hz. 

A comparison of the frequency of the transportable standard with that 
of a stationary reference based on laser-cooled and trapped atoms showed 
that the mean of the measured frequency values deviated by about 0.7kHz, 
which is consistent with the evaluated relative uncertainty of 1.3 x 10“^^. 
Combined with the stability indicated by the relative Allan standard devia- 
tion of 9 X 10“^^ at an integration time of 1 s, the transportable Ca frequency 
standard is one order of magnitude superior to the widely used transportable 
iodine-stabilized He-Ne lasers at 633 nm. With an effusive thermal Ca beam 
standard, a relative uncertainty in the 10”^^ range seems feasible [49,51]. 

4.3 Other Beam Standards 

Besides the Ca standard discussed so far, a variety of frequency standards 
based on molecular beams have been investigated, e.g. with SFg [56], io- 
dine [57], or methane [38] where excitation with spatially separated excita- 
tion zones has been used. For atomic beams, the hydrogen standard is clearly 
the most advanced one [58]. In 1998, Ramsey excitation was achieved in a 
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hydrogen beam [59] but until now hydrogen has resisted all efforts to be laser- 
cooled. Similarly, to Ca or H, Mg [42] represents a suitable candidate for a 
beam standard. 

5 Standards Based on Laser-Cooled Absorbers 

To effectively eliminate the Doppler effect in all orders requires a reduction 
of the velocity of the absorbers. Apart from some very rare cases where a gas 
can be cooled by conventional methods (e.g. hydrogen [60]), laser cooling is 
the predominant method used to reduce the kinetic energy of the particles. 
Unfortunately, laser cooling has so far met with difficulties in the case of 
molecules but, for most of the atomic absorbers used as frequency standards, 
laser cooling has provided the means to reach velocities in the range of a few 
meters per second to a few centimeters per second. 

Laser cooling has been applied to a variety of atoms that have been, or 
might be, used in optical frequency standards. Rubidium atoms are easily 
laser-cooled [12] and its two-photon transition might then be used as a fre- 
quency standard of high but not ultra-high precision. Xenon has also been 
laser-cooled and an optical frequency standard has been proposed [61,62]. A 
promising clock transition with a natural linewidth of about 1 Hz in Ag 
has been proposed [63] and investigated in a thermal beam [64], and with 
laser-cooled atoms [65], but in the latter case the required power of the UV 
cooling radiation at 328 nm is difficult to achieve. 

Much work has been done to cool and trap the alkaline earth atoms. Mag- 
nesium has been cooled [66] and trapped [67] and the optical spectroscopy 
necessary for an optical frequency standard has been successfully demon- 
strated [68] . Laser cooling of strontium [69] is of particular interest since the 
intercombination line can be used to further cool the atoms down to the recoil 
limit [70]. Some reduction of the velocity using the intercombination line of 
calcium was also achieved [71], but this is not as simple as with strontium 
because the Ca transition has a fifteen times narrower linewidth. We will dis- 
cuss the progress made with laser-cooled optical frequency standards using 
the example of '^°Ca. 

5.1 Expanding Cloud of Cold Ballistic Ca Atoms 

As demonstrated earlier, ^°Ca atoms can be decelerated [66], captured and 
stored [67] in a Magneto-Optical Trap (MOT) [72]. The MOT comprises three 
mutually perpendicular pairs of circularly polarized laser beams, which are 
tuned slightly below the ^Sq-^Pi resonance and a superimposed magnetic 
spherical quadrupole field. 

We set up two different systems for our experiments (see Fig. 11), al- 
lowing us to compare the transition frequencies of the intercombination line 
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Fig. 11. Experimental setup with two independent optical Ca standards. MOT = 
magneto-optical trap; AOM = acousto-optic modulator 



measured on two independent ensembles of Ca atoms and to check the repro- 
ducibility of the frequency delivered by the Ca standard. In order to unveil 
possible systematic frequency shifts, we chose significantly different setups 
for the two traps. One trap, which is labeled as MOT 1 in Fig. 11 and the 
following, has been described earlier [73] and will be described here only 
briefly. It is filled with atoms from a laser-cooled and deflected Ca beam [74]. 
To generate this beam, a thermal atomic beam with a mean velocity of f < 
1000 m/s effusing from an oven is slowed down by a counter-propagating res- 
onant laser beam at A « 423 nm in a Zeeman slower, which was employed to 
keep the atoms in resonance with the laser during the deceleration [75]. The 
decelerated atomic beam is deflected in a tilted one-dimensional optical mo- 
lassis to separate the slow atoms from the laser beam. The deflected atomic 
beam propagates with a velocity of u « 30 m/s towards the magneto-optical 
trap. The atoms are just slow enough to be captured by MOT 1. In MOT 1, 
the six trapping laser beams are generated by sending one beam three times 
through the trap center before it is retroreflected to form the three beams 
in the opposite direction. This method makes the MOT’s setup particularly 
simple since only a single beam has to be supplied. In the other trap ap- 
paratus (MOT 2) we omitted the Zeeman slower and directed the effusive 
thermal beam towards the center of the trap (Fig. 11). As a consequence, 
only a low-velocity fraction of the atomic flux of the beam can be captured 
by the trap i.e. those atoms from the Boltzmann velocity distribution (uprob ~ 
600 m/s, Toven ~ 900 K) which are slower than the trap’s maximum capture 
velocity of about 30 m/s. To obtain an acceptable loading rate, the oven was 
placed close to the trap center (d = 15cm). Furthermore, we increased the 
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capture velocity by using two laser frequencies for the horizontal trapping 
beams. The additional laser frequency obtained by the use of an AOM allows 
faster atoms to get in resonance with the trapping beams [76]. The number 
of atoms could be increased by about a factor of seven to a total of about 
5 xlO® atoms. This value is comparable to the result obtained with MOT 1 
of about 10^ atoms. For most of the experiments reported here, the radia- 
tion to excite the Ca intercombination line at A = 657 nm was delivered by 
a high-resolution dye laser spectrometer [77]. A second laser system based 
on diode lasers is available with performance comparable to the dye laser 
system [78]. The laser beams used to interrogate the intercombination tran- 
sition of the cold Ca atoms are generated by the additional AOMs (Fig. 11) 
that are used as “light switches” for the pulsed excitation. The radiation at 
A « 423 nm, which is used to cool, deflect and trap the Ca atoms in MOT 1, 
was produced by a dye laser pumped by an argon ion UV-laser. In MOT 2, 
a solid-state laser system was employed consisting of a high-powered diode 
laser (200 mW) and a frequency-doubling KNbOa crystal in a buildup res- 
onator similar to the one described in [79]. In both experiments atoms are 
loaded for about 15-20 ms. After this time the number of atoms detected via 
the fluorescence at 423 nm saturates. To avoid systematic frequency shifts 
arising from the Zeeman effect of the magnetic field of the MOT, and from 
the light shifts of the 423 nm radiation, both the magnetic field and the light 
of the trapping laser are switched off before interrogating the Ca atoms. The 
atomic cloud expands according to the root-mean-square (rms) velocity of 
the ballistic atoms. For laser beams red-detuned by bv = — 7/2 (see below 
for definition of 7 ), the rms velocity is given by 

This expression shows a dependence on the saturation intensity, which for Ca 
is 7sat = 0.6mW/mm^. The total intensity I of the six laser beams in our sys- 
tem leads to an atomic velocity that is somewhat higher than the minimum 
achievable, termed the “Doppler temperature”, which for Ca corresponds 
to about 0.5 m/s. This temperature is obtained from (3) for vanishing in- 
tensity /. Here, h is Planck’s constant, 7 = 1/(27tAiz) corresponds to the 
linewidth Az/ « 34 MHz of the cooling transition and M is the mass of the 
calcium atom. The rms velocity can be determined from the Doppler broad- 
ening of the intercombination line at A w 657 nm (see inset of Fig. 12) and 
is in the range of v^ms ~ Im/s. This velocity causes a Doppler broadening 
of approximately 3 MHz and is equivalent to a temperature of about 1 mK. 
The velocity distribution for MOT 1 does not differ significantly from that 
measured in MOT 2. 

The low velocity of the ballistic atoms allows access to the full natural 
linewidth of the Ca intercombination transition of about 0.4 kHz, which cor- 
responds to an excited state lifetime of 0.4 ms. During this time the atoms 
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Fig. 12. Optical Ramsey resonances excited in an expanding cloud of Ca atoms 
released from a magneto-optical trap 



of a velocity of about Im/s move only by about 0.4mm. A total interac- 
tion time of 0.4 ms, however, corresponds to a frequency broadening of about 
0.4 kHz and consequently only about 10“"^ of the Doppler broadened velocity 
distribution is excited. In order to achieve high spectral resolution combined 
with a good signal-to-noise ratio (SNR), we apply the method of separated 
field excitation (optical Ramsey excitation) in the time domain, in contrast 
to that originally used for the excitation of atomic beams. Short pulses of Ips 
duration are used to excite a significant part of the cold ensemble of atoms. 
A high spectral resolution is then achieved by using a sufficiently large time 
separation T between two consecutive pulses. If the lengths of the pulses are 
small compared with their separation, the width of the interference fringes 
8v = \ j (4T) is inversely proportional to T. The corresponding time sequence 
consisting of atom trapping {t\ « 15 ms), turning off the trapping fields (^2 ~ 
0.5 ms), separated-field excitation, and detection (t 4 « 0.5 ms) is shown in 



Fig. 13. 
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Fig. 13. Timing diagram of the pulsed trapping, interrogation and fluorescence 
detection using a magneto-optical trap (see text and Fig. 11) 
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Separated-field excitation was performed as shown in Fig. 13, either by 
three pulses of a standing laser held or by two pulses of counter-propagating 
traveling laser helds, respectively. If the laser frequency is tuned close to 
the resonance, the huorescence intensity contains a contribution which varies 
with the cosine of the laser detuning (Fig. 12). It was shown by Borde that 
this oscillating behavior in the huorescence intensity can be explained by an 
atom interference generated by the excitation with separated helds [80]. In 
fact, the signals shown in Fig. 14 represent a superposition of two interference 
signals caused by the two recoil components, which are separated by 23.1 kHz. 
Consequently, the time T between the pulses is adjusted in such a way that 
the interference structures resulting from both recoil components add to give 
a maximum visibility of the signal. Increasing the time T reduces the period 
of the interference structure and consequently the linewidth of the fringes 
(see Fig. 14). 

The narrowest fringe width obtained in our standard was below 400 Hz, 
which corresponds to the natural linewidth of the clock transition. Any one 
of these fringes can be used to stabilize the frequency of the laser. The er- 
ror signal for the stabilization is generated from the interference signal by 
modulating the laser frequency and simultaneously measuring the fluores- 
cence intensity. In the most straightforward way, the frequency is square- wave 
modulated between two discrete values with the mean frequency tuned close 
to the center of the central fringe. The difference of the corresponding fluo- 
rescence intensities is used as an error signal. This method corresponds to a 
first-harmonic detection (l/-method) of a servo-control system using analog 
electronics and harmonic modulation. The maximum slope is obtained for a 
total modulation width of bvmod = l/dT, i.e. where the frequency alternates 
between the points of maximum slope of the interference signal. After the de- 
tection, the error signal is used to step the frequency of the laser spectrometer, 
which corresponds to a digital integrating servo control. The frequencies of 
both the dye laser spectrometer [77] and the diode laser spectrometer [78] 
are pre-stabilized to highly stable reference Fabry-Perot resonators. The lin- 
ear drift of the eigen frequency of the reference resonator can be determined 





Fig. 14. Highly resolved Ramsey resonances in Ca 
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by the servo control and compensated for by adding a corresponding feed- 
forward signal to the signal controlling the laser frequency. 

The spectral resolution biy = i//Q and the signal-to-noise ratio (SNR) of 
the interference structure (depending on the averaging time r) are important 
parameters of a frequency standard. The instability of the frequency ct(2,t) 
is determined ultimately by cr(2,r) « l/(SNR(r) x Q) in the case of white 
noise. The observed values of SNRs, as taken from spectra like the ones 
presented in Fig. 14, decrease with increasing T due to the residual phase 
noise of the laser and to the natural linewidth of the clock transition. With 
our present apparatus, we obtain the maximum value of SNR x Q at about T 
= 350 ps. In most cases, we performed the stabilization at a fringe width of 
approximately 1.2 kHz, i.e. at a resolution which is slightly larger than the 
optimum value for maximum stability. 

From the periodicity of the fringes it might seem unclear which is the 
proper frequency of the intercombination transition. There are, however, sev- 
eral means to determine the proper fringe. One method relies on the fact that, 
for variations of the fringe period (see Fig. 14), i.e. for different resolutions, 
only the frequencies of the minima at either recoil component are constant. 
Another possibility would make use of the beautiful method of applying a 
series of pulses in either direction to obtain Fabry-Perot-like high-finesse 
interference structures [81] (see Fig. 15). 
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Fig. 15. Atomic multiple-pulse interference signals for different numbers of pulses N 
in Mg, according to Hinderthur et al. [81] 
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The interaction time of a ballistically expanding cloud of free atoms can 
be as long as a few milliseconds before they leave the interaction region, 
as a result of their initial velocity distribution or the acceleration due to 
gravity. The natural linewidth of the alkaline earth atoms Ca or Mg are well 
adapted to this time-scale. Longer interaction times of typically one second 
are possible by adapting the concept of an atomic fountain as it is used for 
microwave standards like the Cs atomic clock [82,83]. 

5.2 Atomic Fountains 

Apart from long interaction times, the fountain setup has the advantage of 
reduced phase errors in that the atoms interact twice with the same Ram- 
sey interaction zone on their way both up and down. For optical frequency 
standards, however, atomic fountains are yet to be realized, despite various 
proposals [41,61,84]. Such a development requires that the atomic species 
not only possesses a narrow clock transition so as to benefit from the in- 
teraction time of about a second, but can also be laser-cooled to a residual 
transverse velocity of a few centimeters per second. This latter requirement 
seems necessary to avoid an excessive transverse spread of the atomic beam 
during the course of their upward and downward trajectories. The use of the 
isotopes with no hyperfine splitting of the ground state, such as the alkaline 
earth atoms or ^^Mg, meets with difficulties since they lack efficient 

sub-Doppler cooling mechanisms. Cooling on the intercombination line as 
proposed by Wallis and Ertmer [85] and as recently realized in Sr [86,70], or 
cooling using a closed system of the excited state, may open a road to achieve 
this goal. The - ^P 2 transition in magnesium and calcium, with an esti- 
mated linewidth of below a millihertz, might then be accessible. At present, 
the high velocity of the atoms may also present a problem for the proposed 
hydrogen fountain [84]. Nonetheless, there are many other candidates, e.g. 
silver or xenon, that may be more suitable for this purpose. 



6 Frequency of the Optical Calcium Standard 

To convert a stable and reproducible oscillator to a frequency standard, it 
is necessary to relate the frequency of the oscillator to the frequency of the 
primary standard of time and frequency, the Cs atomic clock. Three indepen- 
dent sources will contribute to the uncertainty of an optical standard, and we 
will discuss these in relation to an optical Ca standard. First, there is uncer- 
tainty in the line center of an unperturbed Ca atom, which mostly depends 
on the ability to reduce and correct perturbations affecting the frequency of 
the atomic transition. A second contribution results from the uncertainty of 
the primary Cs standard. Third, the comparison of the two frequencies of the 
Cs and Ca standards differing by five orders of magnitude may additionally 
contribute to the measurement uncertainty. 
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6.1 Frequency Measurement Chain 

The Physikalisch-Technische Bimdesanstalt (PTB) has constructed a fre- 
quency measurement chain that creates a phase-coherent connection between 
the frequency of the Cs primary standard and various frequencies in the in- 
frared region [87], with an extension to the visible range [88]. The chain is 
described in more detail elsewhere in this issue and it suffices to recall here 
that it basically applies the method of harmonic mixing, thereby connecting 
the Ca standard via various intermediate oscillators (diode laser, colour center 
laser, CO 2 lasers, methanol laser, backward wave oscillator, Gunn oscillator, 
and H-maser) to the Cs clock. We need to point out that the frequency chain 
allows a phase-coherent optical frequency measurement which, in principle, 
does not contribute any uncertainty to the measured frequency value. How- 
ever, in practice, cycle slips can occur in each multiplication step. The rate 
of cycle slips depends critically on the SNR of the beat signal [89]. We have 
estimated this rate in the most crucial stages of the chain and concluded that 
they contribute less than 100 Hz to the uncertainty. 

6.2 Uncertainty of the Optical Calcinm Standard 

Different effects contribute to uncertainty in the measurement of the cen- 
ter of the clock transition of the Ca standard. They have been investigated 
experimentally and theoretically [90,71] and they are listed in Table 2. 

The presence of external fields can lead to a shift of the frequency of 
the clock transition. We have investigated the influences of magnetic fields 
by the Zeeman effect, of electric fields by the Stark effect, of gravitational 
and other accelerations, and of the electromagnetic field arising from the fi- 
nite temperature of the trap’s surroundings (the so-called black-body shift). 
The uncertainties listed in Table 2 result from the measured sensitivity to 
various effects and from the estimated uncertainty to correct the correspond- 
ing shifts. A particular contribution results from the influence of the super- 
position of the interference patterns due to the recoil effect. We have chosen a 
period so that the interference structures add constructively; however, there 
is an uncertainty associated with this procedure which we estimate at present 
to be below IHz. It can be completely removed if one recoil component is 
suppressed by one of the methods developed earlier [91,92,42,93,94]. 

The most prominent contributions are caused by residual errors in the 
phase fronts of the laser pulses exciting the clock transition (6 Hz), by a po- 
tential AC-Stark shift caused by scattered light of the cooling laser (5 Hz), 
and collisions of the cold Ca atoms. The influence of this last source of un- 
certainty has not been investigated yet, but it is expected to be below 10 Hz. 
The smaller contributions include the effects resulting from the Doppler 
background and the stabilization scheme. The estimated uncertainties were 
checked by comparisons between two independent systems where the clouds 
of Ca atoms were released from the two independent magneto-optical traps 
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Table 2. Contributions to the standard uncertainty in the freqnency of the Ca 
optical frequency standard during the most recent frequency measurement and 
attainable uncertainty 



Effect 


Achieved 

Uncertainty 


Attainable 

Uncertainty 


First-order Doppler effect 


6.0 Hz 


1.0 Hz 


Influence of Doppler background 


0.2 Hz 


0.2 Hz 


Second-order Doppler effect 


3 mHz 


3 mHz 


Magnetic fields 


0.2 Hz 


0.2 Hz 


AC-Stark effect 


5.0 Hz 


0.1 Hz 


Quadratic Stark effect (| E |< IV/cm) 


0.06 Hz 


0.06 Hz 


Blackbody radiation (300 K) 


3.5 Hz 


30 mHz 


Superposition of second recoil component 


7.0 Hz 


- 


Collision of cold atoms 


10 Hz 


1.0 Hz 


Stabilization scheme (10“® of the linewidth) 


1.0 Hz 


0.4 Hz 


Reproducibility 


50 Hz 


- 


Statistical uncertainty of the line center 


4.0 Hz 


0.1 Hz 


Counting errors (chain) 


100 Hz 


0.1 Hz 


H-maser 


5.0 Hz 


0.5 Hz 


Cs clock 


7.0 Hz 


0.5 Hz 


Total uncertainty bv 0.12 kHz 

Total relat. uncertainty hv jv < 2.5 x 10“^® 


1.7 Hz 
< 4 X 10"^® 



depicted in Fig. 11. The comparisons have been performed during the past 
year, with the laser frequency stabilized subsequently to the atomic clouds 
from the two traps (Fig. 16). 

The frequency of the laser stabilized to the atoms released from the 
MOT 1 filled with the laser-cooled beam seems to be consistently higher 
than the frequency derived from the second apparatus (MOT 2) with a mean 
fractional frequency shift of about 7.5 xlO“^'^. Since the origin of this differ- 
ence is not clear at present we have to allow for an additional contribution 
to the uncertainty of < 50 Hz which we have termed “reproducibility” (Ta- 
ble 2). From the contributions to the uncertainty added in quadrature we 
infer a fractional uncertainty of the frequency of the Ca stabilized laser of 
2.5 xl0“^^. This uncertainty represents the status achieved with our present 
apparatus. 



6.3 Results of Frequency Measurements 

The frequency measurements of Fig. 17 have been performed using both 
MOTs, different resolutions, and different stabilization schemes. The 
weighted mean of all frequency measurements up to now is given by 



i/Ca = 455 986 240 494.13 (12) kHz. 
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Fig. 16. Difference between the transition frequencies realized by two independent 
ensembles of cold Ca atoms. The uncertainty bar at the left represents the total 
uncertainty according to Table 2 
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Fig. 17. Measured frequency values of the Ca optical frequency standard. The 
measurements were taken with an effusive beam {circle), MOT 1 filled by a laser 
cooled beam {filled squares) and MOT 2 filled by a thermal beam {empty squares). 
Different values of the same day correspond to different pulse separations. 
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We emphasize that this uncertainty makes the Ca-stabilized laser one 
of the most accurate optical frequency standards in the visible spectrum. 
Consequently, this standard has been recommended recently by the CIPM [1] 
for the realization of the unit of length with the lowest uncertainty. Current 
investigations look for the origin of the difference between the frequencies of 
both setups. Provided that the cause for this discrepancy can be identified, 
we expect from Table 2 that the uncertainty can be reduced by more than an 
order of magnitude. As a result of the frequency measurements^, the relative 
frequency instability of the Ca standard was shown to decrease with for 
integration times between t = 1 s and r = 1000 s. It reaches its flicker floor at 
approximately 10“^^. It has been shown how the stability can be improved 
by applying a modified shelving technique [95], allowing attainment of the 
10”^^ level within an integration time of about Is. 



6.4 Use and Dissemination of Optical Frequencies 

Accurate optical reference frequencies have various applications, e.g. in pre- 
cision spectroscopy, determination of fundamental constants [14,96] and for 
length and wavelength metrology [1] with numerous examples given in this 
particular volume. As a particular application, we recall the measurement of 
the frequencies of the hyperfine structure lines i?(180) 0-16 and i?(42) 0-17 
in molecular iodine at 815 nm wavelength [97]. These authors made use of 
the fact that these lines nearly coincide with the known frequency difference 
between a methane-stabilized He-Ne laser and the Ca standard (see Table 1). 
In the same way, the sum frequency of these two standards allows the setup of 
frequency references in the green spectral range. Similarly, the combination 
of optical frequency standards already existing (see e.g. Table 1) or under de- 
velopment might be used to establish a grid of reference frequencies covering 
the spectral range from the ultraviolet to the infrared range. 

Together with the conventional and novel techniques of division and mea- 
surement of optical frequencies discussed in this volume, virtually any optical 
frequency can be measured or synthesized. For the time being, however, as 
long as there are no small, cheap and reliable optical frequency synthesizers 
of ultimate accuracy available, the dissemination of optical frequencies will 
have to rely on the development of transportable optical frequency standards. 
These standards will allow, furthermore, the comparison of different concepts 
of frequency chains as well as the primary standards. For dissemination of 
the frequency of the Ca standard, a transportable optical frequency standard, 
based on an effusive Ca beam, has been developed at PTB [49] with a frac- 
tional uncertainty of 1.2 xl0“^^. This represents an improvement of more 
than an order of magnitude with respect to the widely used iodine-stabilized 
He-Ne laser operating at A « 633 nm wavelength. The recent arrival of small 

See contribution by CO Weiss et al. in Chap. III-l of this volume 
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and efficient light sources, which allow the generation of probing and cooling 
radiation, will allow the development of a transportable standard based on 
laser-cooled Ca and other atoms. 

7 Summary and Conclusion 

The current status of optical frequency standards based on neutral atoms 
has been reviewed, with particular emphasis on a standard based on laser- 
cooled ballistic Ca atoms. The frequency uncertainty achieved makes the 
Ca-stabilized laser one of the most accurate optical frequency standards in 
the visible spectral range. Consequently, this standard has been recommended 
recently by the International Committee of Weights and Measures (CIPM) [1] 
for the realization of the meter unit of length with the lowest uncertainty. 
Even though the uncertainty of the realization of the meter is somewhat 
higher than the uncertainty of that of the time unit, the hopes of the CIPM 
which led to the new definition of the meter in 1983 have now been fulfilled. 
It seems safe to conclude that the recent investigations of several candidate 
atoms, together with the rapid progress achieved with solid-state lasers in 
combination with the novel methods of optical frequency measurements, will 
soon lead to optical frequency standards that are highly competitive to the 
best microwave clocks. 
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Abstract. We present recent progress on microwave clocks that make use of laser- 
cooled atoms. With an ultra-stable cryogenic sapphire oscillator as interrogation 
oscillator, a cesium fountain operates at the quantum projection noise limit. With 
6 X 10® detected atoms, the relative frequency stability is 4 x 10“^'* where r 

is the integration time in seconds. This stability is comparable to that of hydrogen 
masers. At r = 2 x 10"* s, the measured stability reaches 6 x lO”*^®. A ®^Rb fountain 
has also been constructed and the ®^Rb ground-state hyperhne energy has been 
compared to the Cs primary standard with a relative accuracy of 2.5 x 10“^®. The 
®^Rb collisional shift is found to be at least 30 times below that of cesium. We 
also describe a transportable cesium fountain, which will be used for frequency 
comparisons with an accuracy of lO”*^® or below. Finally, we present the details of 
a space mission for a cesium standard which has been selected by the European 
Space Agency (ESA) to fly on the International Space Station in 2003. 



1 Introduction 

The first suggestion to operate an atomic beam device in the vertical direc- 
tion so as to perform high resolution microwave spectroscopy dates back to 
1953 [1]. Ramsey had just introduced the method of separated oscillatory 
fields [2,3], and Zacharias proposed an elegant method to achieve the sepa- 
rate interactions with just a single microwave cavity: the atomic beam passes 
once through the cavity on the way up, and then for a second time on the 
way down. The relatively long period between the two passages (of the order 
of 1 s for a reasonably tall experimental setup) makes the Ramsey resonance 
very narrow (< 1 Hz) and thus suitable for high-performance clocks and pre- 
cision measurements. At the Massachusetts Institute of Technology (MIT) 
Zacharias had built a five-meter-tall vacuum tube with a cesium oven at the 
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bottom, hoping to create an atomic fountain. Unfortunately, because of col- 
lisions between slow and fast atoms near the oven exit, the atomic beam had 
a deficiency of slow atoms. His attempts to detect the atoms in the thermal 
distribution that were launched with v < 10 m/s, and which would therefore 
be turned back by gravity, were unsuccessful. 

With the advent of laser cooling and trapping techniques [4,5,6], interest 
in such a fountain was renewed [7,8,9]. Nearly 40 years after Zacharias’ first 
attempts, an operating fountain was demonstrated at Stanford in 1989 with 
sodium atoms [10]. In this pioneering experiment, Na atoms were captured in 
a magneto-optical trap, further cooled in optical molasses, and then launched 
with the radiation pressure of an upward-directed laser beam. The atoms 
entered a microwave waveguide, reached their summit inside the waveguide, 
and then fell out into a detection region. Ramsey fringes with a linewidth 
of 2 Hz were observed by applying two microwave pulses to the waveguide 
(and atoms). A related pulsed experiment on free-falling cesium atoms was 
reported later in [11]. In 1991 our group demonstrated the first Cs fountain 
where the atoms pass completely out of the cavity and then fall back through 
it, following Zacharias ‘ prescription [12]. Atoms were launched and cooled 
by polarization gradient cooling [13,14,15,16] and the temperature of the 
atoms was below 5 pK. The observed linewidth of the Ramsey resonance 
was 2 Hz, two orders of magnitude below that of thermal Cs clocks [17]. 
This geometry offers a number of advantages for the accuracy of the device: 
symmetric microwave excitation, reduction of cavity phase-shift errors, access 
to the upper free precession zone, and simple tuning of the fringe width by 
changing the launch velocity and hence the time spent by the atoms above the 
cavity. The short-term relative stability of such a frequency standard, inferred 
from the signal-to-noise ratio and the width of the Ramsey resonance, was 
3 X 10“^^ ^ where r is the averaging time in seconds. To our surprise, this 

value was comparable to, or better than, that of any thermal-beam Cs clocks 
in operation at that time [17]. Of course, large technical improvements were 
anticipated and we showed that it was realistic to expect a frequency stability 
of 3 X 10“^^ down to 1 x 10“^® at one day. In addition, a very attractive 

potential accuracy of 1 x 10”^® for fountain devices was predicted [12,18]. 

Atomic fountains have now been in existence for around ten years. About 
twenty laboratories around the world are building cold-atom microwave fre- 
quency standards using fountains [19]. Fountains have also been used for 
other applications where long interaction times are important. Matter wave 
interferometers have reached impressive levels of precision in measuring, for 
instance, the gravitational acceleration 5, the ratio h/m for an atom [20], and 
static polarizabilities [21]. Atoms can also be guided along the fountain path 
using a dipole trap [22]. 

During the 1990s, the understanding of fountain microwave frequency 
standards has improved considerably. In 1993, an important limitation to the 
performance of cesium fountains was identified, namely the frequency shift 
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induced by collisions between the cold-atoms [23]. This shift is proportional 
to the atomic density and clearly leads to a trade-off between short-term 
stability, which improves with the number of atoms, and frequency accuracy, 
which is improved by a low atomic density. Proposals to circumvent this 
limitation have been made by a number of groups [24,25,26]. Operation of a 
continuous fountain rather than a pulsed fountain can, in principle, reduce the 
shift while maintaining a good short-term stability [25]. Juggling successive 
balls of atoms in the fountain is also a possible solution [24], and this juggling 
technique has been directly applied to cold-collision studies [27]. Both of 
these latter solutions require careful isolation between the cooling light and 
the microwave interaction zone in order to avoid lightshifts. Neither of these 
techniques has yet been used in a frequency standard. 

In 1994, the BNM-LPTF operated its first Cs fountain frequency standard 
(FOl) with a number of major improvements [28,29]: an all-diode laser optical 
system, double detection zone, careful magnetic shielding, and selection of 
atoms in mij- = 0. Ramsey fringes as narrow as 0.7 Hz were recorded, and the 
signal-to-noise ratio soon exceeded 10^. 

In 1995, a first accuracy evaluation yielded a relative accuracy of 3 x 10“^®, 
about one order of magnitude better than the conventional beam machines 
the time [28]. The short-term frequency stability was 3 x 10“^^ and 

reached the maser fioor of 1 — 2 x 10“^® at 2 x 10^ s. This stability was not 
set by the fundamental quantum noise of the clock, but rather was limited by 
the phase noise of the interrogation oscillator, as studied in detail in [30,31]. 
Only in 1998 was it clearly shown that the quantum noise of the measurement 
process could be reached using a low-noise interrogation oscillator [32]. 

The frequency shift induced by a static electric field on the clock transi- 
tion was remeasured in the fountain in 1997 [21]. With a relative accuracy 
of 2 X 10“^, this new measurement represents a tenfold improvement over 
previous measurements, a direct consequence of the long observation time in 
the fountain. This Stark shift is directly involved in the calculation of the 
shift induced by blackbody radiation [33], which is an important source of 
inaccuracy in microwave standards [34]. 

Finally, soon after the discovery of very low temperatures in optical mo- 
lasses [13,14,15,16] and the demonstration of the first fountain, it was realized 
that a microgravity environment was capable of providing even longer inter- 
action times than an Earth-based fountains [35,36]. Because of gravity, the 
interaction time in a fountain increases only as the square root of the height of 
the device. Reaching more than 2 s on Earth would require very bulky equip- 
ment, whereas 10 s can be relatively easily achieved in space. Developing a 
cold-atom space clock is the objective of the PHARAO project which should 
fly on-board the International Space Station (ISS) in 2003. This experiment 
is being performed within the framework of the European ACES mission 
(Atomic Clock Ensemble in Space) [37]. An important step in this program 
has been the test of a microgravity clock prototype in aircraft parabolic 
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flights in 1997 [38]. Similar space projects are also under development in the 
USA [39,40]. 

1.1 Scope of the Paper 

In this paper we will review the recent progress made in Paris on cold-atom 
microwave frequency standards. As shown in Fig. 1, the BNM-LPTF is oper- 
ating two cold-atom Cs fountains, an ®^Rb fountain, and an optically pumped 
Cs thermal beam [41]. The frequencies of these clocks are presently compared 
with a fractional resolution of about 10“^^. First we will show that by reach- 
ing the fundamental quantum limit set by the measurement process, a cesium 
fountain can operate with a record frequency stability of 4 x 10“^"^ 
where r is the integration time in seconds [32] . The best fractional frequency 
stability yet measured is 6 x 10”^® at 20 000s. Second, an ®^Rb fountain has 
been built and the ground-state hyperflne splitting has been measured with a 
relative accuracy of 2.4 x 10“^®, an improvement of four orders of magnitude 
over previous measurements [42]. Third, we describe a transportable cold ce- 
sium clock, PHARAO [38]. Finally we present the science objectives of the 
ACES mission, which will demonstrate the operation of a laser cooled atomic 
clock in space and allow worldwide clock comparisons with unprecedented 
precision. 




Fig. 1. The BNM-LPTF clock ensemble. The interrogating microwave frequency 
of each clock is generated from the same local oscillator, which delivers a 100 MHz 
frequency. This frequency is synthesized from a 5 MHz BVA quartz weakly locked 
to an H-maser. The Cs PHARAO fountain is a transportable device able to operate 
autonomously 
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2 Operation of an Atomic Fonntain Clock 

Let us illustrate the operation of a fountain clock using the scheme of the 
BNM-LPTF FOl Cs device depicted in Fig. 2. It consists of three parts: 
the cold-atom source; the microwave and free-flight region; and the detection 
zone. The entire fountain cycle takes around Is. In the cold-atom source, six 
independent laser beams capture and cool the atoms from a Cs vapor at a 
pressure of « 10“® Torr. The capture is achieved using either a magneto- 
optical trap or Lin T Lin optical molasses. In 100-500 ms, between 10® and 
10® atoms are captured, launched upwards and cooled down to below 1 pK in 
the frame moving upwards at 3-4 m/s. This temperature, which is half that of 
the equilibrium temperature of the steady-state optical molasses, is obtained 
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Fig. 2. The cesium fountain FOl. The total height of the device is 1.5 m and the 
maximum interrogation time is 0.7 s 
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by adiabatic reduction of the cooling light intensity [43]. After launch, the 
atoms are distributed between all of the mp states of the F = 4 hyperfine 
state. A microwave excitation selectively transfers the F = 4, m_F = 0 atoms 
into F = 3, tof = 0. Atoms remaining in F = 4 are then pushed away 
by radiation pressure. Atoms in F = 3, mp = 0 continue on to enter the 
microwave and free-flight region. The atoms pass up through a cylindrical 
TEoii cavity where they experience a tt/ 2 pulse. The cavity is made of copper 
with a Q of « 10 000 and tuned to 9.192 GHz. After a ballistic flight above 
the cavity of up to 0.7 s duration, the atoms experience a second Ramsey tt/2 
pulse on their way down. 

The detection zone is located below the cooling region. The population in 
each of the |F = 3, nip = 0) and |F = 4, nip = 0) hyperfine levels is measured 
by light-induced fluorescence as follows: first the atoms cross a probe beam 
of height 8 mm which is retrorefiected on a mirror and tuned half a natural 
linewidth below the (65'i/2 F = 4 ) ( 6 F 3/2 F' = 5) cycling transition. This 

beam is polarized and has an intensity w 1 mW / cm^ . By detecting the 
5 ms-long pulse of fluorescence light on a low-noise photodiode, the population 
of |F = 4, ? 7 iF = 0) state, proportional to the time-integrated fluorescence 
pulse, is measured. With a collection efficiency of about 0.8%, riph « 150 pho- 
tons per atom are detected. These atoms are then pushed away by the radia- 
tion pressure of a traveling wave. This is accomplished by blocking the lowest 
2 mm of the retrorefiected probe beam. Around 4 ms after the first fluores- 
cence pulse, atoms in the |F = 3, = 0) state cross two superimposed laser 

beams. The first one is resonant with the (65'i/2 F = 3) ( 6 ^ 3/2 F' = 4) 

transition. This beam quickly pumps the atoms into the F = 4 state. The 
second beam has the same parameters as the probe beam mentioned earlier. 
The fluorescence pulse is detected on a second photodiode. Thus, in each 
fountain cycle the total number of atoms, A"at> is determined by adding to- 
gether the number of atoms detected in the two hyperfine levels. The absolute 
uncertainty on N^t is about 50%; it depends on the probe laser parameters 
and on the geometry of the detection area. The signal used for the frequency 
stabilization is the transition probability p, which is the ratio of the popula- 
tion of the |F = 4, TTiF = 0) state divided by the sum of the |F = 3, nip = 0) 
and |F = A, nip = 0) populations. With this detection method, p is largely 
independent of shot-to-shot fluctuations in atom number. A typical Ramsey 
resonance is presented in Fig. 3. 

It is important that the pressure is kept below 5 x 10“^° Torr in two key 
regions of the apparatus: the microwave and free-flight region, and the de- 
tection region. Graphite tubes prevent the Gs vapor in the atom source from 
degrading the pressure in these regions. This reduces the level of cold-atom 
loss via collisions with background gas, and lowers the level of stray fluores- 
cence in the detection region. A highly homogeneous static magnetic field 
of « 1 mG is produced by a solenoid and compensation coils surrounding 
the microwave and free-flight region. Environmental magnetic fluctuations of 
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v-vJHz] 

Fig. 3. Ramsey fringes of the Cs fountain FOl. The width of the fringes is IHz. 
Each point is one cycle of duration 1 s. The signal-to-noise ratio per point is 2000 



20-30 mG are attenuated by a first mu-metal layer around the whole experi- 
ment and three additional layers around the free-flight zone. With an active 
servo system driving four coils inside the outermost shield, the residual fluc- 
tuations in the interrogation region are less than 0.1 pG. For the purposes 
of evaluating the fountain accuracy, as well as for general characterization, 
a number of the fountain parameters can be varied from their nominal val- 
ues, e.g. loading time, launching velocity, atomic temperature, bias field, and 
microwave power. 

Laser light for cooling, launching and detecting the atoms is provided 
by an all-diode laser system. An external cavity diode laser of linewidth 
« 100 kHz provides the light for detecting the atoms on the f = 4 <-> F' = 5 
optical transition. It also injects two 150 mW slave lasers, which produce the 
six cooling and launching beams. Acousto-Optic Modulators (AOMs) allow 
fine tuning of the light frequencies. Mechanical shutters ensure complete light 
extinction during the microwave interaction. 

The interrogation field which feeds the microwave cavity is synthesized 
by a low-phase-noise frequency chain. We first multiply by 920 the 10 MHz 
output of an ultra-stable quartz crystal oscillator. This signal is then mixed 
with the output signal of a « 7 MHz synthesizer so that the interrogation 
field is tunable around the cesium hyperfine frequency. 
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3 Observation of the Quantum Projection Noise Limit 
in a Cesium Fountain 

Until recently, the frequency stability of atomic fountains was limited by the 
phase noise of the quartz oscillator used for the atom interrogation. With 
state-of-the-art quartz oscillators, this interrogation oscillator limit is better 
than 10“^^ where r is the averaging time in seconds [31]. With such 

a stability a 10“^® accuracy goal is challenging, since a single measurement 
with this resolution implies an averaging time of longer than one week. By 
using an ultra-stable Cryogenic Sapphire Oscillator (SCO) developed by the 
University of Western Australia [44], we have been able to overcome this 
limitation and to reach the quantum projection noise limit [32,45,46]. 

Before being detected, the atomic internal state is a linear superposition 
of the two states |e) and \g) of the clock transition: \iIj) = a\g) + /3|e), with 
jap -I- |/3|^ = 1. The measurement process projects atoms in state |e) or \g). 
The probability of finding an atom in |e) is |/3|^ = {tp\Pe\'4’) = P: with Pg the 
projection operator onto state |e). The measurement exhibits quantum fluctu- 
ations of standard deviation cr = (^{iplP^l'ip) — {{iplPf.l'ip})'^'^ = ^p{l — p). 

For a set of iVat uncorrelated atoms, a scales as ' . Itano et al. [46] named 
this effect “quantum projection noise” , and observed it both in the case of 
repeated measurements on a single particle prepared each time under iden- 
tical conditions, and in the case of an ensemble average with a number iVat 
of identical trapped particles, up to iVat = 380. In a frequency standard such 
as an atomic fountain, the population of \g) (and/or |e)) is measured as a 
function of the frequency of an external interrogation field, and this informa- 
tion is used to lock the standard’s output frequency to the atomic transition. 
More precisely, the transition probability is alternately measured on each 
side of the central Ramsey fringe around p = 1/2 (Fig. 4). The error signal 
is the difference between two successive measurements and is numerically in- 
tegrated. As shown in [46] for Ramsey’s method of separated fields, if the 
technical noise is much smaller that the quantum projection noise, and the 
field amplitude is optimal, then the frequency fluctuations of the standard 
are independent of the choice of p. 

The first crucial element for these experiments is the use of an extremely 
low frequency noise cryogenic sapphire oscillator as the interrogation oscilla- 
tor for the fountain [44]. The SCO possesses a mode which is only 1.3 MHz 
away from the Cs hyperfine splitting frequency vq . Oscillating on this mode, 
its frequency stability is better than 10“^^ for integration times from 0.1s to 
10 s. The noise associated with the interrogation oscillator is then negligible 
compared with the projection noise of our atomic fountain for A^at < 10®. 
The second key feature of the experiment is an efficient method to measure 
the populations of the two states of the cesium clock transition, as described 
in Sect. 2 of this contribution. 



Cold-Atom Clocks on Earth and in Space 



139 




v-vJHz] 

Fig. 4. The central Ramsey fringe in a fountain. In normal operation, the transition 
probability is measured alternately at vq — Ai//2 and vq -\- Ai//2, where Av is the 
fringe width. The difference between two successive measurements of p constitutes 
the error signal of the clock 



The Allan standard deviation of the relative frequency fluctuations y(t) 
of an atomic fountain can be expressed as 







1 

^ at^ph 







( 1 ) 



where r is the measurement time in seconds, is the fountain cycle duration 
(~ Is) and r Tc- Qat = Av is the atomic quality Q-factor. The first 
term in parentheses is the atomic projection noise oc ' [46] . The second 
term is due to the photon shot-noise of the detection fluorescence pulses 
and is less than 1% of the projection noise. The third term represents the 
effect of the noise of the detection system. The parameter crsjv represents the 
uncorrelated rms fluctuations of the number of atoms per detection channel, 
corresponding to around 85 atoms per fountain cycle. This particular noise 
contribution becomes less than the projection noise when Nat > 2 x 10"^. The 
final bracketed term, 7, represents the contribution of the frequency noise of 
the interrogation oscillator [30,31]. With the SCO, this contribution is at most 
and can therefore be neglected. As an example, for Nat « 6 x 10^ 
detected atoms, Aiy = 0.8 Hz, Qat = 1-15 x 10^° and Tc = 1.1s, the expected 
frequency stability is cTy(r) = 4 x 10“^^r“^/^. 

To observe the quantum projection noise, we need to vary the number 
of atoms in the fountain and measure the frequency stability <Ty(r) by com- 
parison with the free-running sapphire oscillator which is used as a very 
stable reference up to 10-20 seconds. A plot of the normalized Allan stan- 
dard deviation as a function of atom number is presented in Fig. 5. Since 
we explored several values of Qat and of the cycle duration Tc, we plot the 
quantity a y(j)'KQ at \J t jT^ for r = 4s. This quantity should simply be equal 
to Nat ^ when the detection noise is negligible. At low atom numbers, the 
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Fig. 5. Normalized frequency fluctuations as a function of the number of detected 
atoms, Nat. The expected quantum-projection noise law is y = ' . The thick 

line y = 0.91(0.1)N,^^^^ is a least-squares fit to the experimental points for Nat > 
4x 10“^. The dashed line is the quadratic sum of the detection noise and the quantum- 
projection noise 



1 /Nat slope indicates that the stability is limited by the noise of the detection 
system (third term in (1)). For Nat > 4 x 10^, the experimental points are in 

1 /o 

good agreement with the relation y = aN^t ' , with a = 0.91(0.1), close to 
the expected value of unity (Fig. 5). 

With the largest number of detected atoms, Nat = 6 x 10®, the stability 
is 4 X for Qat = 1.15 x 10^°, Tc = 1.1s. This is a significant 

improvement over the fountain operation with a quartz oscillator; indeed, 
it is comparable with the best short-term stability achieved with microwave 
ion clocks using imcooled and samples [47,48].^ In a second 

experiment, we have locked the SCO to the fountain signal for Nat = 5 x 10® 
and compared it to a hydrogen maser. Figure 6 shows the Allan standard 
deviation of this frequency comparison. The stability is 7 x 10“^^r“^/^ and 
reaches 6 x 10“^® at r « 2 x 10^ s, a value close to the flicker floor of the 
H-maser. Also shown is the estimated stability of the H-maser alone (5 x 
10“^^r“^/^ for r > 10s). The comparison confirms that both the H-maser 
and the cesium fountain have equal medium-term frequency stabilities. Under 
these conditions, the fountain relative frequency shift due to interactions 
between the cold-atoms is about —2 x 10“^"^ [23,49]. Variable Nat is stabilized 
at the percent level by controlling the loading time of the magneto-optical 
trap. If the other experimental parameters, such as the atomic temperature, 
are kept constant, this servo system stabilizes the atomic density and the 
corresponding collisional shift. It has become clear that by operating with 
optimized optical molasses (large laser beam diameter and sufficient optical 
power), it is possible to provide the same number of detected atoms (~ 10®) 

See the contribution by J.D. Prestage et al. at Chap. II-4 of this volume 
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Fig. 6. Allan standard deviation of the Cs fountain using the cryogenic sapphire os- 
cillator as interrogation oscillator versus the H-Maser (circles). At r = 2 x 10“* s, the 
frequency stability reaches 6 x 10“^®. The triangle symbol represents the contribu- 
tion to the frequency instability of the H-maser alone. The comparison between the 
two plots shows that both clocks have the same frequency stability « 5 x 
for r > 10 s 



while reducing the collisional shift by a factor of four to five. This is the 
case with the transportable Cs PHARAO clock described in Sect. 5 of this 
contribution. We show below that, with Rb atoms, this frequency shift is 
much smaller. 

Table 1 presents the current accuracy budget of the Cs fountain. This eval- 
uation was performed by amplifying the systematic effects whenever possible 
(see [28]), and with a resolution for each measurement of 10”^^. The fountain 
has the best accuracy ever reported for a frequency standard. This accuracy 
is currently a factor of three better than the trapped Hg^ ion frequency stan- 
dard operating at 40 GHz [50] . A soon-to-be-performed experiment making 
use of the current set of cold-atom devices in conjunction with the SCO as 
interrogation oscillator should enable a measurement of a fractional stability 
of 1 X 10“^® for a 10® s measurement. An accuracy of 2 x 10“^® is thus a 
realistic target for the Cs fountains with active control of the atomic density. 

4 Rubidium Fountain 

The construction of an ®^Rb fountain (see Fig. 7) has been motivated by two 
reasons. First, the collisional shift has been predicted to be 15 times lower for 
®"^Rb than for ^®®Cs [51]. This frequency shift is one of the dominant terms in 
the accuracy budget of Cs fountains (Table 1). Since we expect this collisional 
shift to be the predominant limitation to the ultimate performance of a Cs 
fountain, Rb is attractive for improving the accuracy of cold-atom frequency 
standards. Second, by comparing the hyperfine frequency of different atoms, 
one can search for possible time variations of the fine structure constant 
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Table 1. Present accuracy budget of the ^^^Cs fountain. The device operates with 
a stability of 1.5 x and a number of detected atoms of 10®. The MOT 

is disabled and atoms are captured in optical molasses. The gravitational redshift 
is not intrinsic to the clock and is not included in the table 



Effect 


Correction 

[10-1®] 


Uncertainty 

[10-1®] 


First-order Doppler 


0 


< 0.5 


Second-order Doppler and 
gravitation 


0 


<C 0.01 


Cold collisions 


1 


< 0.5 


Background gas collisions 


0 


< 0.5 


Blackbody radiation 


-tl7.6 


< 0.5 


Zeeman shift 


-133 


< 0.1 


Pulling by other lines 


0 


0.4 


Microwave leaks 


0 


0.2 


Microwave spectrum 


0 


0.2 


Total 1 o uncertainty 




1.1 



a = ^ jhc [52]. With a potential accuracy close to 10“^®, Cs and Rb fountains 
would provide a laboratory test within the 10“^® — 10”^^yr“^ range, two 
orders of magnitude beyond present laboratory-based measurements. 

The experimental configuration is as described in [42] . As with the trans- 
portable PHARAO device (Sect. 5), “vertical” is defined as in the (1, 1, 1) 
direction of the cooling-beam trihedron. With this geometry, there is no beam 
passing through the microwave cavity, in contrast to the FOl design, where 
the 1 cm diameter holes in the cavity limits the vertical cooling-beam diam- 
eter. Furthermore, launching the atoms requires only two different optical 
frequencies. With 25 mW per cooling beam of 3 cm 1/e^ diameter, we trap in 
a MOT up to 8 X 10® atoms in Is. The atoms are spread amongst the F = 2 
Zeeman sublevels. The effective density of atoms selected in mi? = 0, and av- 
eraged along the flight above the cavity, reaches approximately 5x10^ atoms 
cm“®. The short-term stability of the device is limited by the phase noise of 
the quartz oscillator and is 1.5 x It averages down to 1 x 10”^® 

after a 2 x 10^ s integration. By a frequency comparison with the cesium foun- 
tain, we obtain a new value for the ®’^Rb ground-state hyperfine splitting: 
6 834 682 610.904333(17) Hz. The accuracy of the measurement is 2.5 x 10“^® 
and is 10^ times more precise than previous atomic beam measurements [53] 
(Fig. 8). This illustrates the potential of cold fountains for high-precision 
measurements. 

We have searched for a frequency shift induced by cold-atom collisions 
in Rb. By changing the loading duration of the MOT, we varied the average 
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Fig. 7. Picture of the ®^Rb fountain clock with the two outermost magnetic shields 
removed. The device can operate with up to 8 x 10® atoms. The optical-fiber optics 
collimators (see text) appear as the black objects around the base of the fountain 

atomic density from 2 x 10® to 5 x 10^ cm“^. The atomic density was deduced 
from the time-of-flight signals and from the size of the atomic cloud just after 
launch, measured on a CCD camera. We find that the Rb density-dependent 
shift is at least 30 times smaller than in Cs [23,49] . Such a strong reduction 
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Fig. 8. Various measurements of the ®^Rb ground-state hyperfine splitting: 1: Ben- 
der and Beaty, Phys. Rev. Lett. 1 , 311 (1958). 2: Essen et al., Nature 189 , 298 
(1961). 3: Penselin et al., Phys. Rev. 127 , 524 (1962). 4: Arditi and Cerez, IEEE 
Trans. Inst. Meas. 21, 391 (1972). 5 and 6: fountain measurements, [42] and this 
work 

of the collisional shift should allow vast improvement of both the short- and 
long-term stability of the standard as well as its accuracy. The challenge is 
to reach the quantum-projection noise limit with up to 10^-10® atoms per 
cycle. The long-term stability would, in principle, get into the 10“^^ range. 

Over a period of 13 months, we have performed two measurements of the 
Rb ground-state hyperfine frequency by comparison with Cs. The uncertain- 
ties on these measurements are respectively 1.3 x 10“^^ and 2.5 x 10“^®. We 
then obtain an upper bound for the rate of change of a, a/a < 3x 10“^^yr“^. 
The accuracy of this test is comparable with the best previous laboratory 
test [52]. With improved accuracy, this test should soon improve by one or- 
der of magnitude. Furthermore, comparisons with other alkali-like atoms, 
such as Hg+ and Yb+, would give a clear signature of possible variations in 
a [52,50]. 

5 A Transportable Cold-Atom Clock 

The cold-cesium PHARAO clock is a transportable primary-frequency stan- 
dard. It is shown in Figs. 9, 10 and 11. It has been designed for operation 
in the absence of gravity and was tested in aircraft parabolic flights in May 
1997 [38]. It also serves as an engineering model for a future space-qualified 
cold-atom clock for the ACES mission (See Sect. 6). As shown in Fig. 9, it 
can operate either in single pass through the 65 mm-long-TEon microwave 
cavity with an upper detection zone, or in a fountain geometry with a lower 
detection zone. The single pass mode mimics the operation of the space clock, 
whereas the fountain mode is optimal for an Earth-bound experiment. Com- 
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Fig. 9. Schematic of the PHARAO clock setup. Insert: lower detection laser system 



parisons between the two modes will give access to the first-order residual 
Doppler correction (Table 1). For minimizing magnetic field fluctuations, this 
clock has no magneto-optical trap, (MOT) to load the atoms from the ce- 
sium vapor. The atoms are loaded from pure optical molasses in the Lin T Lin 
geometry with large-diameter laser beams (1/e^ diameter: 16 mm). 

A preliminary accuracy evaluation of PHARAO operating in the fountain 
mode has been made. Both the quadratic Zeeman effect and the cold collision 
shift were measured. For the first time, the shift due to collisions has been 
measured with atoms loaded purely from optical molasses. For a given number 
of detected atoms, the shift is found four times smaller than when using an 
MOT (Sect. 3). The relative uncertainty on the slope is less than 10 %. For 10^ 
atoms the shift is 8 x 10”^®, with an uncertainty below 8 x 10“^^, a factor of 
six below the value quoted in Table 1. For the frequency comparison with the 
fountain FOl, we also took into account the shift due to blackbody radiation; 
all other systemic effects are expected to be small compared with the present 
10“^® resolution of the measurements (Table 1). The frequencies of the two 
cesium fountains are indeed found to agree within the 10“^® error bars shown 
in Fig. 12. This is the case both when the devices are operated with the 
same interrogation oscillator, such as depicted in Fig. 1, or when a separate 
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Fig. 10. The transportable PHARAO cold-cesium clock in the ZERO g aircraft. 
The tube on the right part of the photograph is the 1 m-high-vacuum chamber. On 
the left part of the photograph is the optical bench, of dimensions 65 x 65 x 15 cm, 
and control electronics 





Fig. 11. Top view of the PHARAO laser system and the clock tube 



quartz crystal oscillator is locked to the atomic signal of PHARAO. Since the 
two devices are quite different in their design (capture of the atoms, launch 
geometry, microwave synthesis and cavity, detection,...), this agreement nicely 
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Fig. 12. Collisional shift in the transportable PHARAO fountain as a function of 
the number of detected atoms. Atoms are loaded from optical molasses and selected 
in m = 0. Their temperature « 1 |J,K 



confirms the current accuracy of 1.1 x 10“^® quoted in Table 1. We believe 
that the accuracy of this transportable device will also be in the low 10“^® 
range. 



6 ACES: Atomic Clock Ensemble in Space 

ACES is a space mission which has been selected by the European Space 
Agency (ESA) to fly on the international space station (ISS) in 2003 [37]. 
ACES consists of two clocks, namely a cold-atom clock (PHARAO) and a 
hydrogen maser (SHM, Neuchatel observatory), together with microwave and 
optical links for time and frequency transfer to ground users. These set of 
equipment will fit on a nadir-oriented express pallet of dimensions 863 x 
1168 X 1240 mm. The total mass should not exceed 225 kg and the electrical 
power consumption should be less than 500 W. 

Because microgravity allows long interaction times between the atoms and 
the microwave field, and because the atomic velocity is both smaller and more 
constant than an Earth-bound fountain, we expect an excellent accuracy for 
a cold-atom space clock. The specified frequency stability of PHARAO for 
ACES is better than 1 x 10“^^r“^/^. Averaged over one day, this stability 
should be 3 X 10”^®. Its projected accuracy is 1 x 10”^®. 

Scientific objectives of ACES also include measurement of the gravita- 
tional redshift with a 25-fold improvement over the Gravity Probe A mission 
of Vessot et al. [54], a better test of the isotropy of the speed of light, and a 
search for a possible drift of the fine structure constant a. Finally, with the 
time-transfer equipment, ACES will allow synchronization of time-scales of 
distant ground laboratories with 30 ps accuracy and frequency comparisons 
with 10“^® accuracy. 
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7 Future Prospects 

Microwave frequency standards using fountains are now in their maturity; a 
frequency stability of 6 x 10“^® has been measured and the present accuracy 
is 1.1 X 10“^®. With fountain clocks operating permanently with an SCO 
as interrogation oscillator, the frequency stability should enter into the low 
10“^® range over the reasonable averaging time of one day. The accuracy of 
Cs devices should then approach 1 x 10“^®. The two dominant terms in the 
present accuracy budget are the blackbody radiation shift, which must be 
evaluated at the 1 percent level, and the collisional shift. The latter prevents 
the use of large number of atoms, unless more complicated techniques such 
as juggling or cw fountains are used. Calculations show that the cavity phase 
shift is negligible at the 10“^® level, but it must be carefully evaluated when 
asking for a gain of one order of magnitude. 

Rb fountains, because of the strongly reduced collisional shift, may im- 
prove the accuracy even further, i.e. into the 10“^^ range. Fountains can 
now operate at the fundamental quantum limit for uncorrelated particles. 
An attractive line of research is to apply the recently proposed spin squeez- 
ing techniques to improve the frequency stability beyond the projection noise 
limit proportional to l/-\/iVat [55,56,57]. A factor of l/-\/]Vat can ultimately 
be gained. 

With their relative simplicity, fountain devices compete favorably with 
laser-cooled trapped-ion frequency standards. However, practically unlimited 
interaction times can be achieved with trapped charged particles. This is an 
advantage for increasing the quality factor. On the other hand, ions interact 
much more strongly via the Coulomb repulsion than do neutrals, and thus 
accurate ion traps are limited to storing just a single ion (or a small num- 
ber) [50] . The small number of ions leads to a relatively poor signal-to-noise 
ratio, and hence to a worse short-term stability, even if quantum-limited de- 
tection is implemented using the quantum jump method. 

Microwave cold-atom standards ultimately will be limited by the quality 
factor of the atomic line. Very narrow transitions in the optical domain offer 
attractive possibilities for optical fountains with neutrals [9]. A prominent 
example is the 1S-2S transition of hydrogen [8,58]. Alkali-earth atoms are 
good candidates since they have already been laser-cooled and possess for- 
bidden transitions in the visible domain. Progress with laser-cooled Ca, Mg 
and Sr using intercombination lines has been spectacular [59,60,61,62].^ For 
instance, the absolute frequency of the Ca 657 nm line is presently known 
with a relative uncertainty of 2.5 x 10“^® with respect to the cesium primary 
standard. All new generation optical frequency standards, whether making 
use of ions® or neutrals, require ultra-stable laser sources to interrogate their 
narrow lines. A recent breakthrough has been made by the NIST Boulder 

^ See the contribution by F. Riehle and J. Helmcke in Chap. II-l of this volume 
® See the contribution by A. A. Madej and J.E. Bernard in Chap. II-3 of this volume 
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group in measuring a subhertz laser linewidth in the visible range [63]. In 
addition, new concepts for frequency chains connecting the microwave and 
optical range are under active study and may make possible optical to mi- 
crowave frequency comparisons at 10“^® or below. ^ 

These new atomic frequency standards can be compared at the level of 
1 X 10“^^ using the transportable PHARAO device. Frequency comparisons of 
distant clocks using satellite time transfer, GPS-phase or two-way techniques 
are presently at the level of ~ 3 x 10“^® for an averaging time of 2 x 10"^ 
s [64], and ~ 2 x 10“^® for one day [65]. Global comparisons between foun- 
tains will improve the quality of the TAI (Temps Atomique International). In 
time, these new high-performance frequency standards will allow new tests 
in fundamental physics as well as new applications in navigation, positioning 
and geodesy. 
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Abstract. This work examines the current status of research on optical frequency 
standards based upon single trapped ions. Methods for the containment and laser 
cooling of such single-ion samples are briefly discussed. Detection of ultra-narrow 
reference transitions via the observation of quantum jumps is outlined, together 
with the progress in the development of laser sources to provide cooling, detection 
and probing for such standards. A brief discussion on methods employed to date on 
stabilization to single-ion transition resonances is given, together with a summary 
of some of the principal sources for systematic shifts in such systems. Progress in the 
investigation of Ba+, Sr+, Ca+, Hg"*", Yb'*', and In+ single-ion reference transitions 
is given. The work concludes with an overview of the progress in the measurement 
of single-ion referenced optical frequency relative to the Cs realization of the SI 
second and other reference standards. 



1 Introduction 

Since it was first conceived that atomic or molecular resonances could be 
used as accurate references of wavelength and frequency, a prevalent theme 
of physics research has been to perform measurements with atomic systems 
that are as completely unperturbed by the external environment as possible. 
This has been particularly true in the optical region of the spectrum where, 
since the advent of the laser, investigations have been performed under con- 
ditions where spectral features can be observed that are below the nominal 
Doppler width of the gas absorber system. As techniques such as saturation 
spectroscopy have been implemented along with advances in probe laser sta- 
bility, the issue of the accuracy and stability of the reference transition has 
become increasingly significant. One of the most powerful techniques in ap- 
proximating a nearly ideal reference atomic system has been the investigation 
of ion storage devices and, in particular, the trapping, cooling and probing of 
single atomic ions. It is now possible to suspend indefinitely a single atomic 
particle under ultra-high vacuum conditions, reduce its kinetic energy to the 
millikelvin level, and localize the ion to a region of sub-micron dimensions. 
Such conditions thus provide a significant decoupling of the ion from per- 
turbations such as collisions, transit time limitations, second-order Doppler 
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shifts (relativistic time-dilation) due to relative motion of the ion and the lab- 
oratory, and sensitivity to external fields and field gradients [1,2, 3, 4, 5]. More- 
over, the use of single probed atomic particles enables one to use techniques 
such as electron shelving, which allow detection with near unity efficiency of 
extremely weak dipole-forbidden transitions having frequency-to-linewidth 
ratios (line Q) of over 10^®. It has been proposed that certain ion systems 
may eventually yield accuracies approaching the level of parts in 10^® [5]. 
Already these systems have set new levels of spectral resolution and have 
now begun to be employed as optical references for frequency and vacuum 
wavelength [6]. Given the possibility of accurate and dependable frequency 
transfer between the optical and microwave frequency spectrum, such systems 
may play an important role in accurate time realization. 

A number of excellent reviews on ion trapping and its application to 
microwave frequency standards have appeared in the literature [2, 3, 7, 8, 9]. 
Also, single-ion traps have been used in precise investigations of quantum op- 
tics, collisional studies, and quantum mechanical phenomena including such 
effects as entanglement and its possible application to quantum computa- 
tion [10,11,12,13,14]. The scope of the present work is necessarily restricted 
so as to present a concise overview of the area of single-ion optical frequency 
standards and the progress toward the accurate measurement of optical fre- 
quency. The paper begins with a brief summary of the methods used for 
single-ion trapping and some current designs of traps. The issue of laser cool- 
ing to reduce ion kinetic motion is then discussed, with emphasis on the 
methods employed to date on single-ion samples. Since single-ions typically 
require a multiplicity of laser source radiations, a summary as to the issues 
in cooling, optical pumping, and probe sources will be presented. The status 
of laser stabilization to single-ion resonances will be given, together with a 
brief overview of the principal sources of systematic shifts. In order to give a 
perspective as to the state of research in this domain, a number of single-ion 
systems will be mentioned, together with their current level of development. 
Finally, a survey of the absolute frequency measurement of single-ion sys- 
tems will be given, including recent Cs-based measurements of the reference 
transition. 

2 Trapping of Single-Ions 

A number of papers and reviews have examined the use of ion traps for preci- 
sion measurement, spectroscopy, and frequency standards, and the reader is 
encouraged to examine these references if further detail is sought [2,9,15]. For 
single-ion studies, basically two types of trap have been employed to date. 
Penning traps employ a static electric field to provide axial confinement, and 
an axial magnetic field of several tesla in magnitude to provide confinement 
in the radial direction. Although single-ions have been observed in Penning 
traps [16,17], the current series of single-ion optical reference transitions that 
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Fig. 1. Schematic diagram of a hyperbolic quadrupole Paul trap 



are being investigated are explored under low magnetic field conditions using 
the radio-frequency or Paul-type trap (see Fig. 1). This section thus focuses 
on this form of trap. 

Since ions are charged particles, they can be influenced by applied elec- 
tric or magnetic fields. Thus a suitable arrangement of fields in which the ion 
sees potential a minimum in three dimensions could serve as an effective trap. 
Unfortunately, examination of Gauss’s law illustrates that it is not possible 
to have a potential minimum in three dimensions using solely electrostatic 
fields. In Paul- type traps an inhomogeneous, oscillating electric field is ap- 
plied to the ion. Although there are many configurations of electrodes and 
applied voltages that will yield stable confinement, a time-averaged confin- 
ing potential which is harmonic and symmetric is usually employed for most 
standard applications. A three-electrode configuration consisting of a ring 
electrode closed by two endcap surfaces, which provides the instantaneous 
potential of the form [9] 

<l,{r,z,t) = A{t){r^-2z^), (1) 



has been widely used to provide a harmonic potential with a saddle point at 
the origin. In this system, the r direction is the distance out toward the ring 
electrode, while the z direction is the distance along the endcap axis. The 
potential A{t) has oscillating and static portions applied between the ring 
and endcaps of the form 



A{t) 



Uo + Vo cos{f2t) 
r-o^ -I- 2zo^ 



(2) 



The ion is alternately confined in the radial and axial directions depending 
on the portion of the oscillatory cycle. The stability of the ion motion in 
such a field depends on such parameters as the ion mass, its charge, the trap 
dimensions, and the applied voltage amplitude and frequency. Solving for the 
equation of motion of an ion in such a field requires a solution of a Mathieu- 
type differential equation. It turns out that the confinement is only stable 
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for certain ranges of Uo and Vo for given ion mass m, trap dimensions: Tq 
and Zo (see Fig. 1), and applied oscillation frequency / = 17/27T. Regions of 
stability of these equations have been plotted in other papers [9,15]- For such 
stable solutions, the ion executes a motion which can be separated into two 
forms. The first is the driven oscillatory motion at frequency f? which is called 
micromotion. As can be seen from (1), this driven motion vanishes at the node 
of the trap. The second component is a slower motion associated with the 
time-averaged confining potential produced by the trap. The characteristic 
oscillation frequencies of this secular or macromotion are typically an order of 
magnitude below that of the driven motion. This motion is typically harmonic 
near the trap field node for most trap designs and is explicitly harmonic in 
the example shown in Fig. 1. With zero static potential {Uo = 0) between 
the endcap and ring electrodes, the secular motion frequencies in the time- 
averaged potential approximation can be given as 

uJi = 2-KVi = ai{'j2qVo)l{mfido^) , (3) 

where m and q are the ion mass and charge respectively, do^ = -|- 2zo^, 

and Oi is a numerical constant for motion along the ith axis {i = x, y, z). For 
the quadrupole trap of Fig. 1, the value of ai is 1 for the x, y directions and 2 
for the z direction. As an example, the NRC trap holding a single ®®Sr+ ion 
has Zo = TojV^ =0.52 mm, and is operated at = 12 MHz, Vo = 250 V. 
This yields axial and radial secular frequencies of 1500 kHz and 750 kHz re- 
spectively. The fact that the ion executes harmonic oscillatory motion near 
the trap field node is an important feature of trapped-ion spectroscopy which 
greatly simplifies the observed spectra, eliminates first-order Doppler broad- 
ening (see Sect. 6.1), and allows measurement of the ion kinetic parameters. 
More will be said of these features later. 

Although the quadrupolar hyperbolic trap shown in Fig. 1 yields the best 
approximation to a harmonic potential over a large portion of the trap vol- 
ume, the structure does not lend itself for easy viewing of single-ion fluores- 
cence or for the injection of laser excitation beams. Since the trap is usually 
designed for a single-ion which is subsequently cooled to millikelvin temper- 
atures and is located near the trap node, most single ion traps use a different 
electrode structure. Paul- type traps employing spherical [18] or conical elec- 
trode surfaces [19] have been built, which yield excellent approximations of 
the desired harmonic potential yet allow access for observation and excitation 
of the ion, together with greater ease in manufacturing. Planar traps formed 
with holes in parallel plates, or with rings, have also been demonstrated, 
and certain designs have been put forward based upon construction using 
lithographic techniques [20,21]. 

In many cases, it is desired to make the single-ion trap as small as pos- 
sible so that the ion is confined strongly and the ion secular frequencies are 
high. This is important for observing the ion spectra in a Doppler-free regime 
(Lamb-Dicke narrowing) (see Sect. 6.1), and to employ different laser cool- 
ing techniques. With smaller traps, light scattering off electrode surfaces and 
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difficulties in the relative alignment of the electrode position become signif- 
icant. Approaches to avoid this problem have included building traps with 
a small ring structure but moving the endcaps to a large distance (Paul- 
Straubel trap) [22,23], or having a pair of small endcaps with the ring elec- 
trode moved towards infinity (endcap trap) [23]. For these traps, the required 
radio-frequency (rf) voltage needed for a given secular frequency is consider- 
ably higher than in the conventional Paul trap. Voltage amplitudes of around 
5-10 times higher are needed for the Paul-Straubel configuration, while a fac- 
tor of 2-5 times higher is typical for the endcap traps. This is a matter of 
concern since the maximum applied voltage on the electrodes is frequently 
limited by the breakdown of the vacuum feedthroughs. The problem of in- 
creasing the applied trapping voltage on the electrodes has recently been ap- 
proached using a variant of the rf ion trap, which has a high-Q quarter-wave 
resonator for the applied rf field located within the vacuum envelope [24]. 
In this way, the researchers were able to drive their trap at frequencies of 
240 MHz. The resulting secular frequencies were of the order of a few x 
10 MHz. 

The signal-to-noise ratio, and thus the frequency stability of a single-ion- 
based optical frequency standard, depends on the number of atoms being 
interrogated. For this reason, the use of multiple isolated ions which could 
be individually interrogated is an attractive option. Unfortunately, the tra- 
ditional Paul trap design has a trapping field that vanishes at only a single 
point in the trap. In order to confine larger numbers of ions at low trapping- 
field intensity, a number of research teams have investigated a design known 
as a linear rf trap. In this design, the trap consists of a linear quadrupole po- 
tential, created by four rods, with additional endcaps to provide confinement 
along the trap axis [25] . The advantage of such a design is that an approxi- 
mate field nodal line lies along a central axis and a series of ions can exist in 
string formation suffering from minimal micromotion. In this way a series of 
single-ions can be held and interrogated individually, each having very low 
kinetic energy. Another variant of this design has been the demonstration 
of an rf ring trap where the electrodes of the linear quadrupole are bent so 
that a closed quadrupole ring is created [26] . Although these approaches have 
been used with success for microwave transitions, with good localization to 
a scale length below that of the incident microwave radiation, sufficient con- 
finement and cooling for optical transitions is even more stringent. The ions 
in the string are coupled to each other via mutual Coulomb repulsion and the 
characteristic frequency along the axial direction is considerably lower than 
in the radial direction. Initial probing of optical transitions using such traps 
has recently begun [27]. 

An issue of significance for single-ion traps is the ion localization at the 
field trap node. Stray static electric fields from contact or patch potentials due 
to coated metal from the trap loading oven or other sources, together with 
misalignment of the trap electrodes, can push the equilibrium point of the ion 
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away from the trapping node. Since the level of micromotion increases with 
distance from the field node, unacceptable levels of driven motion, creating 
comparatively large Doppler and Stark shifts, can occur. This is especially 
true for ions confined in very deep trap potentials. A widely used method 
for minimizing such effects has been to adjust the location of the ion using 
static compensation electrodes located in the vicinity of the principal trap 
structure [28,29]. By suitable application of these trim voltages, the ion can 
be displaced to the proper nodal point and thereby minimize the micromo- 
tion. A number of methods can be used to detect the level of micromotion, 
including observation of the ion position using an imaging camera, or looking 
for spectral features associated with micromotion [30]. A widely used tech- 
nique has emerged which observes the correlation in the fluorescence photon 
arrival time with the trap drive phase [10, 28, 29]. This method makes use of 
the Doppler modulation of the trapped-ion absorption rate that occurs as 
the ion undergoes the micromotion. Since the radiative lifetime for the up- 
per level of the cooling transition is much shorter than the rf period, the 
Doppler-modulated absorption rate results in a modulation of the observed 
fluorescence, and hence a strong correlation of the detected photon arrival 
time with rf drive phase. Figure 2 shows the change in the modulation ampli- 
tude and phase of the observed photon arrival time relative to the trap drive 
rf potential as the axial compensation potential was adjusted for the NRC 
Sr+ ion trap. Very precise adjustments of the ion position can be achieved 
using this method for setting the trim potential. 




Fig. 2. Plots of the observed modulation in fluorescence intensity at the trap drive 
frequency. The plots show the change in modulation amplitude {filled circles) and 
phase {open circles) as a function of bias axial trim voltage applied to the endcap 
electrodes. This data was obtained from single-ion experiments with ®®Sr+ 
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In concluding this section on ion traps, we consider the process by which 
such single-ions are loaded within the trap volume. In most cases, a source of 
neutral atoms is supplied to the trap from a nearby oven, whereupon they are 
ionized by an electron source (a biased, heated filament) [18]. In some cases, 
it is possible for the oven source to also supply the ionization electrons by 
biasing the oven relative to the trap. The ionization is provided by thermioni- 
cally emitted electrons which leave the oven due to the lowered work function 
of the oven surface resulting from the coating of loading atoms [31]. In the 
case of single-ion loading, the oven and electron source are set at low emis- 
sion levels. With the excitation source optimized to reveal fluorescence from 
a single-ion, the loading is halted as soon as fluorescence appears. Confirma- 
tion that a single-ion has been loaded is then made by techniques such as 
observing the quantum jumps in fluorescence (see Sect. 4.1). 



3 Laser Cooling of Single-Ions 

As a vital prerequisite for the accurate probing of a single-ion, the initial 
thermal motion of the ion (typically a few 1000 K) must be reduced into 
the millikelvin regime. The method of laser cooling proposed by Hdnsch and 
Schawlow [32] and also by Wineland and Dehmelt [33] employs the fact that 
each photon carries momentum and can be used to reduce the momentum of 
the ion. Since each photon carries only a small fraction of the ion’s initial total 
momentum, the ion must absorb and emit many photons per unit time for 
effective cooling. This then implies that the ion system to be employed should 
have a resonance transition which can be accessed by currently available 
continuous wave (cw) laser technology and have an energy level structure 
suitable for cycling the ion from ground to upper excited state at high rates. 
Since many singly charged ion species have resonance transition frequencies in 
the deep Ultra Violet (UV) or Vacuum UV (VUV), many single-ion systems 
are not easily reached by currently available laser systems. Moreover, many 
ion systems possess numerous long-lived, metastable levels to which the upper 
state of the resonance transition can de-excite. This imposes a requirement 
for additional optical pumping sources to empty these metastable states. 

If the ion has a suitable energy-level structure, one can make use of laser 
cooling. The laser source is tuned slightly below the center frequency of a 
strongly allowed transition. In the trap, the ion undergoes oscillatory motion 
which Doppler-shifts the incident radiation into resonance when the ion is 
traveling with a velocity component toward the light source and out of reso- 
nance when it travels with a velocity component away from the source. Hence 
photons will be preferentially absorbed when the ion motion is opposing the 
light propagation and thus the ion’s momentum is reduced. The resulting 
fluorescence is an isotropic process and does not influence the long-term mo- 
tional energy of the ion in a particular direction. The loss in kinetic energy of 
the ion is made up by an increase in the average energy of the photon by the 
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absorption-emission process since the mean energy of the absorbed photon is 
below the resonance energy, while the mean energy of the fluorescence pho- 
ton corresponds to the line center of the transition. Via the absorption and 
fluorescence of many millions of photons per second, the ion’s kinetic energy 
in the laser source direction is rapidly reduced. Also, since the ion’s bound 
motion within the trap potential possesses various canonical secular vibration 
frequencies, it is possible to cool the motion of the ion in all directions with 
a single laser source, provided that the cooling radiation propagation vector 
has a component along all the canonical vibration directions [34] . 

The above description of laser cooling applies to the situation where the 
linewidth of the cooling transition 7/27 t is much wider that the characteristic 
secular motion frequencies. This situation is that which is usually encountered 
in most single-ion experiments. For such situations, the minimum tempera- 
ture obtainable is limited by the spontaneous emission of the fluorescence 
photon (Doppler limit) and [35] is 

Tmin = h'^/AirkB , (4) 

where fee is Boltzmann’s constant. For example, the minimum kinetic temper- 
ature is approximately 0.5 mK for the ®®Sr+ 5s ‘^Si /2 - 5p ^Pi /2 transition at 
422 nm. In cases where the cooling transition linewidth is smaller than the 
characteristic secular frequency (for example, for the ^^^In+ 5s ^So~ 5p^Pi 
cooling transition where the linewidth is only 7/27 t = 0.4MHz) [36], the 
observed absorption profile of the laser-cooling transition will exhibit re- 
solved motional sidebands at the trap secular frequency. By laser cooling 
at a lower secular-motion sideband frequency, the ion can be pumped down 
to lower quantum numbers of the quantized trap vibrational energy levels. 
This method is known as “sideband cooling” and was one of the first methods 
proposed to laser-cool atoms [33]. For a sufficiently narrow cooling transition, 
the ion can be cooled down with high probability to reside in the ground state 
vibrational level of the trap harmonic well. This method was demonstrated 
by the group at the National Institute of Standards and Technology (NIST), 
Boulder CO, who precooled a ^®®Hg+ ion first to millikelvin levels using the 
strongly allowed 6s ^Si /2 - 5d^^6p ‘^P \/2 transition and then performed side- 
band cooling on the 6s ~ 5d®6s^ transition together with optical 

pumping-out of the upper metastable level [37]. In this way they were able to 
cool the ion down to the zero point motion of vibration for a specific secular 
motion with greater than 95% probability of being in the vibrational ground 
state. 

In the past few years, a number of other techniques have been proposed 
and experimentally explored to reduce further the ion kinetic energy below 
that obtained by the Doppler cooling limit. Techniques employed for neu- 
tral atom cooling, such as Sisyphus cooling [38], have been proposed. Raman 
cooling has been demonstrated in single Be+ ions [39]. In addition, various 
three-level excitation schemes have been explored to decrease further the ion 
kinetic energy toward the ground state vibrational level of the trap [14,40,41]. 
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In most cases, the simple method of Doppler cooling reduces an ion’s ki- 
netic energy to sufficiently low levels that the ion motion amplitude is below 
the wavelength of the incident probe laser (Lamb-Dicke regime) and the 
estimated kinetic energy is sufficiently low that the resulting second-order 
Doppler shifts are below the level of 

4 Laser Sources for Probing, Cooling and Detection 

Optical frequency standards based on single trapped ions require specialized 
laser systems for laser cooling and for probing the narrow, dipole-forbidden 
reference transitions. The isolated, single-ion nature of these standards im- 
poses rigorous requirements on the stability and even the number of laser 
sources but also permits the use of the quantum jump technique to detect 
the absorption of single probe photons. This section begins by describing the 
method of quantum jumps or electron shelving. This is then followed by a 
description of the laser systems used in practice for laser cooling and probing 
single-ions. 

4.1 Shelved Electron Detection of Single- Ion, 

Ultra-Narrow Transitions 

Although a single trapped ion possesses the intrinsic advantages of a nearly 
isolated quantum system, there exists the challenge of detecting the absorp- 
tion of individual photons by the narrow linewidth (and weakly allowed) 
reference transition. Since typical linewidths of such transitions are on the 
hertz level and fluorescence detection efficiencies from a single-ion are on 
the order of a fraction of a percent, it is clear that direct detection of flu- 
orescence or absorption by the reference transition would be an extremely 
difficult undertaking. An elegant solution to this problem was proposed by 
Dehmelt [5,42] in which the single-atom nature of the system under study is 
exploited. The method involves observing the quantum jumps [44,45,46] of 
the strong resonance fluorescence of the single-ion when the ion is excited into 
the upper metastable level. As mentioned earlier, the fluorescence rates of a 
resonance transition from the single-ion can be of the order of 10^-10® s“^ 
and thus, with available collection optics and efficient detectors, one can de- 
tect single-ion fluorescence at the level of several thousand counts per second, 
which can be well beyond the background scattered light level in the appa- 
ratus. Hence, detection of the single-ion from the resonance fluorescence is 
relatively straightforward, yielding a good signal-to-noise ratio. When the ion 
is excited on the narrow reference, or “clock” transition, the ion’s quantum 
state is placed into the upper metastable level and is thus decoupled from 
the excitation on the strongly allowed resonance transition. Since metastable 
lifetimes are of the order of milliseconds to much longer, the observed fluores- 
cence count rates are abruptly halted each time the ion’s electron is shelved 
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via excitation on the reference transition. In this way, one is able to detect ar- 
bitrarily weak transition events with near-unity detection efficiency. Return of 
the ion to the strong fluorescence condition occurs when the ion is de-excited 
out of the metastable level by stimulated emission or spontaneous relaxation. 
The generalized scheme for such a detection method is shown in Fig. 3. As 
can be seen, the method requires the use of at least two frequency-stabilized 
laser sources. The first source, denoted as the cooling/detection source, serves 
to provide fluorescence excitation and laser cooling for the single-ion. Typical 
requirements of such a source are a linewidth of less than a few megahertz, 
with a long-term frequency stability better than a few megahertz, and an 
output power of several microwatts, focused into a spot size tens of microns 
in diameter. In some cases, such as for the In+ ion [36,43], these requirements 
are even more stringent due to the weakness of the chosen cooling transition. 

The probe laser system for the reference transition needs a linewidth and 
medium term (wls) frequency stability of the order of the natural linewidth 
of the clock transition being probed. Since line Q’s for many of the single- 
ion systems being studied are at the 10^^ level or higher, this represents 
a demand for the state of the art or beyond in stabilization methods. The 
optical power requirements for excitation on these transitions can be as low 
as a few nanowatts for most electric-quadrupole transitions studied [47] , and 
up to the milliwatt level for extremely forbidden transitions [48], focused into 
a spot size of tens of microns. 

In practice, a number of other laser sources are necessary to prevent the 
relaxation of the ion into an unwanted metastable level. These secondary 
pumping sources need to have similar frequency stability and power require- 
ments as the main laser-cooling source. In some cases, up to five laser sources 
may be necessary [49] to provide all the required excitations for a single-ion 
probing experiment. These requirements understandably place great demands 
on having reliable, compact, and broadly tunable laser sources with moderate 
frequency stability. It is only in recent years, with the arrival of such source 
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Fig. 3. Schematic diagram of the energy levels employed for quantum jump detec- 
tion of a narrow reference transition 
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technologies as tunable diode lasers [50,51,52,53,54,55,56] and other forms 
of solid state lasers [57,58,59], that many single-ion systems are now being 
actively studied. 

As a final point, it is important to mention that the ion being probed 
on the ultra-narrow reference transition is not perturbed by the radiation 
provided for laser cooling and detection. In most cases, the cooling and clock 
transitions share the ground state as a common level. Simultaneous excitation 
of cooling and clock transitions would couple the two transitions, resulting 
in a power broadening of the narrow reference line being probed. For these 
reasons, it is common to arrange that the cooling/detection beam and the 
probe beam alternately illuminate the ion. Synchronized mechanical light 
choppers [47] or controlled acousto-optic light shutters [60] can be used to 
isolate and synchronize illumination of an ion. Time-gated detection of the 
fluorescence light during illumination by the cooling/detection laser source(s) 
then serves to confirm whether a quantum jump on the reference transition 
has occurred. 

4.2 Laser Sources for Laser Cooling and Pumping Transitions 

As mentioned earlier, many of the single-ion atomic systems of interest for 
optical frequency standards have suitable laser-cooling transitions which lie 
in the deep UV to VUV regions of the spectrum. For many years, this has 
acted as a challenge to the development of ion standards. As a result, some 
ion systems, such as the alkaline-like group-II ions, have been chosen for the 
relative ease of accessing their principal cooling and pumping transitions. One 
of the most widely examined single-ion systems has been Ba+ (see Fig. 5 in 
Sect. 7) . The resonance S - P transition for cooling and detection is at 493 nm, 
while a necessary metastable P- D pumping transition lies at 650 nm [18,61]. 
Technology available in the late-1970s and 1980s made this system attrac- 
tive since commercially available dye lasers could be employed for both these 
transitions. The linewidths and stabilities of these sources permitted several 
significant investigations using this ion system [18,44,61,62,63]. Recently, fre- 
quency doubled diode lasers have been employed to provide the 493 nm light, 
together with the use of commercially available 650 nm diode laser sources for 
the metastable transition [55]. The cooling laser’s absolute frequency stabil- 
ity has recently been improved via the demonstration of locking the 493 nm 
to saturated absorption resonances in Te 2 [55,64]. 

Similarly, the lowest excited state transitions of Sr+ (Fig. 5) have afforded 
an excellent match to current laser technology. Originally cooled on the S - P 
transition at 422 nm using dye-laser radiation [65] , frequency-doubled diode- 
laser systems (with easily available diode sources at 844 nm and very efficient 
frequency-doubling crystals) have more recently been employed to provide 
a reliable laser-cooling source [52,54,66]. This cooling transition frequency 
possesses the fortuitous coincidence of being nearby to a strong groimd-to- 
excited-state transition of Rb, thus enabling straightforward long-term con- 
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trol and stabilization of the laser-cooling source using a simple absorption cell 
method [54]. As in the case of Ba’*', optical pumping out of a metastable D 
level is also necessary (at a wavelength of 1092 nm). The development of fiber 
lasers in the mid-1980s provided a solution to this need, and tunable Nd^+ 
fiber laser systems [57] were developed to provide compact and dependable 
sources for this requirement. 

The required laser cooling and metastable pumping wavelengths for Ca“'" 
(Fig. 5) are 397 nm for the S-P transition and 866 nm for the P-D transi- 
tion. Using frequency-doubled Ti:sapphire and doubled diode laser sources, 
the 397 nm light radiations have been demonstrated by a number of groups 
with the 866 nm light produced by a tunable diode laser source [56,67,68,69]. 
For both Sr+ and Ca’*', the branching ratios of the upper P state are highly 
favored toward the principal cooling transition (> 10:1). In this way the 
stability behavior for the optical pumping source is correspondingly less per- 
turbing to the single-ion temperature and fluorescence. 

One of the systems studied which has produced some of the pioneering ad- 
vances toward laser cooling and spectral resolution has been the single-ion of 
Hg+ (see Fig. 6 in Sect. 7.4). For this system, a single cooling laser at 194 nm 
is necessary to excite the S - P transition and provide uninterrupted excita- 
tion. A sum-frequency laser system that generates 194 nm light was developed 
by the team at NIST in the early 1980s [70]. The system is based upon mix- 
ing frequency-doubled Ar+ laser light at 257 nm together with tunable dye 
laser radiation at 792 nm. The Ar+ laser is stabilized on an I 2 resonance to 
provide frequency stability. The apparatus produces several microwatts of 
power, sufficient for single-ion experiments. In some experiments, using an 
odd isotope of Hg+, it was necessary to generate two signals at 194 nm with 
slightly different frequencies for optical pumping and state preparation. This 
was accomplished by employing two different dye laser sources at 792 nm [60]. 
Despite the attraction of using a single source for cooling and detection, the 
apparatus for generating the desired 194 nm light has been sufficiently com- 
plex as to retard the investigation by other groups of this ion system. Recent 
work by the NIST group towards the conversion of the source to a compact 
solid-state laser system [71] may aid in this matter. 

The single-ion of Yb’*' possesses a number of reference single-ion tran- 
sitions of interest (see Fig. 7 in Sect. 7.5) for optical frequency standards 
[48,49,72,73]. Laser cooling and detection is obtained by driving the 369 nm 
S-P transition using either a frequency-doubled Ti:sapphire laser [74] or 
a frequency-doubled diode laser system [53]. Similar to the Group-II ions, 
optical pumping-out of a metastable D state must be performed; otherwise, 
S-P fluorescence will be halted. Originally a source at 2.44 pm [74] was 
employed for excitation on the associated P - D transition; however, it was 
observed that excitation with Ti:sapphire or fiber laser light at 935 nm out of 
the metastable D state [58,75] produced efficient optical pumping back into 
the cooling/fluorescence channel and has been widely used since. 
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The Yb+ ion system possesses an extremely long-lived ‘^F'j /2 metastable 
level whose natural lifetime has been measured to be 3700 days [48]. Experi- 
ments employing clock transitions to this level or to the nearby ^£* 5/2 state 
lead to unacceptably long residence times in this ultra-long-lived state. The 
group at the UK’s National Physical Laboratory (NPL) has thus developed 
another optical pumping source based on a grating-stabilized tunable diode 
laser at 638 nm, which pumps the electron out of the F state and resumes 
fluorescence on the cooling transition [72] . 

As in the case of Hg+, the energy level arrangement of In+ requires only 
a single laser source for cooling (see Fig. 8 in Sect. 7. 6 ). The strongly allowed 
^Sq-^Pi transition at 159 nm could serve as a cooling source; however, its 
placement in the deep UV has prompted the use of the ^Sq-^Pi transition 
at 231 nm [36,43]. The linewidth of this transition is 360 kHz [36] and thus re- 
quires higher laser stabilities and greater laser power intensities for successful 
detection and laser cooling. On the other hand, the narrow linewidth of the 
cooling transition enables one to use methods such as sideband cooling for 
low ion kinetic temperature. A frequency-doubled dye laser source has been 
employed in conjunction with stabilization on a reference cavity in order to 
provide the needed stability. 

4.3 Laser Sources for Probing Narrow Reference Transitions 

As stated earlier, the spectroscopic study of narrow reference transitions in 
single, trapped ions has been a stringent test to the ultimate stability lim- 
its of frequency-stabilized laser systems. Although some laser systems have 
been employed using other stabilization schemes [48,76,77], the method of 
choice has been to stabilize the clock laser using an ultrastable evacuated 
reference cavity [78,79,80,81] using the Frequency-Modulated (FM) sideband 
technique of Pound-Drever-Hall stabilization [78]. In this method, the input 
beam is phase-modulated using an Electro-Optic Modulator (EOM) to pro- 
duce a carrier and a pair of lower-intensity sidebands. Upon reflection from 
the cavity, the carrier and sidebands experience different amplitude reflectiv- 
ity and phase shifts due to interference with the cavity held, which leaks from 
the input mirror. Demodulation of the reflected light at the EOM frequency 
gives the sum of a frequency discrimination signal centered on the cavity 
resonance [80] and a phase discrimination signal dependent on the relative 
phase between the laser and the cavity held. Since the held inside the high- 
finesse cavity responds slowly to changes of frequency, phase or amplitude of 
the input beam, the frequency discrimination signal is limited in bandwidth 
by the reference cavity decay time. However, the phase discrimination signal 
is only limited by the bandwidth of the demodulator since it depends on an 
instantaneous phase difference [78]. As a result, this method allows for the 
use of cavities with very high finesse and long decay times, yet retains control 
bandwidths up to the order of the EOM modulation frequency. With current 
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mirror coating and polishing technology, cavity hnesses of over 10^ and re- 
sulting fringe widths less than 10 kHz can be achieved for optical cavities 
of several centimeters in length. Several groups have demonstrated subhertz 
relative stabilization of their laser source to such a reference cavity using gas, 
dye, diode, and solid-state laser sources [80,82,83,84]. Of course, the absolute 
frequency stability of the servo-locked laser system is only as good as the 
true absolute frequency stability of the reference cavity. It is therefore very 
important to construct a cavity which possesses both extremely high hnesse 
and passive stability. 

A number of evacuated, temperature-stabilized and vibrationally isolated 
reference cavity laser systems have thus been developed over the years for 
specihc application to the probing of narrow ion reference transitions. Ultra- 
low-expansion cavity spacer material, such as ULE or Zerodur, has been 
widely used, with the cavity maintained at pressures well below 10“® Pa 
and having extensive passive and/or active vibration isolation [47,60,82]. 
Some systems have shown long-term drifts below 2kHz/day corresponding 
to spacer length changes of less than 0.6 Bohr radii per month [47]. Stabi- 
lized laser linewidths have been observed below the kilohertz level by several 
groups [82,85,86,87,88]. Recent results from the group at NIST have shown 
beat frequency linewidths between two independent cavity-stabilized laser 
systems below 1 Hz [71,89] at an operating frequency of 550 THz. In previous 
work, the group has shown linewidth structure for the Hg+ transition of less 
than 80 Hz at 282 nm [82] , which is presently the highest spectroscopic reso- 
lution ever obtained in the optical region of the spectrum. Summaries as to 
the status of probe laser resolution for the various other single-ion systems 
will be deferred to Sect. 7. 

5 Frequency Stabilization on Single-Ion 
Reference Transitions 

In order to exploit the stability and accuracy of a single-trapped-ion standard, 
the ultrastable laser source, described in the previous section, must be locked 
to the ion transition frequency. This section deals with the measurement of 
the clock spectrum and techniques used to lock, or reference, the ultrastable 
laser to the center of this spectrum. 

The resonance frequencies of the ultrastable cavity are determined by 
its hxed length and therefore it is necessary to shift the output from the 
laser to the ion transition frequency. This has been accomplished in the past 
either with an Acousto-Optic Modulator (AOM) [47,82,90], or by means of 
a sideband injection technique [88]. The latter method makes use of a slave 
diode laser that is modulated at an rf frequency by control of its current and 
is injection-locked on one of its modulation sidebands by the ultrastable laser. 
The shifted probe beam, produced by either method, can then be scanned 
across the transition spectrum or locked to its center frequency simply by 
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varying the AOM frequency or by varying the modulation frequency applied 
to the slave laser. 

As discussed in Sect. 4.1, the probe laser is chopped to prevent power 
broadening of the lower level of the clock transition. This process limits the 
duration of the clock probe pulses that ideally should be at least as long as 
the transition lifetime in order to prevent interrogation broadening of the 
probe laser beyond the transition linewidth. To date, the linewidths of probe 
lasers have been typically much greater than the width of the ion transition, 
and short probe periods of several milliseconds are common [47,60,90]. 

Several methods have been used to measure the ion transition spectrum. 
Perhaps the simplest technique is to use two synchronized mechanical chop- 
pers, operating at 10-100 Hz with “on” duty cycles of less than 50%, to 
shutter the probe and cooling beams [47]. The shifted probe laser frequency 
is set at a particular value for a period of time (typically 10-50 transition 
lifetimes) and the fluorescence level is recorded by a computer during the 
cooling part of the cycles. The number of quantum jumps is counted at each 
setting of the AOM frequency. A second technique for measuring the tran- 
sition spectrum is to irradiate the ion with the probe radiation for a fixed 
period of time after turning off the cooling beam [60,72,90]. After this period, 
the cooling laser is switched back on and the fluorescence level recorded by 
a computer to determine whether or not there has been a quantum jump. 
If the fluorescence has disappeared, the cooling and any necessary clear-out 
or optical pumping lasers are left on until the fluorescence reappears. This 
process is then repeated a number of times at each shifted frequency until the 
scan is complete [72,90]. Alternatively, the frequency of the shifted probe can 
be stepped after each probe cycle and the spectrum built up from multiple 
scans [60] . This latter technique has the advantage of averaging any drifts in 
the ultrastable laser. 

A technique similar to that employed in cesium atomic clocks at micro- 
wave frequencies has been used successfully to lock the frequency of the 
shifted output from an ultrastable laser to the clock transition in a single 
trapped ion [60,85]. Two frequencies, one on either side of line center and 
separated by approximately the Full-Width at Half-Maximum (FWHM) of 
the transition (usually determined by the linewidth of the probing radiation), 
are probed for a fixed period of time or for a fixed number of probing cycles. 
The number of quantum jumps at each frequency, C(|_ and C'_, is counted 
and used to determine a correction term, which is, then added to the previous 
frequency offset at the end of each lock cycle [85]; 



E=G 



C'^ + C'__ 



( 5 ) 



where G is the chosen gain in hertz and must be less than the FWHM if the 
lock is not to oscillate. The quantum jumps obey Poisson statistics and the 
effective signal-to-noise ratio is therefore limited. This results in an uncer- 



168 Alan A. Madej and John E. Bernard 

tainty in the central frequency determined by the lock, as represented by (5), 
given by 

yc°+ci ^ <**> 

For example, for G = 200 Hz (an appropriate gain for FWHM = 400 Hz) and 
~ C(_ w 15, AFIrms = 37 Hz. In the absence of drifts, this uncertainty 
in the lock can be reduced by averaging. 

Although the long-term drift rate of the fringe resonances for ultra stable 
cavities can be as small as 0.02 Hz/s, short-term drift rates are often several 
hertz per second [71,85,90] and must be followed by the locking algorithm. If 
the ultrastable laser is drifting with respect to the ion transition, there will 
be a difference between the calculated offset and the true (drifting) offset of 
the laser from the ion transition. A correction can be calculated if the drift 
rate is constant and not too large [85]. It should be noted, however, that 
under typical conditions the lock will be unable to compensate for a drift if 
the drift over the period of a lock cycle is greater than approximately 0.7 
times the effective transition linewidth FWHM. 

6 Limitations to Accuracy in Single-Ion 
Optical Frequency Standards 

In the previous sections we considered limits to the accuracy of a single- 
ion optical frequency standard that are due to the probing of the reference 
transition. In this section, we will consider the more fundamental limits on 
the ultimate accuracy of a single-ion standard arising from systematic shifts 
of the reference spectrum due to the ion’s motion and environment. 

6.1 Elimination of the First-Order Doppler Effect 
(Lamb Dicke Regime) 

Since a single-ion can be confined within a harmonic potential well and laser- 
cooled to a very low kinetic temperature, it is possible in some situations for 
the amplitude of the ion’s motion to be below the scale of the wavelength of 
the light used to probe the reference transition. Under such conditions, origi- 
nally studied by Dicke [91], the absorption spectrum of an atom irradiated by 
a source will show an unshifted narrow carrier, free of any first-order Doppler 
effect. For a harmonic potential well, weak sideband structures will be ob- 
served at the secular motion frequency away from the central carrier. This 
result can be understood by considering the ion to be executing some com- 
bination of harmonic oscillations at the secular frequencies within the trap. 
The phase seen by the moving ion will be sinusoidally frequency-modulated 
by a secular motion induced Doppler shift whose relative amplitude is 

/ = {ujov)/{lOsc) , 



( 7 ) 
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where ujq is the carrier frequency, v the velocity component of the ion motion 
toward the source, and Wg the secular frequency. Since the phase is modulated 
at the secular frequency, the ion will observe spectral components not only 
at the carrier but at multiples of the secular frequency away from the main 
unshifted frequency. As the velocity of the ion is reduced, the amplitude 
of the sidebands will drop and the power in the carrier will rise. Eventually, 
under the condition / <C 1, most of the observed power will lie at the incident 
carrier frequency with little power in the lowest-order nearest sidebands. The 
condition 1^1 can be rewritten [18] to be 

xo <C X/2tt , (8) 



where xq is the amplitude of the ion’s motion. This expression is the condition 
for Lamb-Dicke confinement. Hence under these conditions, the ion has an 
absorption at the carrier frequency which is free from the first-order Doppler 
effect and whose sideband absorption intensities yield information as to the 
amplitude of the kinetic motion of the ion in the trap. Figure 4 shows an ex- 
ample of the observed spectrum of carrier and sidebands from secular motion 
and micromotion. Expressions for the expected amplitude ratio of sideband 
to carrier for a given thermal Maxwell-Boltzmann energy distribution are 
given by Wineland and Itano [34]. For the case of k^T hvi, where t'i is the 
secular motion frequency of the ion, Urabe et al. [68] have shown that the 
relative intensity of the first-order sideband to the carrier is given by 



[^(l)/^(0)], 



(l ^ X - 1/2)] 

V 2ksT J Io[{ki‘^h/4Tr'^mvi){kBT/hi^i- 1/2)]' 



(9) 



where Im is the modified Bessel function of order m, h is Planck’s constant, fee 
is Boltzmann’s constant, T is the effective temperature, ki is the component 
of the wave vector in the f-th direction and m is the ion mass. In a similar 
way, studies of the relative absorption intensity at the central carrier and 
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Fig. 4. Schematic diagram of an ion reference transition spectrum showing carrier 
(uo) and sideband resonances at the secular (wo± ntus) and micromotion (wo ± D) 
frequencies. Actual spectra are considerably more complex, involving resonance 
frequencies from the different canonical secular frequencies and combinations of 
excitations. For an example of an actual spectrum, please see [128] 
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the sidebands, located at the trap drive frequency, give information as to the 
level of residual micromotion in the trap [30] . 

In summary, by suitable control of ion kinetic temperature by laser cool- 
ing within a sufficiently confining trap potential, it is possible to obtain reso- 
nances without first-order Doppler broadening. A number of groups have now 
reached this level of resolution for the ion systems they have under study. 



6.2 Second-Order Doppler (Relativistic Time Dilation) Shifts 



The actual expression for the Doppler effect, including relativistic effects, is 
well known [2] as 



' 1 — vjc 
1 -I- vjc ’ 



( 10 ) 



where v is the observed frequency, is the frequency in the moving frame, 
and V is the relative velocity. Expanding the shift in terms of powers of 
vjc yields higher-order terms in addition to the normal first-order shift. For 
low kinetic energies, the second-order term proportional to — l/2(w/c)^ is the 
most important. This shift moves the observed resonance frequency to a lower 
value with increasing velocity and thus causes a shift in the ion resonance. For 
single-ion traps, second-order Doppler shifts can arise from the secular motion 
(thermal) and the driven micromotion of the ion. It is thus very important 
that micromotion be reduced as much as possible since this source may easily 
dominate the total second-order Doppler shift. Recently, expressions have 
been given for calculating the time dilation shifts on single-ions due to both 
secular and micromotion effects [30]. For the driven motion, if the amplitude 
of the first sideband (i?i) at the micromotion frequency is measured relative 
to the carrier transition amplitude (Rq), one can determine the second-order 
Doppler contribution as: 



^D2 ^ _ f ^ ^ ^ ^ 

V \ck cos 9 J i?o ’ 



( 11 ) 



where k is the probe laser wave- vector magnitude and 9 is the angle between 
the direction of micromotion and the wave- vector. If micromotion is not the 
dominant effect on the second-order Doppler shifts, one can reach extremely 
low levels of shifts by laser cooling the ion down to the ground-state level 
of the ion trap potential well. As stated in Sect. 3, the NIST group has 
employed two-stage cooling methods to cool effectively a single Hg+ ion to 
the ground state of the trap potential well, where the calculated second-order 
Doppler effect for the cooled motion is < 10“^° [37]. Under such conditions, 
other characteristic systematic shifts can easily be much larger than this 
contribution. 
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6.3 Quadratic Stark Shifts of the Ion Transition 
Due to the Ion Trap 



Since the ion trapping field vanishes strictly only at the central field node, 
thermal motion of the ion together with any micromotion-induced displace- 
ments will cause the ion to be exposed to a nonzero electric field and thus suf- 
fer a quadratic Stark-effect of the ground and excited states. Stark effect sensi- 
tivity to such fields can be calculated by evaluating the Stark coefficients using 
perturbation theory. Given the known transition strengths of the ground and 
excited states of the clock transition, it is possible to calculate the Stark sen- 
sitivities via the scalar and tensor polarizabilities [92]. For example, the cal- 
culated Stark shift for the (m(/), m(j")) = (1/2, 1/2) and (—1/2, —1/2) sub- 
levels of the 5s ^S'i/2~4rf ^ 1 ) 5/2 levels of ®®Sr+ is cts = — 2.3mHz/(V/cm)^. 
In one series of experiments, the group of Nagourney and co-workers have 
measured Stark shifts in their Ba+ transition by observing the change in the 
actual S - D transition frequency as a function of displacing their ion from 
the trap field node using DC bias potentials [86]. The results yielded Stark 
sensitivities in good agreement with the calculated values. Expressions for 
the Stark shift due to thermal and micromotion contributions have recently 
been given [30]. For the micromotion contribution, the shift can be expressed 
thus: 



A I/s 



2crs X 



2mf2^ 
qk cos 9 




( 12 ) 



For Group-II ions, one can obtain Stark shift levels on the order of 10 or 
less, given sufficient control of the ion in its trap environment. 



6.4 Blackbody Stark Shifts of the Ion Reference Transition 

The thermal bath of radiation in which the ion rests also contributes to a 
Stark shift of the reference transition levels. The dipole-allowed transition 
frequencies coupling to the individual levels of the reference transition are 
typically at frequencies well above the peak of the blackbody curve. For 
this case, the shifts correspond to the nonresonant average electric field of 
the blackbody photons [93]. Itano et al. [94] has given the root-mean-square 
(rms) E field intensity as: 

< E'^ >= (8.32 V/cm)2 [T/300]'‘ . (13) 

For the Sr+ S ~ D transition at 445 THz (674 nm) at T = 300 K, the fractional 
blackbody shift is calculated to be 4 x 10“^®. Since the dependence of the 
shift is a function of the temperature to the fourth power, cooling the trap 
apparatus can be used very effectively to suppress this effect [95]. 



172 Alan A. Madej and John E. Bernard 



6.5 Shifts Due to the Quadrupole Moment of the Upper State 



Excited electronic states where J > \ possess an electronic quadrupole mo- 
ment [5,96] and can thus interact with any gradient of the electric field in the 
trap environment. Some single-ion systems under study, such as In’*' [5,36,43], 
have J = 0 in the upper state and thus do not exhibit this shift. However, 
for most of the single-ion systems under study, this shift is present and can 
be the limiting systematic shift. Since the shift couples to the gradient of the 
electric field, traps employing very strong confining fields may be expected to 
cause significant shifts. Thermal motion in an anharmonic potential or fluc- 
tuations in the amplitude of the trap fields can couple to the ion and hence 
cause shifts. In addition, applied DC or contact potentials due to oven ma- 
terial present on the trap electrodes can also cause a significant contribution 
to the observed shifts in the single-ion frequency. Using our example of the 
Sr’*' S -D transition, the calculated quadrupole moment magnitude is given 
by Q = lxlO“^°m^. The frequency shift can be expressed [96] as: 



^ g ^3M2- J(J+1) [520] 



r—0 



(14) 



where J is the total angular momentum, M is the magnetic sublevel, q is 
the charge of the ion, and the second-order partial derivative is evaluated 
along the field gradient located at the ion position. The above equation is 
valid when the field gradient and the quantization axis are collinear. For the 
Sr+ S-D transition, a fractional shift of the order of 10“^® or less can be 
expected [97]. Calculations using Hg+ have yielded similar estimates [98]. 



6.6 Linear Zeeman Effects on the Reference Transition 

Ideally, one would wish to have a reference transition in a single-ion system 
where the ground and excited states are unperturbed by the ambient static 
or AC magnetic fields, which can cause broadening and shifts. In practice 
this can be achieved via a,n mp = OtomF = 0 transition of the ground 
to excited states. For reference quadrupole transitions of the type ^Si/ 2 ~ 
2 D 5/2 used in many single-ion systems [82,72], this implies the use of an 
isotope with nonzero nuclear spin and the necessary hyperfine structure. 
To date, the ^®®Hg+ ‘^Si/ 2 {F = 0, mp = 0)~'^D5/2{F = 2, mp=0) transition 
at 281. 5nm [82], the ^^^Yb“*" ‘^Si/ 2 (F = 0, mp = 0 )-^D^/ 2 {F = 2, mp = 0) 
transition [87] and, very recently in 1999, the ^^^Yb+ ‘^Si/ 2 {F = 0, mp = 0) - 
27 ) 5 / 2 ( 7 ^ = 2, mp = 0) transition [99] have been examined and are essentially 
insensitive to linear Zeeman shifts. Also, transitions of the type ^Sq- as 
one finds in the In’*' system are, in principle, insensitive to linear magnetic 
field effects. However, the nuclear g factors of the ground and excited states 
have been found to differ due to admixtures of the state to the state 
through hyperfine structure interactions. The resulting magnetic field shifts 
for the In+ system are calculated to be approximately 2kHz/Gauss [5,43] 
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and, hence, can be controlled to the level of the other shifts via magnetic 
shielding. 

For many of the single-ion reference transitions studied to date, the even 
isotope having 1 = 0 total nuclear spin is employed. The resulting electronic 
states are thus free from hyperfine structure and the laser cooling and exci- 
tation are free from any optical pumping of the non-resonant hyperfine levels 
in the ground state. These 7 = 0 ions thus eliminate the need for multiple 
laser sources, or high-frequency modulation methods, to keep the ion cycling 
on the cooling transition. Unfortunately, the resulting total angular momen- 
tum of the ground and electronic states are such that the ion is sensitive 
to applied magnetic fields. Typically the magnitude of these shifts is at the 
level of lO^Hz/G for the reference transitions studied. The problems associ- 
ated with these shifts and broadenings can be reduced by proper shielding of 
the ion trapping region. Location of the center of the transition line can be 
made by successive measurement of symmetric Zeeman components which 
lie equidistant from the zero field line center [85] (see section 5). Since the 
laser-cooled ion occupies a region of space smaller than 1 pm^, field gradi- 
ents are not a severe issue. By using a stable bias magnetic field together 
with shielding, one can then effectively track the line center position. Back- 
ground AC fields must be sufficiently shielded from the ion so that asym- 
metric broadening of the ion transition leading to line shifts do not occur. 
Verification of the effectiveness of shielding can be performed via the mea- 
surement of the linewidth of different Zeeman components having different 
shift sensitivities. In this way, the NRC optical frequency standard employ- 
ing the ®®Sr+ 5s '^Si /2 (mj=±l/2)- 4d "^D ^/2 {mj = ±1/2) transition has 
a estimated shift sensitivity of < 5 x 10“^® [97] and is comparable to the 
other limiting shifts present. 

6.7 Quadratic Zeeman Shifts of the Reference Transition 

In contrast to the situation of microwave frequency standards employing 
clouds of trapped ions [2], the shifts associated with quadratic and higher 
orders of the magnetic field are not expected to play such a significant part 
in limiting the accuracy of single-ion optical frequency standards. This is 
due to the fact that the reference frequency is considerably higher in optical 
standards relative to the magnitude of the shifts which are at the millihertz 
level. 

6.8 Effect of Collisions on the Reference Transition 

Since a single-ion can be held in a trap under ultra-high-vacuum conditions, 
shifts and broadening of the reference transition due to collisions of the ion 
with background gas atoms can be expected to be extremely small. Measure- 
ments of the quenching rates of the metastable levels of Ba’*' [100,101] have 
shown that the observed rates are comparable to the calculated Langevin 
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rates expected for ion-atom collisions [100]. Dephasing collision rates are ex- 
pected to be similar in magnitude. Problems of large collisional perturbation 
due to cold atom collisions, seen in laser-cooled neutral atom studies, are not 
expected in the case of millikelvin-temperature single-ions interacting with 
room-temperature background gas atoms. The mean collision times observed 
for an ion at 10“® Pa are of the order of a few hundred seconds, and are much 
longer than the radiative lifetimes of most of the trapped-ion reference tran- 
sitions being examined. Based on line-shift measurements of iso-electronic 
Rydberg D levels of alkali atoms [102] together with the Langevin ion-atom 
collision rates, the estimated collision shift for the Sr+ S-D transition for 
an environment of mostly H 2 background gas (as in the NRC trap ) at 10“® 
Pa would be <lmHz ( 2 x 10“^®). Similar results are obtained assuming 
complete dephasing at the mean collision rate. 

Despite the apparent benign nature of the single-ion and background gas 
environment at UHV conditions, there appears to be collisional effects which 
may limit the duration of the single trapped ion remaining within the trap. 
Experiments with Ba+ have shown that certain gas species (CO 2 and H 2 O) 
appear to bind weakly to the trapped ion, thus ceasing the single-ion fluo- 
rescence [101]. Similar results were observed in Ca+ [67]. In the case of Hg+, 
charge exchange collisions of the ion with background Hg gas have presented 
a severe limitation to the lifetime of Hg+ single-ions within the trap envi- 
ronment [95]. Cryogenic traps which freeze out the unwanted background 
Hg atoms have thus been employed in recent work [95]. Nevertheless, some 
groups have reported single-ion storage times of several days [103] for their 
particular ion species, indicating that, with proper materials for the vacuum 
enclosure and trap structure, single-ion storage can be continued for periods 
that are sufficiently long for optical frequency standards. 

7 Progress on Single-Ion Optical Freqnency 
Standard Candidate Ions 

Several single-ion species have been investigated to date at various labora- 
tories around the world. In this section, we attempt to describe the relevant 
spectroscopy of each of these ions and to summarize their development. 



7.1 The Single- Ion System 

The single-ion of Ba+ was one of the systems first employed in laser cool- 
ing and observed as a single isolated trapped ion [18,61]. Since the pri- 
mary cooling and optical pumping transitions are at visible wavelengths, 
and available via dye- and (now) diode-laser sources, this system has been 
extensively used in many types of quantum optics and laser cooling exper- 
iments [13,14,28,40,104]. The principal reference transitions investigated as 
candidate standard transitions are the 6s ^5i/2” 5d ^D^j 2 at 1.76 pm and 
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the 12.48 |J.m 5d ^1)3/2— 5d ^^5/2 fine structure transition (see Fig. 5). In 
addition, investigations of the two-photon 6s ^Si/ 2 —Gp ‘^Pij 2 ~ ^£*3/2 

transition were performed using stabilized 493 nm and 650 nm [28,62,104] 
sources. Experiments employing the S-P-D two-photon dark resonances 
have explored some of the interesting quantitative single-ion spectroscopy 
issues for this nonlinear transition, and studies have considered using such 
resonances as a possible optical frequency reference [28] . 

The 1.76 pm (171 THz) S-D transition possesses a natural linewidth of 
5 mHz and thus has a very high line Q. Studies were performed by the Uni- 
versity of Washington group, who employed a cavity-stabilized color-center 
laser as the reference laser source [63,86]. Observed resolutions down to a 
level of 600 Hz [86] were obtained using various improvements of the appa- 
ratus. As described earlier, this single-ion system was employed in obtaining 
quantitative measurements of the Stark shift parameters [86], and isotope 
shifts between the m=134, 136 and 138 isotopes have been reported [105]. 
To date, no absolute frequency measurements of this transition have been 
reported. 

The 12.48pm (24.0 THz) D-D transition employs the long-lived ^Hs/2 
metastable state (lifetime « 80s [64]) as a virtual ground state. The ion is 
prepared into this state by turning off the 650 nm P-D light used in the 
laser cooling cycle. Subsequent excitation at 493 nm results in de-excitation 
from the P state into this level. The magnetic-dipole-allowed D-D transition 
has a natural linewidth of less than 0.02 Hz [106,107]. In order to access this 
mid-infrared transition, an electro-optically shifted sideband of a passively 
stable, optically-pumped NH3 laser [29,76,77] was employed at NRC. Resolu- 
tions down to 5 kHz [77,108] were obtained, with the ion strongly satisfying 
the Lamb-Dicke requirement for Doppler-free resolution [29]. The primary 
limitation of the linewidth was essentially due to stability limitations of the 
probe laser source [77,108]. The relatively low transition frequency of this 
reference transition made the system a useful testbed for absolute frequency 




Fig. 5. Energy level diagram 
of the lowest states for the 
Group II ions: Ba+ (n = 6), 
Sr+ (n = 5), and Ca+ (n = 4). 
The detail at right shows 
the Zeeman levels involved in 
the S-D reference quadrupole 
transition 
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measurement relative to the Cs atomic frequency standard. Modification of 
the existing NRC frequency chain to connect the Cs-based SI second and 
the D-D reference was performed, resulting in the first direct Cs-based fre- 
quency measurement of a single-ion reference transition [76,108] (see Sect. 8). 

7.2 The Single Ion System 

The strontium ion system represents a compromise between ultimate at- 
tainable accuracy and technological ease. As described in Sect. 4.2, the re- 
quired laser cooling sources can be directly obtained using solid-state laser 
sources at 422 nm {S- P) and 1092nm {P- D) [.52,54,65]. The strontium ion 
5s '^Si/ 2 - 4d ^£^ 5/2 transition at 674 nm (445 THz) possesses a lifetime lim- 
ited linewidth of 0.4 Hz [65] and can be excited using commercially available 
diode laser sources. For these reasons, progress on this single-ion system has 
been relatively rapid. Both the groups of the National Research Council of 
Canada (NRC) and the National Physical Laboratory of the United Kingdom 
(NPL) are actively studying this system. Probing at 674 nm is achieved using 
an optically-narrowed diode laser which is then further stabilized by locking 
to an isolated, high-finesse, reference cavity [47,109,110]. To date, subkilo- 
hertz resolutions have been reported by both groups [85,111], with a level of 
250 Hz having been reported. Servo stabilization of 445 THz light to the refer- 
ence transition has also been demonstrated [85]. The strontium ion’s reference 
transition at 445 THz has enabled heterodyne linking of this source with the 
well-known 474THz He-Ne/U optical frequency standard [112,113] and pre- 
cision interferometric measurements of its absolute frequency [109,110]. At 
the same time, the NRC frequency chain has been extended to measure the 
445 THz transition frequency [97,114,115] (see Sect. 8). Based on these mea- 
surements, the transition was recently selected by the Comite International 
des Poids et Mesures (CIPM) as a recommended optical frequency for the re- 
alization of the meter [6]. At NRC, evaluation of some of the systematic shifts 
for the current ion system set these shifts at the 10“^® level [97]; experiments 
at the NPL using two different single-ion trap systems have indicated agree- 
ment of the resonance frequencies to the 100 Hz level (2 x 10”^^) [90,116]. 

7.3 The Ca+ Single-Ion System 

As with the Ba“*' and Sr+ systems, the Ca“*" system’s laser cooling and ex- 
citation transitions at 397 nm {S-P) and 866 nm (P-D) together with its 
S - D clock transition at 729 nm (411 THz) have made this ion system suitable 
for available laser technology, and a number of groups have begun to study 
this system [27,56,67,68,117,118] both for standard applications as well as for 
quantum optics and quantum computation. To date, a single-ion has been 
isolated and quantum jumps have been observed via excitation on the S - D 
transition using diode [68] and Ti:sapphire laser light [56]. The best reported 
resolution to date is 0.7 MHz [68], with the probe radiation showing clearly 
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resolved secular motion sidebands and estimated ion kinetic temperatures of 
4.4mK. 



7.4 The Hg+ Single-Ion System 

The Hg+ system, studied by the group at NIST, has shown several advances 
which are significant toward the establishment of single-trapped-ion optical 
frequency standards. Together with the studies on Ba“'", the mercury ion 
was one of the first systems in which quantum jumps to metastable upper 
states were observed [46]. Important advances, such as the observation of 
secular motion sidebands at optical frequencies and the observation of probing 
satisfying the Lamb-Dicke requirement for Doppler-free spectroscopy, were 
obtained [119,120]. 

After initial study with the ^^®Hg+ isotope [119,120], work has proceeded 
on examining the ^S' 1/2 (F = 0,771f = 0)~5d®6s^ ‘^D^/ 2 {F = 

2,mp = 0) first-order Zeeman-free transition of i®^Hg+ at 282 nm, whose 
estimated natural linewidth is Ai^nat = 2Hz [60,82,121] (see Fig. 6 ). For 
this transition, an ultrastable 563 nm probe dye-laser system was developed 
whose frequency-doubled radiation obtained a resolution showing structure 
on the transition smaller than 80 Hz at 282 nm (< 8 x 10“^'^) [60,82]. 

In recent years, developments of the 563 nm probe source have dealt with 
improvements of the isolation of the ultra-stable, high-finesse reference cavity. 
The NIST group has recently reported beat-frequency linewidths below the 
1 Hz level for two independently stabilized dye-laser systems [71,89]. Appli- 
cation of such a source to the Hg+ S - D transition may thus lead to ultimate 
resolution of the natural linewidth of this electric-quadrupole-allowed refer- 
ence transition. 
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7.5 The Yb+ Single-Ion System 

With long-lived low-lying metastable ^- 03 / 2 , ^D^j 2 , and ^^ 7/2 levels in the 
energy-level structure of this ion, the single-ion Yb’*' possesses a number of 
high-Q optical transitions suitable as references for optical frequency stan- 
dards (see Fig. 7). In addition, the ^"^^Yb+ ion possesses 7 = 1/2 nuclear spin, 
thus making mp = 0 to mp = 0 first-order Zeeman- free transitions possible, 
with a comparatively simple hyperfine structure for laser cooling [87,124]. 

At 467 nm (642 THz) the ^ 5 'i/ 2 “ ‘^f' 7/2 electric octupole transition 
perhaps represents the ultimate challenge in resolution for single-ion 
spectroscopy. The estimated state lifetime has been set at 3700 days [48,73], 
thus providing possibilities for resolution well beyond desired human exper- 
imental timescales. This electric octupole transition was actually excited for 
a single-ion of ^^^Yb+ by the NPL group in 1996 [48] and represents the 
first time that such an electric octupole-type transition has ever been ob- 
served. In addition to laser cooling/excitation and optical pumping sources 
at 369 nm and 935 nm and the probe laser source at 467 nm, the experiment 
required optical pumping-out of the metastable ^^ 7/2 state by excitation on 
a dipole-allowed ^F 7 / 2 -^D[ 5 / 2 ] 5/2 transition at 638 nm using a diode laser 
source [72] . The extremely weak transition probability of the S - F transi- 
tion required very high spectral brightness sources for its excitation. Using a 
frequency-doubled Ti:sapphire laser, powers of 10 mW in a 12 pm spot size 
in a laser bandwidth of 350 kHz produced peak quantum jump rates of ap- 
proximately 1 jump in 30 s of interrogation [48] . The determination of the 
location of this resonance was made possible by the careful measurement of 
the ^51/2— ^7^5/2 and ^ 7 ) 5 / 2 — ^ 7 ^ 7/2 transition frequencies to the megahertz 




Fig. 7. Lowest energy levels of the Yb^ ion, including the excitations used for 
cooling, detection and optical pumping {solid lines), and for excitation on the 
narrow reference transitions {dashed lines) 
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level [72,122] (see below). Frequency measurement of the center of the tran- 
sition was established via measurement relative to known Te 2 reference lines. 
The current results of this work have set the center frequency to 642 116 785.3 
± 0.7 MHz (Icr) for the ^”^^Yb+ isotope [48]. By applying state-of-the-art laser 
stabilization methods, the transition rates on the S~ F transition can be ex- 
pected to be increased by several orders of magnitude. To date, no studies of 
the possible systematic shifts have been given and it is unclear what will be 
the ultimate limitation to accuracy for such a transition with a potential Q 
of 10^"^. 

The ^Si/ 2 ~^D ^/2 transition at 411nm (729 THz) has a natural linewidth 
of 22 Hz and has been studied by the NPL group under single-ion condi- 
tions cooled to millikelvin temperatures. Since the ^£* 5/2 state decays to the 
^£^ 7/2 state with 0.83±0.03 branching, it was necessary to pump out of the F 
state using a diode laser source at 638 nm. Observed resolutions of the tran- 
sition were of the order of a few megahertz using a frequency-doubled 822 nm 
diode. A measurement of the transition frequency was made using the NPL 
precision interferometer system. Results of this work set the ^ 5 'i/ 2 — ^£^ 5/2 
transition frequency line center at 729476869. 13±0.42MHz (Ict) [72] for 
the ^^^Yb+ isotope. In a related experiment, the ^£" 7 / 2 ~^£* 5/2 transition at 
3.43 pm (87 THz) was investigated by using the 411 nm S - D source to pump 
the ion into the metastable F state. Subsequent excitation by a 3.43 pm probe 
source (produced by difference frequency mixing) [49] allowed a transition to 
the ^£* 5/2 level which can decay to the ground state, signalling a transi- 
tion via the return of fluorescence of the ion. By using a cavity-stabilized 
812 nm diode and 1064 nm Nd:YAG sources for difference frequency mixing 
in AgGaS 2 , observed linewidths of 300kHz at 3.43 pm were obtained. The 
absolute frequency of this transition was determined in earlier work with 
^’^^Yb+ trapped ion clouds to he v = 87 360 087 ± 4 MHz [122]. The F~ D 
transition exists within 1 THz of the 3.39 pm methane-stabilized He-Ne laser 
and thus may be of interest in intercomparison with this standard or for use 
within a frequency chain [123] for absolute measurement. 

An alternative route to an optical frequency standard in Yb^ has been 
examined by Tamm and co-workers at the Physikalisch-Technische Bunde- 
sanstalt (PTB) via investigation of the '^Si/ 2 {F = O^mp = 0 )-^£) 3/2 
(F = 2,mp = 0) transition in ^^^Yb+ [87,103,124]. The method uses the 
hyperfine structure of the odd isotope to isolate de-excitation from the ^Pi /2 
(F = 0) state of the laser cooling transition to the F = 1 level of the ^^ 3/2 
state allowing clearout using a 935 nm laser source. The F = 2 state of the 
^D ^/2 level is only weakly coupled to the de-excitation and thus can be used 
as a metastable upper state allowing quantum-jump detection [103]. Ground- 
state hyperfine pumping is overcome by applying 14.4 GHz modulation to the 
frequency-doubled diode laser generating the 369.5 nm S-P light. This pro- 
duces a weak sideband at the other necessary hyperfine transition coupling to 
the S-P transition. Probing on the 435.5 nm ( 688 THz) S-D transition has 
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been performed using a frequency-doubled diode laser stabilized to a high- 
finesse reference cavity. By alternate illumination of the cooling and probe ra- 
diation, resolution of the transition has been observed within the Lamb-Dicke 
condition, and subkilohertz linewidths have been reported [87]. In 1998, im- 
provements of the apparatus led to observed linewidths of 80 Hz [125] (natural 
line width « 6 Hz), making such measurements among the highest resolutions 
reported to date. 

7.6 The In+ Single-Ion System 

As in the case of the Hg+ single-ion system, the In+ system nominally requires 
a single cooling/detection light source together with the reference transition 
source laser (see Fig. 8). As mentioned in Sect. 4, ideally the 159nm 

transition could be chosen for its strongly allowed character providing 
efficient Doppler cooling. However, such radiations in the vacuum ultra violet 
(VUV) region of the spectrum suffer from extreme atmospheric absorption 
and the difficulties associated with the efficient multiplication of continuous 
wave lasers up to these high frequencies. The 231 nm ^Sq-^Pi cooling transi- 
tion is thus used, which has a natural linewidth of 360 kHz and is considerably 
narrower than the dipole-allowed transitions used for other single-ions, result- 
ing in weaker total single-ion fluorescence and higher requirements for laser 
stability. Single ions have been isolated both by the group at the Max Planck 
Institut fiir Quantenoptik (MPQ) and the group at the University of Wash- 
ington [36,43,126], and laser cooling with the system in the strong binding 
regime has been observed. Quantum jumps corresponding to excitation on the 
clock transition ^Sq-^Pq (natural linewidth « 1 Hz) at 236 nm (1267 THz) 
have been excited by the MPQ group [126]. Their clock laser system is based 
upon a frequency-quadrupled Nd:YAG laser system at 946 nm [59]. Recent 
results with their system have shown Doppler-free transition lineshapes of 
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Fig. 8. Lowest energy levels of the ion, 

including the excitations used for cooling and 
detection {solid lines) and for excitation on the 
narrow reference transition {dashed line) 
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below 400 Hz [129] with ion temperatures below 100 |xK [128]. In addition, 
the MPQ group has proceeded very recently toward the absolute frequency 
measurement of the reference transition [129] (see Sect. 8 ) at an accuracy 
of 3.3 parts in 10^^. As outlined in Sect. 6 , the In+ system potentially pos- 
sesses very low systematic shifts and thus is a very attractive candidate for 
an optical frequency standard of very high accuracy. 

7.7 Other Ion Systems 

As suggested by Dehmelt [1,5,127] the Group IIIA ions T1+, Ga+, A1+ and 
B'*', in addition to In+, would in principle be excellent candidates as optical 
frequency standards. Unfortunately, present laser technology makes examina- 
tion of these systems very challenging. For Ga’*', A1+ and B+ the ^P\ 

transitions are very weak, thus intensifying the problem concerning fluores- 
cence detection and effective laser cooling. For T1+, the cooling transition 
exists at 190 nm with the reference clock transition at 202 nm [5]. It is possi- 
ble, given the rapid developments in solid-state and diode-laser stabilization, 
together with highly efficient harmonic generating sources, that these systems 
will be investigated in the near future. 

8 Absolute Frequency Measurement 
of Single-Ion Transitions 

The great potential of optical frequency standards based on single trapped 
ions can be exploited fully only if the ion transition frequencies are measured 
with the highest possible accuracy. Such measurements must be traceable 
back to the current SI definition of the second as realized by a cesium atomic 
clock and should ideally transfer the accuracy of the Gs standard from the 
microwave region to the visible region at hundreds of terahertz. This challenge 
has led to the development of techniques which allow the comparison, or the 
counting, of the ion transition frequency with respect to a transfer standard, 
or even against the Gs time standard. Such techniques may eventually lead to 
the development of a clock based on a visible transition in a single trapped ion. 
To date, most high-accuracy frequency measurements of optical transitions in 
single trapped ions have used the ions Ba"*", In+, Yb+ and Sr+. The techniques 
used and the results obtained in these studies are summarized in this section. 

The frequency of the 5d ^T* 5 / 2 i magnetic-dipole-allowed tran- 

sition in a single trapped ^^^Ba’*' ion was measured by the NRG [76,108] group 
with a Gs-based frequency chain. This transition is at 24THz (12.5 pm) and 
was probed by a G 02 -laser-pumped ammonia laser which was stabilized ei- 
ther on an absorption line in NH 3 or by a slow error signal from the chain 
measuring its frequency. The NRG infrared frequency chain [130], which is 
described below and shown in the lower part of Fig. 9, was used to measure 
the frequency of this laser with respect to a cesium time standard. This was 
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Fig. 9. Block diagram of NRC frequency chain used to link a Cs- referenced H maser 
to the 445 THz frequency probing the single ®®Sr^ ion. MIM = Metal-Insulator" 
Metal point contact mixer, PLL = Phase-Locked Loop, DFG = Difference Fre- 
quency Generation, SHG = Second Harmonic Generation, AOM = Acousto-Optic 
Modulator 



accomplished by mixing the NH 3 laser with CO 2 lasers B, C, and D and a 
28 GHz Gunn oscillator, Z (not shown) on a metal-insulator-metal (MIM) 
diode and using the beat, Z — + — 2C — D) = 20 MHz to phase-lock Z. 

The frequency of oscillator Z was simultaneously measured by phase-locking 
a microwave oscillator, Y to Z, through the beat Z — 3Y = 20 MHz. By 
counting the frequency of oscillator Y and from a knowledge of the frequen- 
cies of the GO 2 lasers in the infrared chain, the frequency of the ammonia 



Single-Ion Optical Frequency Standards 183 



laser was determined. Simultaneous scans were made of the two inner Zee- 
man components of the Ba“'" D-D transition by varying the frequency of an 
Electro-Optic Modulator (EOM), which was used to shift the frequency of 
the NH 3 laser. From the offset frequency and the chain measurements, the 
D-D central frequency was determined to be 

24 012 048 317170 Hz, 

with an uncertainty of ±440 Hz or 2 parts in 10^^ [108]. 

The frequency of the 1267 THz (236.5 nm) clock transition in 

ii5in-i- jjgg recently been measured by the MPQ group [129]. The measure- 
ment was made with respect to two transfer standards: a methane-stabilized 
He-Ne laser at 88.4 THz with a reproducibility of better than 3 parts in 
10^^ [131], and a frequency-doubled Nd:YAG laser at 563 THz, locked to 
the flio hyperfine component of the i?(56)32-0 transition in I 2 , with an un- 
certainty of ±40 kHz [132]. Two recently developed devices, an Optical Fre- 
quency Interval Divider (OFID) [133,134]^ and an Optical Frequency Comb 
Generator (OFCG) [135]^ were used in their chain. A Nd:YAG laser, operat- 
ing at 946 nm [59], was frequency-quadrupled and used for probing the In+ 
ion. It was locked by means of a single-stage phase-locked OFID to the mean 
frequency of the 1064 nm Nd:YAG laser, which was in turn locked to I 2 , and 
a diode laser at 852 nm (352 THz). The frequency of this diode laser was 
measured with respect to the fourth harmonic of the He-Ne/CH 4 laser at 
354 THz (848 nm) by means of the OFCG, which spanned a frequency inter- 
val of 1.433 THz. Scans of the ion transition spectrum were performed with 
simultaneous chain measurements of the probe laser frequency. The minimum 
observed linewidth was 350 Hz at 1267 THz, almost entirely due to probe the 
laser. The transition frequency was determined to be 

1267402 452 914 kHz, 

with an accuracy of ±42 kHz or 3.3 parts in 10^^. The rms standard deviation 
of the measured transition frequency was ±12 kHz (9 parts in 10^^) but the 
overall uncertainty in the measurement was limited by the uncertainty in the 
iodine reference. 

As mentioned in Sect. 7, the group at the NPL have measured the fre- 
quency of the 445 THz (674nm) i^ 2 ~^ D ^^2 clock transition in ®®Sr+ by 

an interferometric technique employing aim, evacuated, plane-plane, tun- 
able Fabry-Perot (FP) etalon [109,110]. In this measurement, the etalon was 
peak-stabilized to the diode laser at 674 nm, which was locked to an ul- 
trastable ULE cavity. A tunable single-mode 633 nm He-Ne laser was then 
locked to the FP etalon and the frequency of this laser was measured by 

^ See also contribution by Th. Udem et al (Chap. IV-1) and A.N. Luiten (Chap. 

IV-4) of this volume. 

^ See contributions by M. Kourogi et al (Chap. IV-3) and H.R. Telle and U. Sterr 

(Chap. IV-2) of this volume. 
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heterodyning it against a He-Ne/l 2 standard laser. Therefore, the optical 
length of the tunable FP etalon could be determined. After correcting for 
the wavelength-dependent phase change upon reflection from the FP cavity 
mirrors and from a knowledge of the 674 nm fringe order, as determined by 
a wavemeter measurement, the frequency of this 674 nm radiation was cal- 
culated. The authors estimated that the accuracy of this measurement was 
10“^°. A second diode laser was offset-locked to this laser and used for prob- 
ing the Sr+ ion transition. By adding the frequency of the ULE cavity and 
the offset from the center of the probed spectrum, they obtained a value for 
the Sr+ ion transition frequency of 

444 779 043 980 kHz , 

with an uncertainty of ±60 kHz (Icr) [110]. In a similar experiment [72], the 
same group measured the frequency of the /t— clock transition at 

Vb+. Avalueof ' ' 

729 476 869130 kHz, 

with an uncertainty of ±420 kHz (6 parts in 10^°), was obtained. The increase 
in the uncertainty of the Yb’*' measurement over the earlier Sr+ measure- 
ment was primarily due to the fact that the interferometric measurements 
for Yb+ were made at 365 THz (822 nm) and therefore the uncertainty in 
the frequency-doubled probe radiation was twice that at 365 THz. The NPL 
group has also measured the frequency of the ^ 5 i/ 2 ~^F 7/2 electric octupole 
transition in ^^^Yb+ at 467 nm by locking the probe laser to a spectral line 
in ^^^Te 2 whose frequency was measured with the FP etalon [48]. The value 
for the S - F transition frequency was measured to be 

642116 785 300 kHz, 

with an uncertainty of 700 kHz (1 part in 10®). 

In recent years, the NRC group has measured the frequency of the S - D 
transition in Sr+ by two independent methods. The first method [47,112,113], 
used difference frequency generation in a nonlinear crystal to synthesize a 
frequency at 445 THz from a He-Ne/l 2 standard at 474 THz and a stabilized 
CO 2 7?(0) laser line at 29THz (10.4 pm). The frequency of the probe laser 
radiation, locked to the ultrastable cavity, was determined by mixing it with 
the synthesized radiation and counting the beat frequency. The shifted probe 
radiation was simultaneously scanned over the Sr®" transition spectrum or 
locked to its center. The Sr+ transition frequency was calculated from the 
sum of the measured shift to line center and the measured frequency of the 
light locked to the ultrastable cavity. Early measurements had statistical 
uncertainties of ±400 kHz [112] and ±30 kHz [47] but were found to have 
a systematic shift of 80 kHz due to an incorrect value for the frequency of 
the NHa-stabilized 7?(0) CO 2 laser. In later measurements [113], the NH 3 
absorber was replaced by an absorption line in OSO 4 , which was calibrated 
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to an uncertainty of ±1.8 kHz against OSO 4 lines measured at LPTF/BNM 
in France. New measurements of the Sr+ S-D transition frequency, using 
the improved knowledge of the CO 2 laser frequency, resulted in a value of 

444 779 044 086 kHz , 

with an uncertainty of ±12 kHz (3 parts in 10^^), limited mainly by uncer- 
tainty in the He-Ne/l 2 standard. 

An improvement in our knowledge of the Sr’*' ion transition frequency of 
almost two orders of magnitude has resulted from recent Cs-based frequency- 
chain measurements performed at NRG [97]. This was the only the second 
reported Cs-based chain measurement of a transition in a single trapped 
ion [76] and was the second Cs-based chain to reach the visible part of the 
spectrum [136]. The complete chain used in this measurement is shown in 
Fig. 9. The existing NRC infrared chain [130] was used to phase-lock four 
CO 2 lasers (lasers A, B, C, and D) and two microwave oscillators (oscilla- 
tors X and V) to a 5 MHz signal provided by a hydrogen maser which was 
referenced to an ensemble of 3 Cs standards. In this manner, each of the 
CO 2 lasers and microwave oscillators had the same long-term accuracy as 
the Cs standard. An optical divide-by-3 system [137] was used to phase-lock 
a 148 THz (2.02 pm) Tm:YAG laser (laser F) to the probe laser locked to 
the ultrastable cavity. The frequency of the Tm:YAG laser was measured 
by mixing its output with the output from an auxiliary CO 2 laser (laser E) 
in a tungsten-nickel point-contact diode [138], which produced the beat fre- 
quency F — 5E « 1.5 GHz. A tracking oscillator was phase-locked to this 
beat and its frequency counted. Attempts were made to phase-lock laser E 
to the infrared chain, but excessive noise normally prevented this and only 
a frequency lock was possible. A second tracking oscillator was phase-locked 
to the beat between lasers E, A, and C and oscillators X and V, and the 
beat frequency counted. From the two counter readings and a knowledge of 
the frequencies in the infrared chain, it was possible to calculate the fre- 
quency of the laser locked to the ultrastable cavity. Part of the beam from 
this laser was frequency-shifted by an AOM and locked, through the proce- 
dure outlined in Sect. 5, to the center of the two inner Zeeman components 
(m(j'), m(j")) = (1/2, 1/2) and (—1/2, —1/2) of the Sr+ ion clock transition 
spectrum [85]. The frequencies of the ultrastable laser and the AOM shift 
were added to obtain the frequency of the Sr+ S-D transition. A value of 

444 779 044 095 400 Hz, 

with an uncertainty of only ±200 Hz (5 parts in 10^^), was obtained. 

In the future, advances in single-trapped-ion experiments and laser stabi- 
lization will demand greater accuracies in absolute frequency measurements 
than those obtained to date. The accuracy of current transfer standards in 
the infrared and visible spectral range will soon be insufficient for mea- 
surements of single-ion transition frequencies. For example, advanced He- 
Ne/GH 4 lasers [131] at 88 THz have shown a reproducibility of better than 
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3 parts in 10^^ [139], while CO 2 /OSO 4 lasers at 28THz and 29THz have a 
reproducibility of better than 3 parts in 10^^ [140] and a short-term stability 
of 3 X [141]. In the visible range, the frequency of a calcium stan- 

dard at 456 THz (657 nm) developed at PTB has been measured to a relative 
accuracy of 2.5 x 10“^^ [142]. Unless there are significant improvements in 
these transfer standards, only Cs-based chains will be able to provide the 
required accuracy for the measurement of single-ion standards, at least up to 
the level [142,143]. 

9 Conclusion 

It can be clearly seen that the single-ion optical frequency standard has now 
arrived as a viable means for realizing accurate generation of electromagnetic 
frequencies. The impressive progress made in just the last few years shows 
that this is a technology with extreme promise. With the first single-ion 
standards now being established and many systems coming into existence, it 
is likely that new directions in precision measurement will occur. 
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Abstract. We review the development of microwave-frequency standards based 
on trapped ions. Following two distinct paths, microwave ion clocks have evolved 
greatly in the last twenty years since the earliest Paul-trap-based units. Laser-cooled 
ion frequency standards reduce the second-order Doppler shift from ion micromo- 
tion and thermal secular motion achieving good signal-to-noise ratios via cycling 
transitions where as many as « 10® photons per second per ion may be scattered. 
Today, laser-cooled ion standards are based on linear Paul traps which hold ions 
near the node line of the trapping electric field, minimizing micromotion at the 
trapping-field frequency and the consequent second-order Doppler frequency shift. 
These quadrupole (radial) field traps tightly confine tens of ions to a crystalline 
single-line structure. As more ions are trapped, space charge forces some ions away 
from the node-line axis and the second-order Doppler effect grows larger, even at 
negligibly small secular temperatures. Buffer-gas-cooled clocks rely on large num- 
bers of ions, typically « 10^, optically pumped by a discharge lamp at a scattering 
rate of a few photons per second per ion. To reduce the second-order Doppler shift 
from space charge repulsion of ions from the trap node line, novel multipole ion 
traps are now being developed where ions are weakly bound with confining fields 
that are effectively zero through the trap interior and grow rapidly near the trap 
electrode “walls”. 



1 Introduction 

Microwave ion frequency standards are promising candidates for both ultra- 
stable and ultra-accurate clock applications. The atomic clock with the best 
short-term stability yet demonstrated is based on buffer-gas-cooled, 
discharge-lamp-pumped ions confined in a linear trap [1]. Similarly, 

a laser-cooled linear crystal of tens of ^®®Hg+ confined in a linear trap is 
expected to show clock accuracy approaching 10“^®, exceeding the accu- 
racy of the best present-day cesium fountain clocks [2]. The development 
of these ion clocks has followed very different design pathways-carried out to 
meet very different goals. For example, ensembles of continuously operating 
high-stability clocks are used in time scales throughout the world and must 
be reliable. Similarly, deep-space navigation via Doppler spacecraft tracking 
and ranging and VLBI radio astronomy both rely on ultrastable, continu- 
ously operating microwave standards. Earth-orbiting GPS/Navstar satellites 
enable precise navigation anywhere on Earth and are based on small, low- 
power atomic clocks. By comparison, primary standards strive for absolute 
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accuracy above all other considerations and, whether based on trapped ions 
or neutral cesium, they are usually not continuously operating, portable, etc. 
There are many excellent reviews of ion trapping and ion clocks surveying lab- 
oratory standards where continuous operation has not been a goal [3, 4, 5, 6]. 
The review made here will focus on high-stability, continuously operating 
ion clocks where simplicity in the full clock package has driven many of the 
design decisions. 

There are many fundamental reasons why trapped-ion microwave stan- 
dards make excellent clocks. Since there are no wall collisions to repopulate 
a state-prepared two-level ion (Ti relaxation) or to destroy atomic coherence 
(T 2 relaxation), very high resolution can be achieved in observing the clock 
transition. Typical room-temperature ^®®Hg+ buffer-gas-cooled clocks have 
demonstrated linewidths as narrow as 30 mHz on a 40 GHz clock transition, 
corresponding to an atomic line-Q of over 10^^ [7]. Laser-cooled beryllium 
ions [8] and mercury ions [2] have both shown Ti and T 2 relaxation times 
longer than 100 s. Because Ti is so long for trapped ions, optical pumping 
into one of the ground-state hyperfine levels can be accomplished with a 
discharge lamp and light-scattering rates of only a few photons per second 
per atom. This has been done in the case of trapped ^®®Hg+ ions with a 
202Hg lamp. Isotope shift and lack of hyperfine structure in a ^°^Hg lamp 
spectrum can be used to excite the «194nm 51/2 (^"=1) ^ P 1/2 (^"= 112 ) 
i99Hg-i- transition without exciting the 5i/2 (7^=0) ^ P 1/2 {P=^^‘P) transi- 
tion. In 1-2 s, most ions are pumped into the 5i/2 {F=Q) clock level. Similar 
isotopic pumping might be possible in trapped ions with a ^^°Cd 

lamp since the spectral overlap is similar to that in Hg ion isotopes [9] . 

In reviewing and comparing the various microwave ion-clock technologies, 
there are a few general principles to keep in mind. The short-term stability 
CTy(r) is determined by the frequency of the atomic clock transition /o, its 
frequency width A/ and the signal-to-noise ratio (SNR) of the measured 
transition. The SNR is determined by the signal size measured at the half- 
maximum point, 5haif, and the shot noise in the number of detected fluores- 
cent UV /optical photons V^haif + B, where B is the amount of background 
collected light not contributing to the signal, giving 

SNR = . 

V 5half + B 

The fractional measure of clock stability is related to these clock para- 
meters by 



where Tc is the time required for a single measurement cycle. The cycle 
time, Tc, is the microwave resonance time Tr plus a ‘dead time’ Td during 
which optical pumping etc. are carried out. The resonance time Tr determines 




( 1 ) 
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the linewidth (A/ = 1/ (2 Tr) for a Ramsey pulse and A/ = 0.8 /Tr for a Rabi 
pulse). Because the total measuring time r is composed of a sequence of M 
discrete measurements of duration Tc, t/Tq = M and thus a-yir) diminishes 
as as with any measurement carried out M independent times. All 

microwave ion clocks follow a behavior over some span of time, but 

no clock can follow this improvement over indefinitely long averaging times 
because the measurements cannot all be strictly identical. 

Since all ion microwave standards rely on state selection via optical pump- 
ing for atomic state interrogation, this expression is valid when the number 
of detected fluorescent photons is less than of the order of one per ion. This 
condition is certainly true for lamp-excited systems, where only a few pho- 
tons per second are scattered per ion and those photons are detected with 
efficiencies that can approach 3-4% at best. But laser-based ion standards 
can scatter many photons per second per ion and even detect several photons 
per ion per measurement cycle. During clock operation in this latter case, 
measurements are made alternately on either side of microwave atomic line 
center at the half-maximum of the transition probability. Following the mi- 
crowave interrogation, the ion is left in a coherent superposition of the upper 
and lower clock states. Optical state interrogation will then “project” the ion 
into one of the two clock states with « 50 % probability for finding the ion in 
each state. The quantum projection noise associated with the measurement 
process will then dominate over the photon-counting shot noise described 
earlier if several photons are detected per ion. The clock noise then follows 
the relation 






A/ 

TTfoVN\ T 



where N is the number of trapped ions. We have assumed the resonance 
interrogation time Tr = 1/(2A/) (Ramsey pulse) is much longer than the 
dead time, Td, so that Tq ~ Tr. 

This relatively slow improvement in resolution can lead to some 

constraints in the practice of clock development and testing. For example, to 
test a clock with accuracy 10“^® the short-term noise should be significantly 
better than since, otherwise, 10® s (> 11 days) would be 

required to reduce the statistical noise to the 10“^® level. The validity of the 
above short-term noise expressions also assumes that the stability of the inter- 
rogating Local Oscillator (LO) is much better than the single-measurement 
stability level of the microwave atomic clock. This is seldom true with today’s 
trapped-ion frequency standards, which operate with high SNR and high line 
Q (= /o/A/). Because the cycle time Tq is more than the actual interroga- 
tion time where the LO frequency is compared to the atomic coherence, the 
LO is not monitored briefly during each measurement. This time period is 
required for ion-state selection/optical pumping. The LO can then execute a 
random walk in phase, equivalent to a white frequency noise which degrades 
the performance from that given by the above clock noise estimate. Much 
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analysis of this LO degradation of the performance has been done over the 
past several years [10,11]. 

Another consideration regarding microwave frequency standards based 
on hyperfine clock transitions is the inherent sensitivity to changes in the 
ambient magnetic field Ho at the atom or ion. All such standards are based on 
transitions that show a quadratic magnetic-field dependence of the transition 
frequency v = + ChHq where Ch oc 1/r'o, and vq is termed the zero- 

field splitting frequency. Consequently, the fractional frequency sensitivity to 
changes in the magnetic field can be written as 

1 dv Ho 
Vo dHo ^ vl 

Thus, to minimize this source of frequency instability, a clock should be 
operated at low field Ho^ and have a large zero- field hyperfine splitting, vo- 
All accurate primary standards rely on occasional measurement of an atomic 
transition with a linear Zeeman dependence to calibrate this frequency offset. 
Nevertheless, time variation of Hq between linear Zeeman measurements will 
degrade clock stability according to the above scaling. 

Until 1989, all trapped-ion microwave clocks were based on a conventional 
Paul rf trap where ions are trapped around a nodal point of the rf electric 
field at the center of symmetry of a three-electrode geometry [4]. The three 
electrodes are each hyperbolic in shape and create a spherically harmonic 
pseudopotential well when combinations of dc and ac fields are applied [4]. 
The confinement of a single laser-cooled ion in this trap can show quantum 
properties of an ion in the lowest quantum state of the potential well of the 
trap. A microwave clock based on this single ion would have a very small 
second-order Doppler shift of the clock transition frequency, but quantum 
projection noise would degrade the stability to the extent that operation as a 
clock would not be useful. As more ions are added to improve its stability, ion- 
ion repulsion would hold ions away from the node of the trap, consequently 
inducing micromotion and even chaotic rf-heating [12,13,14,15] of the ions, 
increasing the second-order Doppler frequency pulling. This sacrifice of clock 
accuracy for the sake of improving short-term stability can be circumvented 
by use of a linear ion trap [16]. The linear trap replaces the point node 
by a line of nodes and permits many laser-cooled ions to be trapped with 
micromotion as small as a single ion in a conventional Paul trap. 

2 Laser-Cooled Standards 

Most microwave laboratory ion standards are based on laser-cooled ions in 
a linear Paul trap. Recent work has focused primarily on ^®®Hg+ [2] and 
171 Yb+ [ 17 ]^ with some work on [9] in a conventional Paul trap. 

There has also been work on laser-cooled ^Be’*' ion clouds in a Penning 
trap, where ion confinement is accomplished with static magnetic and elec- 
tric fields [8]. The relevant energy levels for these ions are shown in Fig. 1, 
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along with the optical pumping transitions. A laser-cooled ^®®Hg+ clock un- 
der development [2] is very promising as a primary standard, with accuracy 
approaching the 10”^® level, which would surpass the accuracy of present- 
day neutral ^^^Cs fountain clocks by an order of magnitude. This clock is 
based on a small linear trap (w 2 mm diameter by « 4 mm long) where a 
laser-cooled crystalline “string” of 7 ions is interrogated at 40.5 GHz using 
the Ramsey technique. Because the vacuum walls are liquid-He-cooled to 
4K, there are very few background gas molecules to collisionally heat the 
ions when the cooling laser is shut off for the 100 s microwave interrogation. 
Separate measurements show that the ion secular temperature remains under 
25 mK during the 100 s “laser-off” period. The trap operates in a static mag- 
netic field of 3mG. The largest known uncalibrated frequency offset stems 
from a quadratic Zeeman shift of the clock transition from (asymmetric) ac 
currents flowing in the trap rods at the trap drive frequency to generate the ac 
trapping electric field in a trap with unbalanced trap-rod capacitances. This 
leads to a frequency shift of the clock transition linear in the trap drive power 
dissipation, and under typical clock operation is about 5(3.2) x 10“^^. The 
short-term frequency stability of the standard with 7 ions and Tr = 100 s 
was measured to be 3.3 x 10“^^r“^/^ During the optical pumping 

process, about 150 photons were detected per ion during each measurement 
cycle. The excess above the quantum projection noise under these conditions, 
1.5x 10“^^T“^/^ is due to 194 nm laser intensity and frequency fluctu- 

ations from measurement to measurement. Improvements in accuracy to the 
10”^® level will follow the development of a smaller trap requiring lower volt- 
age and operated at a lower frequency, so that the ac Zeeman shift from any 
asymmetric currents in the trap rods is substantially smaller. Additionally, 
more ions can be trapped and individually monitored to reach the projection 
noise limit. 
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A laser-cooled microwave ion standard is under development [17] 

where « 10^ ions are cooled to below IK in a linear trap (w 20mm diam- 
eter by « 60mm length). The short-term stability is estimated from SNR, 
line-Q, and total measurement cycle time to be 5 x 10“ This 
experiment has no cryocooling of the vacuum walls, and so, when the cooling 
laser is switched off for 12.6 GHz microwave interrogation, the ion heating 
rate is somewhat faster than the ^®®Hg+ work at NIST. Measurements show 
that after 10s the temperature has risen to « IK and after 20s to « 3K. 
Cooling and optical pumping are carried out with a 369 nm laser, as shown 
in the energy-level diagram of Fig. 1. The presence of the metastable 

^- 03/2 {F= 1) state can cause problems for efficient cooling of this ion: dur- 
ing cooling on the {F= 1) — > ^Pi /2 {F= 0) cycling transition, the ion 

can decay into the metastable level and thus no longer be able to be cooled 
using a 369 nm laser. A clearing laser at 609 nm is used to return the ion to 
the ground state. The largest sources of error in the accuracy assessment of 
this clock are second-order Doppler and second-order Zeeman effects, each 
estimated to be at the level of 2 x 10“^®. 

3 Lamp-Based Standards 

Because ions in a trap undergo very weak hyperfine population relaxation 
rates, ^°^Hg rf discharge lamps can substantially optically pump ^®®Hg+ ions 
into the F = 0 ground-state hyperfine level in one to two seconds. Pumping 
into this state proceeds with the scattering of only a few Ultra-Violet (UV) 
photons per ion and, thus, a high signal-to-noise ratio in the measured clock 
resonance can only be achieved with large ion clouds, typically with 10® to 
10^ ions. 

Motivated by these constraints, we first recognized and developed the 
linear ion trap [16], which could contain ten, or more, times the number of 
ions that could be stored in a conventional Paul trap. As described earlier, 
the linear trap replaces the point node of the Paul trap with a line of nodes. 
Many times the number of ions can be trapped with the same mean distance 
to the node line of the electric field as compared with a conventional Paul 
trap. This is exactly analogous to the small laser-cooled ion clouds and linear 
crystals described above. 

4 Recent Results with LITS/CSO Combination 

The original Linear Ion Trap Standard (LITS) developed at the 

JPL Frequency Standards Lab. is typically operated with « 10^ ions in a 
quadrupole linear trap of 25 mm diameter by 75 mm length. Because the 
i99pjg-i- trapping time is finite and the clock is designed for continuous opera- 
tion, ions are loaded for about 1 s per measurement cycle via an electron pulse 
through the trap center. A mercuric oxide (HgO) powder is heated to 200° C, 
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producing a 10“^'^ Torr ambient vapor throughout the vacuum system. This 
background vapor limits the usable coherence time of the 40.5 GHz clock tran- 
sition to about 10 s via charge exchange of a (coherent) state-prepared ion 
with the parent neutral vapor. The trap time for the ^^®Hg+ charge cloud is 
a few hours even though every 10 s or so each ion is replaced with another Hg 
ion in a random hyperfine state. The LITS has shown excellent signal-to-noise 
ratio in the measured clock transition, as determined by the size of the ion 
resonance line and the level of stray light output from the lamp. Signal 

levels as high as 80 000 counts with a background of about 180 000 counts 
have been measured in a 1.5 s collection interval with dual fluorescence collec- 
tion optical modules. These signal levels were measured with an 8 s Ramsey 
interrogation of the 40.5 GHz i®^Hg+ clock transition and yield a short-term 
clock performance cTj,(r) = 2 x 10“^^r”^/^ Hz“^/^ as calculated from SNR 
and line-Q. This short-term performance exceeds the noise level for all other 
clocks except the very best cryogenic cavity microwave oscillators. Recently, 
a cryogenic Gompensated Sapphire Oscillator (GSO) [1] has been developed 
in our lab and has been used to measure the undegraded LITS performance. 
This continuously operating cryocooled liquid-helium-refrigerated sapphire 
cavity oscillator delivers short-term stability of a few parts in 10^^ to a few 
hundred seconds and is adequate to measure the ion standard short-term per- 
formance. During this measurement, the LITS calculated stability from SNR 
and line-Q was approximately 3 x Hz”^/^ and this was confirmed 

by the measurement [1]. This shows that for short-term performance there 
are no additional noise sources larger than shot noise in the total collected 
uv light. 

This measurement was carried out with a large ion cloud with a second- 
order Doppler shift of over 10“^^, with a potential for noise sources from 
Doppler instabilities. For this reason we have developed an Extended Linear 
Ion Trap (LITE) [18] to exploit the mobility of charged ions that can be 
electrically transported from one end of a linear trap to another. This layout 
partitions a long linear trap into an optical interrogation region and an exten- 
sion to carry out the microwave clock transition. The ions are moved from one 
region into another via a 5 V dc voltage bias applied to the trapping rods of 
the region from which they are to be excluded. There are several advantages 
to this LITE architecture over the conventional arrangement, the primary 
advantage being that we can investigate the use of novel linear traps for ion 
storage during the microwave clock resonance interrogation. Optical pump- 
ing and state interrogation will be done in a conventional “optically open” 
quadrupole linear trap that will permit fluorescence detection. The resonance 
trap has been designed to allow the ion cloud second order Doppler shift to be 
drastically reduced, as described later in this contribution. Traps that are to 
be used for the microwave region are not required to be open for fluorescence 
light collection though they must allow microwaves to enter from outside. 
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5 Harmonic Linear Ion Traps 

The harmonicity of a traditional four-rod linear ion trap is a function of 
rod diameter and spacing. Improved harmonicity can be accomplished with 
variations to this geometry. 

For example, Fig. 2 shows a linear ion trap configuration based on a cylin- 
der that has been cut along its length into eight sectors, four at 60° angular 
width, and four at 30° angular width. The quadrupole symmetry requirement, 
^(p, 0 ± 7t/2) = —'P{p, 0), leads to the expansion for the potential inside any 
linear quadrupole trap given by 

<P{p, 9) = Cqp^ sin(20) -|- Cip® sin(60) -I- sin(lO0) . . . 

If the 30° sectors are grounded and the remaining 60° sectors are biased 
in a quadrupole fashion, as shown, the resulting field is highly harmonic, 
i.e.. Cl = 0. 




Fig. 2. This linear quadrupole produces a highly harmonic trap potential ^(p, 9 ) = 
Cop^sin(20) -I- C 2 P^° sin(lO0) . . .. The -l-Cip® sin(60) term is suppressed by the 
30° grounded sections 



6 Multipole Linear Ion Traps 

Multipole traps have been used as a tool in analytical chemistry to study 
ion- molecule low-energy collisions and reactions [19]. Octopole rf electrodes 
act as a guide to transport ions from one location to another in similar ap- 
plications. These applications involve very low densities of ions, where space 
charge interactions within the ion cloud are inconsequential. Ions are detected 
directly with a channeltron electron multiplier. Because ions in a multipole 
rf trap spend relatively little time in the region of high rf electric fields, there 
is very little rf heating and low-temperature collisions can be studied. 



Recent Developments in Microwave Ion Clocks 203 



The pseudopotentials for quadrupolar trapping fields are equivalent to a 
uniform background pseudocharge with a consequence that (cold) ion clouds 
fill the trap with uniform density. In lamp-based clock applications, most 
of the second-order Doppler shift for large ion clouds in a linear quadrupole 
trap is a consequence of the space charge Coulomb repulsion force that results 
from confining ions of like charge in a relatively small volume. These repulsive 
forces are balanced by the ponderomotive forces generated by ion motion in 
the rf electric field gradient. For large ion clouds, most of the motional energy 
is stored in the micromotion necessary to generate the force to balance the 
space-charge repulsion. For a typical cloud, buffer-gas-cooled to 500 K, the 
second-order Doppler shift from rf micromotion can be up to three times the 
secular motion contribution to the energy [20,21,22]. 

Since higher pole traps have not previously been used in clock applica- 
tions, we shall review some properties of large ion clouds in multipole traps, 
where space-charge effects are non-negligible. The pseudopotential, V*{r), 
for a particle of charge q and mass m, inside the linear multipole with 2k 
electrodes is given by [19]: 



where the operating rf frequency is 1? radians per second, the trap inner ra- 
dius is To, and the amplitude of the rf voltage applied to each rod is Uo/2. 
{Uq being the peak voltage between neighboring trap electrodes). The nor- 
malized distance f is defined as r/rp. The equation of motion for an ion in 
the time-varying harmonic potential of a linear quadrupole is the Mathieu 
equation [3] and forms the basis for single amu mass selectivity in rf mass 
spectrometers, when combined with a static electric field. The electric field 
growth with radial distance from centerline is assumed to be linear with a 
constant growth in strength out to the trap electrodes. The Mathieu equa- 
tion and its solutions determine those charge-to-mass ratios, q/m, which have 
stable trajectories for given trap dimensions, operating frequencies, applied 
voltages, etc. Unstable trajectories are possible (in harmonic linear traps) 
when the extent of a particle’s oscillatory micromotion is comparable to its 
distance to the trap center. This can be reformulated as an adiabaticity re- 
quirement. Accordingly, for stable trapping, the change in the electric field 
amplitude over the extent of the particles oscillatory micromotion must be 
less than the field amplitude [4]. 

In a multipole trap, the rapid growth of the trapping fields near the elec- 
trodes can violate the adiabaticity requirement imposed on the motion of 
a charged particle to ensure stable trapping. By numerical computation of 
single particle trajectories [19] it is found that so long as the adiabaticity 
parameter rj is given by 
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then particles will be trapped in a stable orbit. In practice this means that 
for a particle to remain bound during its trajectory it cannot travel outside 
the radius 
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where k > 2. The well depth in a multipole trap can be defined as the value 
of the pseudopotential at Rm&x- 
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Unlike a quadrupole trap, the well depth diminishes as the trapping volt- 
age t/o increases. As k gets large, U*(i?max) approaches 
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showing that the well depth decreases as the square of the number of multi- 
poles, but increases with particle mass, trap operating frequency and size. For 
higher pole traps, the well depth becomes insensitive to the trap operating 
voltage. This is very different behavior from a linear quadrupole trap, where 
the transverse well-depth scales as (q^C/g )/(mfJ^7’Q) [23]. 

To understand space-charge interactions, we have solved the Boltzmann 
equation to find the thermal equilibrium density distribution of ions at tem- 
perature T held in the pseudopotential well of the multipole trap. The radial 
density n(r) of ions, at temperature T, held in the multipole trap is found 
from the Boltzmann distribution [20,21]: 



n{r) = n(0)exp(-[U*(r) -k q(psc{r)]/k^T ) , 



where (pscif) and n(r) are related through Poisson’s equation: 
'^^V’scir) = -qn{r)/eo ■ 



This leads [22] to the equation for n(r): 
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In this equation, ng = 2£QmuP‘ / q^ is the pseudocharge density in a quadrupole 
trap with secular frequency w, produced by a quadrupole trap of the same 
operating parameters as the multipole, and Ap = k-QT/{2muJ^) is the Debye 
length for the ion plasma. 

To compute the second-order Doppler shift for the ion-cloud density dis- 
tribution, we must also know the micromotion velocity, v, throughout the 
ion trap. This is given by 
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where the angle brackets indicate time averaging over a micromotion cy- 
cle. We solve the Boltzmann equation for the density profile by a fourth- 
order Runge-Kutta numerical technique. Typical operating conditions are 
70 V peak voltage between neighboring rods, with a 1 MHz drive frequency. 
Assuming the ^®®Hg+ ions are at 300 K, we find a solution to the Boltzmann 
equation as shown in Fig. 3 This density corresponds to 1.5 x 10^ ions in 
a 25cm-long 12-pole trap. It is useful to define the normalized second-order 
Doppler shift from the two-dimensional micromotion dependence on radial 
position as follows: 




y k^T 



- 2 fc -2 _ 



= F^{r). 



Notice that the normalized second-order Doppler effect from the micromotion 
is less than the ion thermal motion throughout most of the interior of the 
cloud. Finally, we compute the total second-order Doppler shift from the 
micromotion averaged across the ion cloud as: 



. ^ Jn{r)rF^{r) dr 
J n(r)rdr 



From this calculation we find the total second-order Doppler shift for the 
trapped ions with density profile n(r): 
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We can now evaluate this expression numerically for any multipole lin- 
trap with a given total number of ions per unit length and temperature. 




Fig. 3. The ion (radial) density distribntions for « 10^ ions in both a quadrupole 
trap (upper curve) and 12-pole trap (lower eurve). The 12-pole trap described here 
(see Fig. 4) is 3.8 times longer than the qnadrupole trap, thereby further reducing 
the ion density inside the 12-pole. The central density falls by a factor of around 
16 as ions are shuttled into the 12-pole resonance trap 
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We first note that, in the limit of small ion clouds where space charge ef- 
fects are negligible, i.e. ipsc = 0, then iV^ can be evaluated analytically, giv- 
ing = l/(fc — 1). Thus, in a linear quadrupole trap with only a small num- 
ber of noninteracting ions, = 1. This is a consequence of the equality 

of the average secular energy and average micromotion energy in a harmonic 
(quadrupole) trap. As space-charge interaction grows, Nd = increases. 
This number is as large as 3 for buffer-gas-cooled Hg ion clocks. A 12-pole 
trap, by contrast, begins in the small cloud limit as = 1/5, already 

5 times smaller than the quadrupole. Additionally, because the field- free in- 
terior volume of the multipole is much larger than the quadrupole with the 
same radius, the low-density limit is satisfied with a much larger number of 
ions. 

7 First Multipole Clock Operation 

We have built a 12-pole trap (Fig. 4) along with a collinear quadrupole trap 
where ions are optically pumped between periods of microwave interrogation 
in the 12-pole trap. Ions have been successfully loaded into the quadrupole 
trap, where the atomic fluorescence was measured with a good SNR. The 
ions were then electrically shuttled into the collinear 12-pole trap and shuttled 
back into the quadrupole, where fluorescence measurements showed negligible 




Fig. 4. The linear 12-pole trap cross-section. The inner radius from center to first 
contact with the rod electrodes is 5.6 mm. Microwaves at frequency 40.5 GHz enter 
the trap between rods, as shown at “12 o’clock”, via a small (1 x 2mm) dielectric- 
filled waveguide and horn 



Recent Developments in Microwave Ion Clocks 207 

ion loss in transport across the junction between the two traps. This also 
demonstrates that losses from the 12-pole trap were insignificant. This is 
important because the well depth of the 12-pole trap is around 0.3 eV as 
compared with the greater than 3 eV well depth of the linear quadrupole 
trap. 

The Boltzmann equation solutions outlined above can be used to inves- 
tigate the ion-cloud radial density profile in each of the two traps involved 
in this 12-pole ^®®Hg+ ion clock. Ions are loaded into the quadrupole every 
cycle of the measurement simultaneous with the optical pumping of the ions 
that were just moved into the quadrupole trap; from the 12-pole for a typ- 
ical operating condition, Ri 10^ ions are transferred back and forth in this 
manner. The density inside the 12-pole trap is much weaker than inside the 
quadrupole, in part because the 12-pole trap is 3.8 times the length of the 
quadrupole. The bigger reduction in density comes from the nature of the 
multipole, where the fields are very small until about 4.5 mm from center. 
The comparison of the two profiles is shown in Fig. 4. The quadrupole is op- 
erated at Uq ~ 280 V, while the 12-pole is run at C/q ~ 30 V with the driving 
frequency of both at 1 MHz. 

Conventional linear-trap Hg standards developed in our lab. show a 
1-2 X 10“^^ frequency offset as the trap is loaded with ions in order to achieve 
a good signal-to-noise ratio in the clock transition. The normalized micromo- 
tion second-order Doppler shift can be, in effect, much “hotter” than the 
secular, that is, can be as large as 3. But there is some heating of 

the secular temperature when there is so much micromotion within a large 
cloud. We have measured the sensitivity of the ^®®Hg+ 40.5 GHz clock reso- 
nance frequency to changes in ion number in the resonance trap. The 12-pole 
trap, with the greatly reduced micromotion = 1/5), is naturally much 

less sensitive to such space-charge and rf-heating problems. The measured 
frequency pulling of the clock transition as ion number is changed in both a 
quadrupole trap and in the 12-pole trap is shown together in Fig. 5. In this 
data the number of trapped ions is controlled by the end-pin voltage - that 
is, as end-pin voltage is reduced below « 10 V, fewer ions are trapped. This 
is a consequence of loading rates and loss rates in the vicinity of the electron 
gun where ions are created. 

The clock operation of the 12-pole is carried out with a 6s Rabi pulse 
applied to the ions after they have been optically pumped in the quadrupole 
trap and then transferred into the multipole trap. The signal size for the 
resonance is « 50 000 on the peak of the resonance curve, with a background 
stray light level of « 220 000. The time required for a single measurement 
cycle is about 11s. These parameters predict a short-term Allan deviation 
(limited by photon counting statistics) of « 7 x 10“^^r“^/^ Hz“^/^. Figure 6 
shows the LITE 12-pole clock stability measured against a hydrogen maser 
(SAO-26), demonstrating a slight degradation by the H-maser as an LO. 
This seven-day continuous measurement of the 12-pole stability was limited 
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Fig. 5. Variation of the clock frequency with ion number. As the end-pin 

voltage diminishes to less than « 5 V, fewer ions are held in these two linear traps. 
For the 12-pole trap, the half-signal point is 3-4 V while the quadrupole trap reaches 
half-signal as the end-pin voltage falls below 5-6 V. This is an artifact of the electron 
optics and loading rates for each trap. As can be seen, the 12-pole is drastically less 
sensitive than the quadrupole to variations in ion number for the same large cloud 
(« 10^ ions) conditions. In both traps, the low end-pin voltage operation has less 
than « 5% of the total number of ions as the high voltage operation 
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by the maser frequency instabilities beyond « 30 000 s averaging times. A 
second LITE 12-pole trap will soon be operational and will allow much lower 
noise floor measurements. 

8 Frequency Offsets in Multipole Ion Trap 

The leading frequency offsets for the 12-pole configuration are listed in Ta- 
ble 1. Changes in these offsets will lead to clock frequency instabilities. Accu- 
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Table 1. The leading frequency offsets that may affect the operating frequency of 
clock based on a 12-pole ion trap 



Frequency offset 


Magnitude Projected absolute 
uncertainty 


Regulation required 
to reach 10“^® 


Second-order Doppler 
Secular Motion ( 300 K) 


2.4 X lO'i^ 


1 X 10"i'‘ 


Ion Temperature 0.1 K 


Space-Charge-induced 

micromotion 


2.0 X 


< 10-1-^ 


Ion Number « 0.5% 


Second-order Zeeman 
(@ 35 mG) 


3 X 10'^^ 


1 X 10”^‘‘ 


« 5 X 10”^ Gauss 


Helium Buffer Gas 


1.1 X 10'^^ 


1 X 


10“® mbar 


AG Zeeman 


< 10"^^ 


< 10-^"^ 


1% 



racy approaching may be practical in a rack-mountable clock 

based on a multipole linear trap. Use of a multipole linear trap has reduced 
the second-order Doppler shift by almost a factor of 10. This has been the 
largest source of potential frequency instabilities in previous lamp-based Hg 
frequency standards. The degree of regulation required to reach 10“^® stabil- 
ity is also shown in Table 1. 

The ion cloud temperature can be measured by propagating microwaves 
along the axis of the linear 12-pole, as described in [18]. The 40.5 GHz tran- 
sition will then be first-order Doppler, broadened to 

Si, = = 2.056 Vr [kHz]. (2) 

Equation (2) predicts that bv = 35.6 kHz for T = 300 K. The width of this 
resonance could be measured to « 5% to determine the secular temperature 
second-order Doppler offset to an uncertainty « 10“^^. The ion temperature 
stability may ultimately be determined by the ambient temperature variation 
since the buffer gas is at that temperature. The ambient 0.1 K temperature 
stability requirement for 10“^® clock operation is readily met in most fre- 
quency standard labs. 

9 Summary 

There has been considerable progress in the last two decades since trapped-ion 
standards were first realized. Clocks based on mercury ions in linear traps are 
already operational and support deep-space navigation in the NASA Deep 
Space Complex. New developments based on multipole traps promise the 
realization of small, highly stable clocks with enough accuracy to support 
space-borne applications. Meanwhile, with advances in lasers and associated 
technologies, laser-cooled ion clocks are also approaching the goal of evolving 
out of the laboratory, and into field applications. These and other emerging 
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improvements will make future trapped-ion clocks and frequency standards 
available to a much larger class of applications, ranging from tests of funda- 
mental physics to navigation on both Earth and other planetary surfaces. 
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Abstract. Measurements of several stable optical frequencies using the PTB fre- 
quency chain are reported. The measurement scheme together with the ingredients 
(radiation sources, nonlinear elements, coherence) for such measurements are dis- 
cussed. A comparison of different frequency chains is reported and the measure- 
ments planned for the near future are mentioned. 

It is generally hoped that a high (e.g. optical) frequency atomic quantum tran- 
sition can improve the accuracy of future frequency standards over those presently 
available, which are based upon microwave transitions. This is suggested by the 
fact that the homogeneous linewidth of an atomic transition the quantity with 
the largest influence on the accuracy of a standard, is largely independent of the 
transition frequency. 



1 Introduction 

Optical frequency standards of various accuracies have been developed and 
thus it is necessary to relate, in a phase-coherent manner, the optical fre- 
quency to a radio frequency (rf) signal. This could be for the purpose of 
comparing the optical frequency standard with the best microwave frequency 
standards, or to make use of the optical frequency standard as a clock. We 
have constructed a frequency multiplication chain extending from the rf range 
to about 460 THz to determine absolutely the precise frequencies of the fol- 
lowing transitions: 

• CH4 (iJ-line and f-line) at 88 THz 

• OSO4 transitions at 30 THz 

• The Ca transition at 457 THz. 

The 88 THz measurement has been used to calibrate transportable CH4 fre- 
quency standards, which have in turn been used to measure the frequency 
of the 15-25' transition of hydrogen [1], or served as secondary infrared fre- 
quency standards for measurements of other optical transitions elsewhere [2] 
or for comparison of frequency chains [3]. 

It is expected that a frequency chain will also be able to be used in the 
future to connect to transitions of (trapped and cooled) single ions such as 
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Yb+ at 688 THz. Although femtosecond pulsed lasers with their pulse lengths 
of only a few optical cycles appear at present to open completely new avenues 
in the measurements of optical frequencies, it would seem that for some time 
to come the measurements of optical frequencies will rely on conventional 
frequency multiplication. This is why we continue improving the reliability 
of optical frequency measurement by conventional frequency multiplication. 



2 Techniques and Elements 
of Frequency Multiplication Chains 

The method for measuring an optical frequency with a frequency multipli- 
cation chain is the same as is routinely used for measuring microwave fre- 
quencies: an oscillator of precisely known frequency (a frequency standard) 
is used in conjunction with a nonlinear element to generate harmonics of its 
frequency. A suitable harmonic is then compared with an unknown higher 
frequency source by measuring the beat of the latter with the nearest har- 
monic. The unknown frequency is then determined. Subsequently, harmonics 
of this higher frequency can be generated in a nonlinear element and used to 
measure the even higher frequency of another oscillator, and so on. This step- 
wise frequency multiplication is continued until the desired optical frequency 
is reached. 

In the microwave range, this frequency multiplication is done using various 
types of microwave oscillators, together with diodes as nonlinear elements. 
In the submillimeter wavelength range and above, lasers are used as oscil- 
lators. We have found that micron-size GaAs Schottky diodes are adequate 
as harmonic generators and mixers up to about 6 THz [4]. Josephson Junc- 
tions have also been used up to this range of frequencies [5] . It would appear 
that such junctions with high-temperature superconductors offer promise for 
reaching even higher frequencies: we are, however, not aware of any corre- 
sponding experiments. Above 4 THz we can use Ni-W point contacts up to 
120 THz. Above this frequency, second harmonics are generated in nonlinear 
bulk crystals, and mixing is done by photodiodes. 

In the different spectral ranges we use different types of lasers, such as gas 
or solid-state lasers, and above 250 THz we use predominantly semiconductor 
diode lasers, whose emission line width is reduced by external resonators. 

2.1 Radiation Sources 

Microwave- and millimeter-wave-sources such as klystrons, and Gunn oscilla- 
tors are commercially available up to roughly 100 GHz. Laser types used in the 
Medium- to Near-Infrared (MIR to NIR) are also of a tried and proven type 
(GO 2 lasers, He-Ne lasers etc.). However, sources of radiation from roughly 
1-10 THz (far infrared or submillimeter region) are less easily available. 
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The initial work on far-infrared frequency multiplication used HCN (or 
DCN) lasers around ITHz and H 2 O (or D 2 O) lasers at about lOTHz. To 
produce an appropriate power of a few tens of milliwatts, these lasers had 
to have unwieldy dimensions (8 m long in [6,7]). Furthermore, the closeness 
of the generated light frequency to the plasma resonance of the discharge 
within the resonator posed substantial problems for the control of the emis- 
sion frequency of these lasers [8]). Such problems were eased somewhat with 
the discovery of Far Infrared (FIR) laser emission of polar molecules, which 
are excited by mid-infrared lasers, to create population inversion on rota- 
tional transitions in the vibrationally excited state [9]. Figure 1 shows the 
energy-level scheme of such a FIR laser. 

Within a few years, this technique produced about 2000 laser wavelengths 
in the 0.3-15 THz range. For a collection of these laser transitions, see [10]. 
One can estimate that, with the MIR laser lines available from such media 
as CO 2 or N 2 O or CO, or isotopic variations of these, and with the polar 
molecules having absorption bands overlapping with the emission of the above 
MIR lasers, it should be possible to excite about 5 x 10® different FIR laser 
transitions. Thus the FIR spectrum could be well covered with sources of 
coherent radiation on all these transitions; however, it is clear that it would 
require an exceedingly large effort to observe and catalogue all these laser 
transitions. Consequently the search for FIR laser transitions in optically 
pumped gases has more or less come to an end since the mid-1980s. Of the 
about 2000 known laser transitions, only a few can deliver power in the 10- 
100 mW range. 

We have performed a number of experiments to increase the tuneability 
of such FIR lasers, as well as to increase the opportunities for pumping par- 




Fig. 1. Energy- level scheme of an optically pumped far infrared laser. 1?2: pump 
laser frequency; f2i: far infrared laser frequency; J: rotational quantum numbers; 
V. vibrational quantum numbers 
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ticularly efficient molecules (such as NH 3 ). An increase of tuneability would 
seem to be possible by using (instead of the resonant pumping and resonant 
emission) two-photon or Raman-laser emission. Figure 2a shows a resonant 
pumping emission scheme, in comparison with the Raman scheme of Fig. 2b. 
While the Raman scheme requires less precise coincidence of a vibrational 
transition of a laser molecule with a pump-laser frequency, the tuning range 
is also larger than for resonant excitation since at fixed pump frequency the 
emission frequency in the far infrared can vary within the full Doppler width 
of the vibrational transition. 

This is allowed because, instead of single-photon resonances, only a two- 
photon resonance condition with an intermediate energy level not too far from 
the single photon energy needs to be fulfilled. For long FIR wavelengths, an 
increase in tuning range of the Raman technique, as compared with single- 
photon transitions, can be up to 50 times. Details of these Raman FIR-lasers 
are described in [11]. Evidently combining Raman lasing with a tuneable 
pump would further enhance both the number of transitions excitable and, 
also the timing ranges of the emitted radiation. 

As no relatively high-power (more than a few watts average power) tune- 
able pump-laser sources in the MIR are presently available, experiments [12] 
to create a tuneable pump by combinations of a (tuneable) microwave pho- 
ton and (fixed frequency) MIR laser photon in a two-photon pumping process 
were investigated (see Fig. 2c). The idea was that, since the frequency spacing 
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Fig. 2. Comparison of (a) resonantly pumped, (b) Raman far-infrared, (c) two- 
photon-pumped laser, and (d) hyper-Raman lasers 
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of typical MIR laser lines is ~ 10 GHz, the addition of microwave photons 
to fixed laser frequencies would permit the excitation of any molecular line 
within the grid of MIR laser emission lines. The estimate on the necessary 
pump transition Rabi frequencies showed that it would be necessary to res- 
onantly enhance the pumpmicrowave fields. The result is a rather peculiar 
hybrid microwave-FIR metal waveguide resonator, which did in fact per- 
mit the envisioned two-photon pumping of laser transitions in a continuous 
mode [12]. Higher microwave powers subsequently allowed tuneable FIR radi- 
ation generation [13] which corresponds to a three-photon (or hyper-Raman) 
process, as shown in Fig. 2d. 

To our knowledge, however, these excitation schemes have not been used 
in an actual optical frequency measurement because of their technical com- 
plexity. Single-photon transitions such as the 70 pm line of CH 3 OH or the 
420 pm line of HCOOH are mostly used. 

2.2 Resonators 

One can only obtain moderate absorption coefficients in the MIR range with 
polar gas laser material because one must avoid quenching the rotational 
population inversion by collisions. These lead to FIR laser resonators with an 
active medium of the order of 1 m long (Fig. 3a). The optical length can also 
be extended without increasing linear dimensions by folding the resonators 
(Fig. 3b) 

Ring resonators have proved particularly useful [14,15] (see Fig. 3c,d). 
These have, above all, the advantage of not reflecting pump radiation back 
into the pump laser. As back-reflections are almost unavoidable, causing in- 
stabilities of the laser system output or even “chaotic” operation where the 
laser emission becomes incoherent, ring laser resonators which avoid such 
back-reflection are highly advantageous. Lateral confinement of the gener- 
ated FIR radiation inside the resonator can be achieved either by using stable 
resonators with free space propagation between curved mirrors, or by using 
flat resonator mirrors and guiding the FIR radiation by a dielectric tube (e.g. 
made of Si 02 ). Equally, metal waveguides can be used (as in the two-photon- 
pumping, hyper-Raman experiments mentioned above [12,13]). However, the 
lowest loss modes of such waveguides are the TEOl-modes of largely oversized 
circular guides, whose polarization patterns are poorly adapted to antenna- 
coupled nonlinear elements, as used in the FIR part of frequency chains. 
Consequently lasers with metal waveguides have not often been used with 
frequency measurement chains. 

The resonator mirrors employ metallic surfaces. They are usually made 
of copper that has been coated with gold for chemical stability. Radiation 
coupling into, and out of, the resonator is achieved using small holes in the 
mirrors (Fig. 3). Semi-transparent mirrors can be realized by wire grids of 
a few tens of micrometer grid constant. As these are evidently polarization- 
selective, square wire meshes of copper or gold are more commonly used [16]. 
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Fig. 3. Types of far infrared laser resonators: (a) linear resonator; (b) folded linear 
resonator; (c) triangular ring resonator; (d) “figure of eight” ring resonator. A 
CO 2 pump laser is used. The KCl plate serves for separating the FIR radiation 
from the pump radiation by phonon band reflection in the FIR. The retroreflector 
forces unidirectional emission of the ring 



As a means for separation or combination of pump and FIR radiation, use is 
frequently made of the high reflectivity of alkalihalide crystals in their phonon 
bands [17], which are transparent in the MIR as shown in Fig. 3. 

In addition to some types of lasers, backward wave oscillators can be con- 
structed as radiation sources for the long-wavelength far-infrared range (up to 
1 THz). We use a tube at 400 GHz with a power of 100 mW. At least 20 mW 
output is available at 600 GHz, and of the order of 1 mW at 1 THz [18]. Prior 
to our investigations of sub-mm wave Backward- Wave Oscillators (BWO), 
little was known about the possibility of phase-locking the emission of such 
oscillators. We now know ~ as one would expect from the physics of these 
sources - that the emission frequency is practically only dependent on the ac- 
celeration voltage of the electron beam. This voltage is of the order of 10“^ V. 
Smoothing of this voltage to a relative level of 10“^ is necessary and also 
sufficient for phase-locking the BWO frequency to a harmonic of a 20 GHz 
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microwave signal. Direct harmonic generation of 100 GHz radiation - first 
by a doubler, and subsequently by a tripler - has led to powers of 1 mW 
at 600 GHz. 

2.3 Nonlinear Elements 

For the generation of harmonics of a radiation frequency, obviously a nonlin- 
ear element is required. Initially, metal point contacts were used [19]. Joseph- 
son Junctions were subsequently considered promising, and finally it was 
found that scaling semiconductor Schottky-barrier diodes to ever smaller di- 
mensions can go a long way into the infrared in realizing efficient harmonic 
mixers. 

2.3.1 Metal Point Contacts 

The idea leading to use of metal point contacts was to reduce as much as pos- 
sible the time constant, r, of a diode, which is given by its series resistance R 
and its stray capacitance C as t = RC. To minimize C leads ultimately 
to a point contact. Minimizing R requires use of a highly conductive mate- 
rial, e.g. a highly doped semiconductor, if one is thinking of some kind of 
Schottky diode. Ultimately this leads to a metal. From a metaUmetal point 
contact one would not normally expect a nonlinearity. However, although de- 
tails have probably not even today (in 2000) been understood completely, it 
appears that an oxide layer on top of the metal effectively leads to a tunnel 
junction [20]. It was shown experimentally that the static diode character- 
istic (i.e. the one measured at zero frequency) is well capable of predicting 
the harmonic generation, the mixing and the rectification at high frequencies 
i.e. up to a frequency of 150 THz [21]. Figure 4 shows the rectification and 
the harmonic mixing as a function of dc-bias on metal point contacts of two 
different dc-characteristics. The measurements conform well with what one 
would expect on the grounds of the dc-characteristics [21]. Figure 5 shows 
the results of an experiment investigating the harmonic mixing efficiency of 
W-Ni point contacts. Here the diode was irradiated with two different laser 
lines from a GO 2 laser and a 70 GHz (klystron) source [22]. Using suitable 
G02-laser lines, their differencefrequency can be chosen to lie at a harmonic 
of the 70 GHz radiation. Thus by tuning the GO 2 laser lines it is possible to 
measure the harmonic mixing efficiency as a function of the mm-wave har- 
monic, as shown in Fig. 5. From Fig. 5 one infers as a guiding rule that a 
mixer loss of 3.5 dB per harmonic mixing order is to be expected. This rule 
applies below 100 THz since such point contacts have their roll-off in the near 
infrared. 

A major step forward in the use of these point-contact diodes was the dis- 
covery that the contact wire acts as a long wire antenna for the IR radiation 
to be coupled into the point contact [23]. As the length of the contact wire 
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Fig. 4 a. Characteristics and measurements of point contact MIM diodes (a) rec- 
tification of a diode with characteristic close to an even function; (aa) dc-diode 
characteristic (linear part (3mA/V) suppressed); (ab) rectification calculated from 
aa as a function of diode bias voltage. Measured rectification at: ac): 30THz; ad): 
88THz; ae): 120 THz 



(typically 2 mm) is large compared with the wavelength of the optical radia- 
tion, the optimum coupling angle is usually much smaller than the intuitively 
expected 90° (typically it is of the order of 10°). 

Moreover, for wavelengths below 10 pm it turns out [24] that what serves 
as the antenna is not the whole wire but rather the conical end of the wire, 
which is etched onto the wire in order to make the stray capacitance as small 
as possible. The contact wire is typically made of tungsten (for mechanical 
rigidity) with a diameter of the order of 10 pm. The last 20 pm at the end of 
the wire is etched, to a conical shape (Fig. 6). 

The tip radius of such cones is typically 5-30 nm, as the electron micro- 
scope pictures show. The coupling diagrams of such a point-contact diode is 
consistent with that of a cone antenna the size of the etched portion of the 
wire [24]. 



rectified higna! 
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Fig. 4 b. Rectification of a diode with anti-symmetric characteristic; (ba) dc-diode 
characteristic (linear part (3mA/V) suppressed); (bb) rectification calculated from 
ba as a function of bias voltage. Measured rectification at: be): 30 THz; bd) 88 THz; 
be) 120 THz 



It has been suggested that the experimentally found frequency limitation 
of such metal point-contact diodes at 100-200 THz (3-1.5 pm wavelength) [49] 
is caused by the plasma resonance of the tungsten material, which should lie in 
this range. Above the plasma resonance the material behaves like a dielectric 
and can then presumably not act as an antenna (which requires conduction) . 

A few attempts have been made to elucidate the physics and limitations 
of these metal point-contact diodes; however, more effort will be necessary 
to complete such work. At present, no complete description of the physics of 
these devices exists; instead they are just used in optical frequency mixing and 
measurement in a cook-book fashion. It is surprising that the understanding 
of these diodes has never been carried further, since it would seem that they 
would provide the basic building blocks of terahertz or petahertz electronics: 
it would be conceivable to combine such diodes to make a transistor, which 
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Fig. 4 c. 5th-order harmonic mixing with a diode of characteristic type aa: (ca) 
5th-order mixing the 88 THz as function of bias; (cb) 5th-order mixing to 120 THz 
as function of bias; (cc) calculated 5th order mixing due to characteristic aa as a 
function of bias. 

In all cases in this figure, the good qualitative agreement between the optical per- 
formance of the diode and its dc characteristics indicates that we can determine 
the “fast” optical non-linearity from the dc characteristics 




Fig. 5. SNR of mixing signals between a CO 2 laser difference frequency and har- 
monics of a millimeter- wave source, as a function of mixing order 



could form the heart of optical amplifiers or oscillators. These would be based 
on the immensely successful principles of conventional electronic devices, in 
which nonlinearities can be created simply by applying voltages directly to 
thin layers of materials. 
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Fig. 6. Electron microscope images of an etched Tungsten wire tip that is used to 
make an MIM point-contact diode. Wire diameter is 8 p,m {left); radius of tip is 
30 nm (right) 



As opposed to this technique, fields appearing when a material is illu- 
minated by a free-space light wave (as used in normal nonlinear optics) are 
weak, which is why optical nonlinearities in bulk materials are so notori- 
ously weak compared with electronic nonlinearities. (One may recall that 
the field caused by applying 1 V to a layer of 1 pm thickness (as is conven- 
tional in semiconductor devices) is equal to that generated by a light wave of 
10® W/cm^ intensity). The key elements for such petahertz electronics would 
be antenna structures (to convert weak-intensity light into a voltage) and 
metal junctions. 

A first effort in this direction has been made [25]. According to the ca- 
pacitance values of metal point contacts, more durable and robust contacts 
are completely within the capability of modern microstructuring techniques. 
Figure 7 shows such diode structures with antennae for linearly and circu- 
larly polarized infrared radiation. A first experiment has confirmed that these 
structures can work at infrared frequencies. A beat frequency of 170 GHz be- 
tween two CO 2 laser lines was detected from such a structure, as shown in 
Fig. 8 [25]. 

2.3.2 Josephson Junctions 

Josephson Junctions [26] are often used to relate a voltage to a frequency. 
When a certain frequency is applied to a Josephson Junction, usually sev- 
eral plateau in the voltage pattern can be observed. This is a manifestation 
of the fact that, inside the Josephson Junction, harmonics of the applied 
frequency are generated. From these observations it is apparent that high 
harmonics (with a frequency by far exceeding the superconductor energy 
gap) can be generated. For a time this led to the hope that millimeter-wave 
(mm-wave) radiation could be (by means of a Josephson Junction) directly 
multiplied into the spectral range of visible radiation. Oscillators with spec- 
tral properties suitable for direct multiplication to the visible were therefore 
developed [27]. Unfortunately, in spite of these hopes, the frequency multi- 
plication with Josephson Junctions has never exceeded a few terahertz [5]. 
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Fig. 7. Electron microscope images of MIM diodes in a microstructuring technique. 
Top: diode with dipole (“bow tie”) for linearly polarized optical radiation. Below: 
diode with spiral antenna for circularly polarized optical radiation. Dimension of 
2 gm given for comparison 



It would appear that much higher frequencies can be reached when high 
temperature superconductors are used because one would think that the fre- 
quencies ultimately reached would scale as the superconductor gap energy. 
Although seemingly a promising area of research, we are not aware of any 
systematic research on Josephson Junctions with high-temperature supercon- 
ductors for terahertz frequency multiplication and mixing. 

2.3.3 THz- Semiconductor Diodes 

Up to the mm- wave range, semiconductor Schottky-barrier diodes are com- 
monly used. Scaling them to higher frequencies requires minimization of the 
series resistance and the capacitance. As opposed to point contacts, these 
diodes are Schottky-barriers (metal-semiconductor) of a finite area. For a 
strong nonlinearity, as described above, the nonlinear layer needs to be thin 
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Fig. 8. Sixth-order mixing signal/beat between two CO 2 laser lines with the third 
harmonic of a millimeter-wave source. This was achieved using the diode shown at 
the top of Fig. 7 




Fig. 9. Schematic of a sub-mm Schottky-barrier diode chip. The “whisker” serves 
for the ohmic contact between an individual diode and the antenna for the optical 
radiation. 



(of the order of 0.1 |^m). To keep the resistance small, this low-doping layer 
sits on a high-doping substrate (Fig. 9). On top of the low-doping layer sits 
a Si 02 mask defining the individual diode elements by small apertures, each 
of which has been metallized (Fig. 10). The spacing of diodes is comparable 
with their diameter. Thus pointing a contact wire, etched at the end to a 
tip of less than 100 nm, at the chip will with good probability lead to an 
ohmic contact with one of the diodes. This is a much more stable structure 
than the metal point contacts; its nonlinear properties are stable effectively 
for infinite time. Thus it can be used with more complex-to-adjust coupling 
schemes than the simple long-wire antenna of the metal point contacts. 

At first sight it would seem difficult to scale such diodes to have a faster 
response. As the material choice is fixed by the desired nonlinearity, the diode 
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Fig. 10. Electron microscope image showing a sub-mm Schottky-barrier chip with 
one diode contacted by “whisker” wire 



area could be reduced. However, although this reduces the capacitance, it in- 
creases by the same measure the resistance, thus leaving r = RC unchanged. 
Detailed calculations have been performed in order to optimize such diodes 
for particular applications (for fixed frequencies the capacitance can to some 
extent be “tuned out” by the antenna matching). The calculations show, 
without exception, another limitation: at the small doping levels of the ma- 
terial, the plasma frequency for the carriers lies in the range of about 1 THz 
and all calculations show a rapid fall-off of any response beyond the plasma 
frequency [28]. Thus a much reduced response was expected for frequencies 
beyond ITHz. However, initial experiments using these diodes as harmonic 
mixers from mm-waves to terahertz laser frequencies showed surprisingly ef- 
ficient harmonic generation, up to 6 THz [29,31]. Subsequent experiments 
showed that the diodes could perform well far beyond their plasma frequen- 
cies [30] . The operational mechanism beyond the plasma resonance frequency 
is not known (perhaps displacement currents take the role of real currents 
here?). Higher frequencies were not tested due to lack of laser lines beyond 
6 THz. The experiments used 400 GHz radiation from a Backward- Wave Os- 
cillator (BWO) as the fundamental in order to reach the high frequencies at 
moderate harmonic orders. 

Subsequently, we have been able to show that, even starting from a fun- 
damental frequency as low as 70 GHz, harmonic mixing to 3.7 THz [32] and 
4.25 THz [33] two frequencies important for optical frequency measurement 
was possible with a SNR adequate for phase-locking. Showing, on the other 
hand, that the 3.7 THz can be multiplied to 29 THz with good SNR in a 
metal point contact opened the possibility of a very simple apparatus for 
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measuring CO 2 laser frequencies - in particular, the frequency of the i?(32) 
line at 29THz, which connects directly to the 88THz He-Ne laser with its 
precise CH 4 -standard line [33]. 

Experiments to use these stable semiconductor diodes at CO 2 laser fre- 
quencies (the 30 THz range) have, however, been largely unsuccessful. It was 
possible to observe beating of a mm-wave signal with a mm-wave difference 
frequency between two CO 2 lasers, but a few times 10 GHz for the difference 
frequency proved to be the definite limit [34] . Thus one has to conclude that 
between 6 THz and 30 THz an abrupt and steep falloff of the response occurs. 
The reasons are still not understood. 

As the lifetime of a contacted diode is essentially infinite, it is possible to 
use it with more complex, and hence more efficient, coupling schemes than 
a simple long-wire antenna. In [35] it was pointed out that reflectors which 
fold together the antenna diagram (which is symmetric around the antenna 
(contact-) wire) can improve the coupling of a plane wave to the diode re- 
markably. A reflector of two mirrors intersecting along a line parallel to the 
antenna wire, with the vertex about 1 wavelength away from the wire at an 
angle of 90°, was found optimal [35]. This is realized by a small cube-edge a 
reflector. Since this reflector has to be adjusted in five degrees of freedom, its 
precise installation is time-consuming. The time necessary for a proper ad- 
justment would in all probability exceed the lifetime of a metal point-contact 
diode; thus, the use of such reflectors with metal point contacts is impracti- 
cal. However, since the lifetime of contacted semiconductor Schottky-barrier 
diodes is essentially infinite, the adjustment effort is worthwhile. This im- 
proved coupling scheme is therefore widely used, be it for optical harmonic 
mixing [32] , for detection and heterodyning of FIR radiation [3G] , or for as- 
tronomical receivers [37]. 

In summary, it can be said that such simple Schottky-barrier diodes of 
small diameter (Ipm) perform as harmonic mixers equally well as, or better 
than, the Josephson Junctions which have so far been tested as harmonic 
mixers. The diodes stability and long lifetime, along with their simplicity of 
use, make them preferable to the Josephson Junctions, as they have been 
used so far for infrared harmonic mixing. 



3 Coherence 

Assuming that nonlinear elements and radiation sources exist for achieving 
sufficiently strong harmonic mixing signals (thus essentially multiplying an rf 
signal by a large number into the optical range), then a further requirement 
is that the multiplied signal possesses a certain level of coherence or “phase 
trackability” . 

Simply stated: if a frequency is multiplied by a factor N, its period dura- 
tion is divided by N. If a low starting frequency is not ideally coherent but 
shows phase noise (i.e. the zero-crossings of the field jitter by an amount At), 
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there is a certain critical factor Ncrit above which At exceeds the period du- 
ration of the multiplied frequency. This means that on average, the period to 
which a zero-crossing belongs is no longer defined. (This phenomenon is often 
called “coherent collapse”, which occurs at a certain multiplication factor.^) 

To perform a phase-coherent frequency multiplication, the collapse fre- 
quency must be well above the optical frequency which is to be measured by 
the multiplication. The direct approach for solving this problems is to start 
with an rf oscillator with exceedingly low phase noise. Thus, in the early 
phases of optical frequency measurements, large efforts were made to de- 
velop superconducting resonator microwave oscillators whose noise was small 
enough to be multiplied directly into the optical range. This work was un- 
dertaken with the idea that Josephson Junctions would be such efficient har- 
monic generators that a microwave frequency could directly, without further 
intermediate oscillators, be multiplied into the optical range. Evidently, in 
such a one-step multiplication the starting oscillator has to provide all the 
coherence necessary at the optical frequency. 

As mentioned earlier, the high hopes in Josephson Junctions have never 
really materialized, and consequently this direct approach to the coherence 
problem has been abandoned. It has proven more practical in real frequency- 
measurement chains, to distribute the load of the coherence among the var- 
ious oscillators along the multiplication path of a frequency-measurement 
chain. In particular, it has become apparent that gas lasers, which have a 
resonator of very high quality, can act as excellent “flywheel” oscillators. 
Thus the coherence of the lower stages in a frequency-multiplication chain 
needs only to be good enough to yield a coherence collapse frequency that 
is well above the lowest frequency gas laser (and not necessarily above the 
highest frequency which is to be finally measured). 

In our frequency chain, the lowest frequency gas laser is a CH3OH laser at 
4.25 THz. The multiplication to reach this frequency proceeds from a 100 MHz 
quartz oscillator (phase noise (Sip) « — 170dBc at lOkHz from the carrier). 
This frequency is multiplied, avoiding as much as possible added noise, by 
a strip- line type of resonator frequency multiplier to 500 MHz. The latter 
frequency is amplified to 500 mW and drives a step-recovery diode which 
produces harmonics well into the 20 GHz range. At 22.7 GHz a Gunn oscilla- 
tor, whose radiation is transmitted through an overmoded TEqi cavity (with 
a high Q-factor), is re-injected with the transmitted radiation, thus reducing 
the Gunn phase noise by a factor of 100. Figure 11 shows how, for the range 
of Fourier frequencies of 10 kHz to 1 MHz, the phase noise of this combination 
of quartz and cavity-Gunn (related to 4 THz - the lowest frequency of a gas 
laser in the chain) is well below the 1 rad (rms) limit, which corresponds to 
the coherent collapse limit. The Gunn phase-locked- loop (PEL) has a locking 
bandwidth of approximately 200 kHz: this is set so that there is enough gain 

^ See the contribution by G.D. Rovera and O. Acef for further details on this 
subject 
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Fourier frequency 

Fig. 11. Coherence of various sources referenced to 4THz. Asterisks show the phase 
noise resulting from the frequency multiplication of the 100 MHz quartz oscillator 
to 4 THz with the cavity-Gunn acting as a “flywheel” oscillator. Bandwidth = 1 Hz 



to transfer the good phase noise performance of the quartz for low Fourier fre- 
quencies and reject its white phase noise at higher frequencies. The frequency 
multiplication from 22 GHz to 4.25 THz proceeds via an intermediate oscil- 
lator: a backward-wave tube at 386 GHz. This latter device has no resonator 
of significant Q; thus, it cannot contribute to the coherence. The harmonic 
mixing signal between 386 GHz and 22 GHz has to have an SNR which is 
large enough to transfer all the coherence; i.e. the additive mixer noise has to 
be smaller than the phase noise level. This equally applies for the harmonic 
mixing process between the 386 GHz and 4.25 THz signals. Figure 12 shows 
these two harmonic mixing signals. The ratio of phase noise to carrier power 
is reduced as expected (Sect. 3) as the square of the harmonic order. 

The signal-to-noise ratio, due to additive mixer noise, in the harmonic 
mixing between the 22 GHz and 386 GHz signals is 55 dB (at 100 kHz band- 
width). The highest phase noise level (from the quartz) is 15 dB larger than 
the mixer noise, so that the added noise does not degrade the coherence of this 
signal. The broadband mixer noise is about 28 dB below carrier when harmon- 
ically mixing the 386 GHz and 4.25 THz signals. The phase noise components 
are still larger than the added mixer noise, so that the added noise does not 
degrade the coherence at this point either. Thus, in summary, the mixing 
signals allow one to transfer all of the coherence from the lower frequencies 
up to the laser. The frequency multiplication above 4.25 THz involves lasers 
with resonators of macroscopic dimensions, and thus with a correspondingly 
very high Q. Even the diode lasers used have an external resonator of at least 
a few centimeters in length. Although the actual finesse of these may not be 
so large, due to their macroscopic dimensions (volume) the field energy stored 
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Fig. 12. Beat signals for the harmonic mixing 22.7 GHz — > 386 GHz {upper curve) 
and 386 GHz — > 4.25 THz {lower curve). Note that the phase noise exceeds the 
wide-hand mixer noise near the carrier. Bandwidth = 100 Hz 



in the resonator is in all cases so large that the Schawlow-Townes phase dif- 
fusion is negligible. Lasers with macroscopic resonators, while showing very 
little phase noise, evidently show frequency noise. This, however, occurs at 
relatively low Fourier frequencies. Typically, the resonator length of the lasers 
fluctuates due to acoustic perturbations. This, on the one hand, facilitates 
the control of the frequency noise: no fast control elements are necessary. 
On the other hand, it permits a quite effective filtering technique, which, in 
effect, results in an enormous increase of the beat SNR. 

The idea of this latter scheme is based on properly distinguishing between 
the frequency domain and the Fourier frequency domain: if one conceptually 
works in the frequency domain, the discrimination between beat signal and 
broadband noise uses a fixed bandwidth filter, centered at the nominal fre- 
quency of the beat, with a width corresponding to the random frequency 
excursions of the beat signal. For a typical laser resonator without much 
acoustic shielding, such frequency excursions would be perhaps 1 MHz; con- 
sequently, the filter would have to have a width of 1 MHz. Conversely, if one 
thinks in the Fourier domain, what one would really need is a filter that 
“tracks” the beat, so that at any instant the beat signal passes through that 
filter. As we wish to track the phase of the beat signal, a PLL is the appro- 
priate tracking filter. It has to be able to follow all frequency changes which 
occur. These occur at small (acoustic) frequencies. Effectively, then, such a 
tracking filter has a bandwidth (in the frequency domain) only of acoustic 
frequencies i.e. a few kilohertz. 

Thus, if we make use of the fact that gas lasers show frequency fluctuations 
only at acoustic modulation frequencies, we can easily win a factor of 100 
in SNR as compared with a simplistic frequency domain filtering. It is this 
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concept of Fourier-domain filtering which ultimately allows us to make optical 
frequency measurements at the level of parts in 10^^, despite the meagre SNRs 
of the harmonic mixing signals available in the frequency chain. Evidently, 
in the case where noise occurs at Fourier frequencies comparable with, or 
larger than, the frequency excursions of a laser (as is typical for solitary 
semiconductor diode lasers), Fourier filtering cannot give any advantage over 
frequency-domain filtering. 



4 Frequency Multiplication to the 88 THz 
CH 4 Reference Point 

The scheme of the simplest arrangement, as used for the first phase-coherent 
measurements of the CH 4 line, is shown in Fig. 13. As mentioned, it is ref- 
erenced to an H-maser (which reaches instabilities of 4 x 10“^^ at averaging 
times of Is, and 10 “^^ for 100 s, and is the key to enabling precise measure- 
ments over short integration times). The first “flywheel” is a quartz oscillator 
at 100 MHz. The following 22 GHz Gunn oscillator with its “self-injection” 
represents the second “flywheel” oscillator, as described above. The 222 MHz 
synthesizer’s phase noise is not critical since we do not make use of the 
harmonics of its output, only the fundamental. The 22.7 GHz signal is mul- 
tiplied to 386 GHz using an F-band harmonic mixer in a “self-biased” mode. 
It is coax-coupled to the 22.7 GHz radiation. The 386 GHz radiation from 
the BWO emerges from an (oversized) F-band rectangular waveguide. This 
radiation has reasonable polarization properties. It is collected by an f/1 as- 
pheric lens which is made of polyethylene (PE) and wavefront-matched into 
a 20dB-gain horn at the F-band waveguide of the harmonic mixer. A rather 
fast feedback loop is required to transfer the coherence properties of the 17th 
Gunn oscillator harmonic to the BWO. The control bandwidth of this feed- 
back loop is limited by the fact that the control signals have to be applied 
over a several-meter-long High-Voltage (HV) supply cable which is not ter- 
minated. With some additional compensation, we reach a control bandwidth 
of about 4 MHz, which is sufficient. 

Part of the 386 GHz radiation emerging from the mentioned overmoded 
waveguide is antenna-coupled to a l-pm-size Schottky-barrier diode as de- 
scribed above. Part of the radiation of the 4.25 THz laser which is split from 
the main beam by a PE beamsplitter in vacuum is focussed and coupled by 
a 3-mirror arrangement to the same antenna (obviously at a different angle), 
so that a beat signal between the 386 GHz harmonic and the GHaOH-laser 
frequency is seen. 

In the entire measurement scheme, the GH 3 OH laser is the radiation 
source requiring the most attention. It consists of a 1.5-m-long dielectric 
waveguide resonator which is pumped by 20 W of 9 P(34) GO 2 laser ra- 
diation, filled to a pressure of 4-5 Pa with GH 3 OH vapor. The wave guide 
resonator consists of a 40-mm-diameter fused silica tube and fiat gold mir- 
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the text 



rors near the tube ends. The mirrors are held by an INVAR frame (for small 
temperature drift) attached to the tube and vacuum system by soft steel bel- 
lows, so that the resonator length can be varied. Pumping and extraction of 
generated radiation is through a 3 mm diameter hole in one gold mirror. A 
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KCl plate inside the vacuum separates CO 2 pump radiation and generated 
FIR radiation by the phonon band reflection peaking at 3.7 THz. The other 
gold mirror seals the vacuum by pressing against an 0-ring. A piezo-electric 
stack pushing the mirror from behind (outside the vacuum) , and thus allow- 
ing motion of the mirror by compressing the 0-ring, is used to electrically 
fine-tune the FIR resonator length. 

Such FIR lasers are notoriously prone to chaotic pulsing [38], typically 
under “bad cavity” conditions (i.e. when the resonator held decay time is 
shorter than the polarization decay time of the active medium [38]). Such 
chaotic pulsing can be eliminated by choosing “good cavity” conditions (high 
resonator finesse and high gas pressure). However, other instabilities appear 
to be related to the coupling of the FIR resonator with the pump laser res- 
onator as occurs unavoidably for good pump alignment. It is our practice to 
slightly misalign the pump beam with respect to the FIR laser axis to reduce 
this coupling. This sacrifices 20 mW of the 60 mW power available from this 
FIR laser. 

As the piezo-controlled mirror is heavy, its motion is slow and there- 
fore phase-locking of the FIR laser is not possible. The phase coherence is 
transferred to the 10 R{32) C02laser by a synthesizer technique as described 
below. Only the frequency of the FIR laser is coarsely controlled from the 
harmonic mixing signal, ensuring that the emission is at the center of the 
gain line and thus that the output power is maintained at maximum. 

The pump laser frequency also needs to be stabilized. This is done by 
a slow (10 Hz) frequency modulation of about 5 MHz width. The ensuing 
changes of the FIR laser output power are detected by a Golay cell and 
then phase-sensitively rectified. The rectified signal maintains the average 
frequency of the pump laser at a value so that the FIR laser power is max- 
imized. Of course this results, by way of Doppler frequency pulling, in an 
unwanted frequency modulation of the FIR laser frequency at 10 Hz. How- 
ever, the tracking PLL and the piezo-frequency control of the FIR laser have 
no problem controlling this 10 Hz frequency modulation so that Anally, with 
the laser frequency locked to the multiplied signal and all feedback loops 
closed, the FIR-laser frequency is stable. (There is of course a small FIR- 
laser amplitude modulation, which, however, for the frequency measurement 
is unimportant.) 

The next mixing step transfers the coherence to a 10 i?(32) C02-laser. 
Since the FIR laser is not phase-locked, we employ for this purpose a com- 
mon synthesizer technique. The harmonic mixing signal between FIR laser 
and CO 2 laser contains the seventh harmonic of the FIR frequency. Conse- 
quently, we divide the beat frequency by seven and subtract (with a mixer) 
the divided frequency from the beat frequency of the mixing signal of the 
multiplication step below. This signal contains all frequency fluctuations of 
the FIR laser. The higher step beat signal contains those fluctuations multi- 
plied by seven. Therefore the difference signal from the mixer contains none of 
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the fluctuations of the FIR-laser frequency. In particular, the instantaneous 
frequency of the FIR laser is irrelevant for the frequency of the difference 
signal (as long as the PLLs can follow all fluctuations, evidently). There- 
fore the coherence is transferred to the CO 2 laser without transferring the 
coherence to the intermediate (FIR) laser. The latter has only the role of 
increasing beat signal amplitudes. Its own frequency (and fluctuations of its 
frequency) is eliminated in this scheme and therefore does not need to be 
precisely controlled. 

The synthesis of the 71.1 GHz radiation needed to down-convert the beat 
(of more than 280 GHz) between the FIR laser’s seventh harmonic and the 
GO 2 laser is a crucial determinant of the coherent collapse frequency, which 
has to be well above 280 GHz. In this arrangement we again use distributed 
“flywheel” oscillators. At 10 GHz a high-Q Gunn oscillator is used as the 
first flywheel oscillator and, more importantly, the high Q of the 71.1GHz 
reflex klystron adds to the coherence, so that the collapse of this synthesis 
lies above 1 THz. The output of the difference mixer between the seventh har- 
monic and eleventh harmonic signals (Fig. 13) is used to represent the precise 
ratio between Gs and GH 4 frequency (the “measurement” signal). The i?(32) 
GO 2 laser is phase-locked with respect to the GH 4 standard. This is done in 
the following way. The radiation of the GH 4 standard is first amplified to a 
level of 20 mW by passing it through a 1.6-m-long He-Ne discharge tube ( 
where isolators between the GH 4 interrogating He-Ne laser and the amplifier 
tube prevent the formation of an active laser whose gain element is the long 
tube and whose resonator is formed by the output mirror of the GH 4 inter- 
rogation laser and scattering from the metal diode) . By combining 20 mW 
from the GH 4 standard with 50 mW (spatially Altered) from the GO 2 laser, 
and a few times lOmW from a 55 GHz Gunn oscillator, we can produce a 
harmonic mixing signal between the GO 2 and He-Ne laser with a signal-to- 
noise ratio of 20-25 dB in 100 kHz adequate for phase-locking the GO 2 laser. 
The laser radiations are focussed at angles appropriate to the (cone) antenna 
characteristics at the two wavelengths, and onto the contact (antenna) wire 
of the metal diode. The 55 GHz radiates from the end of an open waveguide 
close to the wire. 

The GO 2 laser is of the flowing-gas type and thus has fairly large frequency 
excursions from mechanical noise (rotary pump, water flow). The phase ex- 
cursions of the beat signal are therefore several times 27 t. In order to permit 
phase-locking, we divide the beat signal frequency by 10 , thus reducing the 
phase excursions to a value which allows stabilization of the phase even with 
the relatively slow (2 kHz) piezo-frequency control of the GO 2 laser. Then, 
although temporarily phase excursions of several 27 t of the GO 2 laser with 
respect to the multiplied signal can occur, the phase coherence is maintained. 
(We call such scalers “rubber bands” to describe this function.) 

Recently, this system has been used in a somewhat more complicated 
form: From the GH 3 OH laser we multiply to the 10 P(28) line of an isotopic 
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CO 2 laser. Its frequency coincides within 8 GHz with the seventh harmonic 
of the FIR laser. Thus we reduce the mixing order from 12 to 9 with a corre- 
sponding ease of finding the optimum conditions for the mixing diode together 
with an increase of the SNR of 5-6 dB, the latter reaching typically 23 dB 
in 100 kHz. The frequency interval of 280GHz between the P(28) and P(32) 
laser is then bridged by a further metal diode using the 70 GHz klystron. 
SNRs can easily reach 35 dB (in 100 kHz) for this process, and the conditions 
for the diode are not critical. 

In addition to the phase locks at each step, all beat notes along the chain 
are counted in parallel by counters with nondestructive readout. The output 
from all counters is processed in real time. This allows faster measurements 
because there is no need to wait for an averaging away of the fluctuations 
allowed by the “rubber band” phase locks (which are linear in time, as this 
is a coherent process). 

5 CH4 Optical Frequency Standards 

The initial motivation for a GH 4 optical frequency standard was, without 
doubt, the ease of the technical implementation. The 3.39 pm He-Ne laser 
with its enormous gain has few technical difficulties and GH 4 , as a symmetric 
molecule, promises good accuracy. It has turned out over the years that GH 4 is 
not, as was initially hoped, [39], the new frequency standard that would 
replace traditional Gs clocks. The line has a 10 kHz hyperfine splitting and 
the simple saturated-absorption scheme suffers from shifts, e.g. due to self- 
focussing. In general, the system suffers from all the imperfections resulting 
from the use of an ensemble of quantum systems that are not confined to the 
Lamb-Dicke regime. 

Nonetheless, the GH 4 transition still has a certain importance since many 
of its limitations have been overcome. One approach was the direct logical 
transfer of the linear Ramsey resonance scheme from microwave spectroscopy 
to the optical range [40]. This has allowed the resolution of the hyperfine 
splitting and, because of its unique property of being a linear though coher- 
ent scheme, it allows the relatively simple assessment of certain systematic 
shifts. This method is finally limited by the relativistic Doppler effect, which 
is relatively large in this case because of the small weight of the molecule. A 
combination of many of the techniques developed for high resolution nonlin- 
ear spectroscopy (like selection of small velocities, production of optical fields 
with precise wavefronts, multi-frequency interrogation, and dispersion spec- 
troscopy) have been used and perfected in the work of the Lebedev Institute 
group [41], which has recently led to transportable GH 4 frequency standards. 
(Further improvement is possible using the unsplit A-line [42]). These trans- 
portable standards reach frequency repeatabilities of below 10 “^^ and can 
therefore serve (once calibrated with our chain) as the basis for measurements 
at higher frequencies [43]. The “portable” aspect of these GH 4 standards 
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means that they occupy a unique place, since it provides the only means for 
optical frequency transfer over large distances. Thus, it is worthwhile to try 
to measure its frequency as precisely as possible, which is our motivation for 
minimizing potential frequency-measurement errors, such as cycle slips. 

6 Frequency Measurement Error Sources 

If the entire frequency chain works phase-coherently, any errors of the fre- 
quency measurement will only be due to residual phase errors. In the low- 
frequency stages, drifts in the locking points of oscillator phase-locks can pro- 
duce sizeable dif/dt. One may recall that Imrad/s at 100 MHz corresponds 
to a frequency error of 10“^^. Evidently, the higher the operating frequency 
of the stage, the smaller the effect of a given phase error. In the end, of 
course, such phase errors will always average to zero (as long as there are 
no cycle slips). However, for finite measurement periods they can cause sub- 
stantial deviations. This must be kept in mind when designing the feedback 
circuits, or in judging phase stability of the transmission, be it over cables 
in the low-frequency range or be it in free-space propagation, where temper- 
ature changes can cause long-term refractive index changes in the air. Since 
phase errors will average out over the long term, the most critical source of 
continuing errors is cycle slips in the phase locks. 

These slips are unavoidable if for some reason the amplitude of the beat 
signal goes near to zero and consequently its phase becomes undefined. Such 
zeros can occur in two ways. First, it can happen if a noise fluctuation occurs 
which is opposite in sign and equal in magnitude to the signal amplitude (for 
noise has a Gaussian distribution, which means that there is some probability 
of even large magnitudes). The vector sum of the noise and signal leads to 
no net amplitude. Second, it can occur if the signal changes its phase on a 
time-scale comparable to, or smaller than, the damping time of some filter 
through which it has passed. If the phase change is a shift of Trrad from the 
original signal, then the output signal from the filter output will go to zero. 

The first mechanism is a question of SNR and the probability of such 
phase slips is an extremely steep function of the SNR (the noise amplitude 
distribution being Gaussian). Thus a certain increase of SNR can dramati- 
cally reduce this cycle-slip probability. (In [44] it was shown that, because of 
this steep dependence, one can for practical purposes assume a “cycle slip- 
ping threshold” - a particular SNR above which cycle slips are absent.) The 
second mechanism is not common for lasers with (slowly reacting) high-Q 
resonators. However, in our frequency chain the BWO at 386 GHz has no 
such resonator. Ghanges of the electron beam acceleration voltage, which is 
around 7kV, are directly transformed into frequency changes. We find that, 
almost unavoidably in the high voltage supply, charge will collect on insu- 
lating surfaces. Once enough charge has been accumulated, there will be an 
extremely fast surface discharge which momentarily causes a change of the 
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order of 100 mV in the high voltage level. Such fast changes of the emis- 
sion frequency (and therefore the phase) are much too fast to be handled by 
any feedback loop. Thus, irrespective of all precautions in the HV supply, it 
is necessary to have an indication for such phase slips in the BWO output 
signal. 

To eliminate the influence of phase slips on the optical frequency mea- 
surement, we employ the following strategy: The fast phase shift produces a 
large excursion in the error signal of the 22 GHz to 386 GHz phase-locking 
loop. With the high SNR of the corresponding beat signal, such excursions 
can be detected using a window discriminator. On the other hand, the phase 
at 4.25 THz is tracked with two tracking PLLs of different tracking speed: 
10 kHz and IMHz (both speeds are sensible; see Fig. 11). We assume that 
the fast-tracking PLL is more sensitive to such rapid phase changes than the 
slow-tracking PLL (in any case, two PLLs with such different response speeds 
should react differently to the change). Gonsequently, we compare the phase 
of the two PLLs: if the relative phase between them changes, or a large phase 
shift is detected, we discard the measurement. 

In practice, any such change of the two PLL relative phases is recorded 
in the processing computer and is used to automatically discard the critical 
measurements. Evidently, a phase change between the two PLLs is not a suf- 
ficient criterion for a phase slip in the measurement. It can be the case that 
only the more sensitive of the two PLLs has slipped, while the slower PLL, 
which actually makes the measurement, has tracked correctly. Nonetheless, 
discarding measurement periods as described is sufficient for avoiding mea- 
surement errors (if one assumes that the probability of the two PLLs slipping 
at the same time in the same direction can be neglected). 

7 CH 4 Frequency Measurements 

The first phase-coherent frequency measurement of GH 4 used a linear 
Ramsey-resonance device [40] with its F-line hyperfine structure resolved [45]. 
It produced an Allan variance (Fig. 14) which indicated that the stability of 
the frequency chain and the GH 4 Ramsey standard combined were compara- 
ble to, or better than, the stability of the (commercial) Gs clock used. Since 
then, measurements have been made on a number of different GH 4 stan- 
dards [46]. For these measurements an H-maser was available, which because 
of its excellent short-term stability, allows much shorter measurement times. 
A representative result of the recent measurements is given in Fig. 15. The 
fractional instability reaches values of 10 “^^ and the measurement results 
seem largely dominated by the instability of the H-maser. 

One can thus cautiously conclude that the instabilities of the GH 4 stan- 
dard and the frequency measurement combined are comparable to or smaller 
than the best references in the microwave range. Improving the reference 
standard for these optical frequency measurements would seem possible by 
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Fig. 14. Allan standard deviation (instability) of the measurement of the frequency 
of a CH4 88 THz hyperhne transition with respect to a commercial Cs clock. Squares 
give the measurements, the full lines are estimates for the CH4 and Cs-frequency 
standard instability. It has later been confirmed that the measurements were en- 
tirely dominated by the Cs-clock noise, (uninterrupted measurement for 10) 




Fig. 15. Allan variance for the frequency comparison between a Hydrogen maser 
and several transportable CH4 frequency standards. The measurements seem dom- 
inated by the H-maser instabilities 



using good Cs-beam clocks for long times. But even these devices have an 
accuracy limited to 10“^^ presently. One is brought to an almost trivial con- 
clusion: if we want to measure an optical frequency more precisely, we need a 
better standard in terms of which the frequency of the optical frequency can 
be expressed. (We hope to take advantage here of the PTB fountain clock, 
which has recently started operating.) 
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On the other hand, the fact that the measurement is limited by the refer- 
ence standard allows us to conclude cautiously that the frequency measure- 
ment chain works satisfactorily. The stability curves shown do not in a strict 
sense allow one to judge the “accuracy” of the frequency measurements: Al- 
though hard to conceive, systematic errors may not be impossible. To gain 
information on these systematic shifts, one could compare different frequency 
chains by means of transportable CH 4 standards (the microwave references 
can be - and have been ~ compared by satellite time transfer). 

On Fig. 16 we present the comparisons of PTB with the frequency chain 
at the Laboratoire Primaire du Temps et des Frequences, France (LPTF), 
Paris. The measurements were made over the course of one year using three 
transportable CH 4 frequency standards as described in [46]. These three units 
are operated by BIPM {full circles), the UK’s National Physical Laboratory 
(NPL) {full triangles) and the Lebedev Institute {full squares). The frequen- 
cies of the three transportable CH 4 frequency standards are different, i.e. 
they do have a frequency reproducible to a high degree, but these frequencies 
do not represent the unperturbed CH 4 transition line center. The frequencies 
are shifted from this line center by various effects, namely by those particular 
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design details in which the three units differ. Nevertheless, the high repro- 
ducibility of the frequencies of the three units permits a comparison of optical 
frequency measurement accuracy in the two laboratories. 

Open and closed symbols on Fig. 16 indicate different sets of operational 
parameters of the same systems. From Fig. 16 {full circles) the good reproduc- 
tion of the frequency before and after transport to Paris and back is apparent. 
Initially in 1998 a discrepancy appeared between the measurements at the 
PTB Braunschweig and LPTF Paris. These were later traced back to differ- 
ent system operational parameters (measurements in Paris are given by open 
symbols). Nonetheless when examining the November 1998 measurements, 
a good agreement was found to exist between measurement of identical pa- 
rameter sets (open, closed symbols respectively). The larger scatter of the 
measurements of LPTF Paris compared with that in PTB Braunschweig is 
possibly caused by a noisier environment at the LPTF. We would conclude 
from these measurements that, given the limitations of the frequency repro- 
ducibility of the transportable standards, one can state that the frequency 
chains differ by less a fractional level of 10“^^. It can be expected that this 
value could be reduced further if better transportable standards were avail- 
able. We so far see no evidence in the frequency chain operation of serious cy- 
cle slipping. We have in all stages sufficient SNR to exceed the cycle-slipping 
threshold [44]. In the future, double asymmetric PLLs will be used in our 
frequency-measurement chain to more reliably test for cycle slips. 



8 Optical (Visible) Frequency Measurements 

The Ca line at 657 nm (456 THz) has in the past been developed as an ac- 
curate visible radiation frequency standard. Recent progress in determining 
the unperturbed transition line center has been made with a combination of 
laser cooling and Ramsey interrogation of the cold atoms [47]^. 

To measure the 456 THz frequency, the chain for measuring the 88 THz 
frequency was modified and extended. From the 10 P(32) line of the 
CO 2 laser, a lower frequency line (10 P(14)) is measured using the eighth 
harmonic of a 126.5 GHz Gunn oscillator (referenced with the necessary co- 
herence as discussed above) and harmonic mixing in a metal diode. This 
GO 2 laser line is close to a subharmonic of the Ga 456 THz frequency. 

The GO 2 laser line frequency is then quadrupled in another metal diode 
to reach a frequency close to the fourth subharmonic of the Ga line. A 
KGhLi color-center laser at this frequency, pumped by a krypton-ion laser, 
is frequency-doubled in AgGaS 2 - A 1.3 pm laser diode (228 THz) is narrowed 
in its optical spectrum by feedback from a transmission resonator [48]. The 
228 THz radiation together with the second harmonic of the colour center 

^ Further details of these measurements are given in the contribution by F. Riehle 
and J. Helmcke in Chap. II-l of this volume 
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laser produces a beat on a photo-diode, which phase-locks the color-center 
laser. 

The radiation of 228 THz is again frequency-doubled using LiBsOs to 
produce radiation with a frequency near the Ca transition. As with the gas 
lasers, all these laser phase-locks employ phase-tracking PLLs. 

The complete frequency measurement system is given in Fig. 17. Figure 18 
shows the Allan standard deviation of a recent measurement. As with the 
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Fig. 18. Allan standard deviation of the comparison of the Ca intercombination 
line frequency with a hydrogen maser, for two Ca-atom ensembles optically cooled 
to about 1 mK. Measurements seem again dominated by the hydrogen maser noise 



CH4 standard, the measurements seems to be dominated by the H-maser 
used for the reference. Again, the conclusion would appear to be that the 
frequency-measurement chain, in its modified and extended version, appears 
to make the measurements satisfactorily, and that the combined instability 
of the Ca-standard and frequency-measurement chain is smaller than that of 
the lower frequency reference. For more precise measurements of the optical 
frequency, a more precise or less unstable low-frequency standard will be 
needed. This could be provided in the future by the PTB Cs-fountain clock. 

9 Conclusion 

Measurements of precisely stabilized frequencies at 88 THz and 456 THz in- 
dicate that the determination of an optical frequency is presently not lim- 
ited in precision by the optical frequency-measurement technique. This is 
all the more astonishing as we have to work in several stages with seem- 
ingly marginal SNRs of the mixing signals. Nonetheless, the finding that the 
frequency chain permits frequency measurements in the optical range with 
uncertainties which are apparently determined by the low-frequency reference 
standards is consistent with the analysis [44] which predicts a rather sharp 
cycle-slipping threshold in the SNRs. We safely exceed this critical level in 
all stages of the multiplication chain. 

We will in the future try to obtain more information on optical frequency- 
measurement precision (as opposed to instability) by international compar- 
isons with improved transportable standards. The availability of an in-house 
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Cs-fountain clock should permit more precise determinations of other quan- 
tum transition frequencies, among them the 435 nm transition of Yb’*' ^ which 
we operate in the form of a single-ion trap. For this transition a 50 Hz 
linewidth has been reached, and it will be the subject of the next exten- 
sion/modification of the frequency chain. 
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Abstract. Only a small number of groups are capable of measuring optical fre- 
quencies throughout the world. In this contribution we present some of the underly- 
ing philosophy of such frequency measurement systems, including some important 
theoretical hints. In particular, we concentrate on the approach that has been used 
with the BNM-LPTF frequency chain, where a separate secondary frequency stan- 
dard in the mid-infrared has been used. The low-frequency section of the chain is 
characterized by a measurement of the phase noise spectral density S,/, at 716 GHz. 

Most of the significant measurements performed in the last decade are briefly 
presented, together with a report on the actual stability and reproducibility of the 
CO2/OSO4 frequency standard. 

Measuring the frequency of an optical frequency standard by direct comparison 
with the signal available at the output of a primary frequency standard (usually 
between 5 MHz and 100 MHz) requires a multiplication factor greater than 10^. A 
number of possible configurations, using harmonic generation, sum or difference fre- 
quency generation, have been proposed and realized in the past [1,2,3, 4, 5, 6] and in 
more recent times [7]. A new technique, employing a femtosecond laser, is presently 
giving its first impressive results [8]. 

All of the classical frequency chains require a large amount of manpower, to- 
gether with a great deal of simultaneously operating hardware. This has the conse- 
quence that only a very few systems are actually in an operating condition through- 
out the world. 



1 Introduction 

The use of an intermediate secondary frequency standard was envisaged in 
Paris in order to simplify the frequency chain design and so as to give the 
possibility of operating with reduced manpower and complexity. The first 
measurement chain [ 2 ] made use of a secondary frequency standard based on 
a CO 2 laser stabilized on the saturated fluorescence of CO 2 . Subsequently, a 
new secondary frequency standard was developed specifically for this purpose: 
the CO 2 /OSO 4 -stabilized laser [9,10,11,12]. 

The decision to choose a secondary standard in the vicinity of 30 THz was 
dictated by several considerations: 

• The availability of a frequency standard with a reproducibility greater than 
the accuracy of the optical standard to be measured. 
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• To minimize the complexity: 30 THz is almost at the midpoint of a chain 
between the visible and microwave domains. In fact, at higher frequencies 
the most common multiplication factors are 2 or 3, while harmonic mixing 
with the fifth harmonic of 30 THz is a possibility with MIM diodes [6,13]. 
In the lower part of the spectrum, higher multiplication factors can be 
more easily achieved. 

• The rich spectrum of CO2 lasing lines, extending over 6 THz [14,15], per- 
mits some flexibility in synthesizing frequencies that are not exact multiples 
of the CO2/OSO4 frequency standard, by phase locking, with a frequency 
offset, a second CO2 laser. 

To measure the new generation of optical standards [16,17,18,19], which 
promise frequency stability and reproducibility better than 10“^®, this style 
of indirect frequency measurement will be a limiting factor. However, recent 
improvements in the low-frequency part of the chain allows, when required, 
the low- and high-frequency parts of the chain to operate simultaneously. 
This was shown recently in a measurement of a CH4-stabilized He-Ne fre- 
quency standard operating at 88 THz [20]. Nevertheless, the reproducibility 
of the CO2/OSO4 secondary frequency standard is sufficient for measuring 
the majority of present-day visible frequency standards [20,21,22] 

In this contribution, the part of the frequency-synthesis chain up to the 
CO2/OSO4 frequency standard will be described in more detail, while the 
upper part - rearranged several times in the last decade in order to measure 
different optical standards - will just be summarized. 

A section will be devoted to introduce the nonspecialized reader to the 
topics involved in frequency-measurement chains: in particular, topics related 
to the multiplication, filtering and measurement of noisy signals. This seems 
necessary because some techniques, such as the filtering of noise by means of 
a phase-locked-loop or synchronous frequency counting, are peculiar to this 
field. 

2 Background 

The most commonly encountered method for characterization of the spectral 
purity of a signal is the phase noise spectral density: S^{uj). When the fre- 
quency of a signal is multiplied (divided) by a factor n, the resulting S^{uj) is 
multiplied (divided) by a factor n^. It is important to note that this increase 
(decrease) of the noise is not related to the particular multiplication (divi- 
sion) technique used but is intrinsic to the multiplication (division) process. 
A sinusoidal signal that is only affected by phase modulation noise can be 
written as 

r;(t) = Aosin[wot + </>(t)] , (1) 

where v{t) represents a voltage or current, and Aq and ojq are, respectively, 
the nominal amplitude and angular frequency of the signal. The instanta- 
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neous phase deviation (j)(t) is considered a stationary random process with 
zero mean value. It is evident that, since the only measurable quantity is 
v(t), there is no means to discriminate between the two terms giving the 
total accumulated phase ujQt + Therefore, independent of the particular 
technique used, only the total accumulated phase can be multiplied, produc- 
ing the signal Vn{t) = sin [nujot + n(j){t)]. 

The demonstration that this multiplication increases the S^{uj) by a fac- 
tor is straightforward using the definition of S^{uj) as the Fourier transform 
of the autocorrelation function of 

The radio-frequency (rf) field spectrum of a phase noise modulated car- 
rier, has been widely examined in the past, in particular by the communica- 
tion and time and frequency communities (see, for example [23,24,25,26,27,28] 
and references therein) . Recently, a closed- form solution of this problem was 
given [29] for noise processes that allow the existence of a well-defined rf spec- 
trum. For flicker frequency noise, and for other types of noise that exhibit 
an even more divergent low Fourier frequency behavior, the rf spectrum is 
not well-defined. The absence of a mathematically precise rf spectrum arises 
from the lack of stationarity of these processes. Even so, with some restric- 
tion on the observation time, some sort of “fast line- width” [24] can still be 
considered experimentally. 

As an example, we report here the conclusion of Godone [29] for the two 
particularly meaningful (and useful) cases of white frequency noise and white 
phase noise. In the case of white frequency noise, the field spectrum is always 
defined and, if there is no additional filtering, the field spectrum exhibits a 
Lorentzian shape. The linewidth in this case can be easily calculated and it 
is obvious that multiplication of the carrier frequency by n will lead to an 
increase in the linewidth of times. 

In the case of band-limited white phase noise, the spectral shape depends 
on the total amount of phase noise. If that is well below 1 rad, the spectrum 
consists of an infinitely narrow carrier sitting on a Lorentzian pedestal. If 
the phase noise increases, for example during frequency multiplication, the 
pedestal increases in height in relation to the carrier, conserving the linewidth 
as determined by the filter. As the integral of phase noise approaches 1 rad, an 
interesting phenomenon occurs: the pedestal starts to spread out and the car- 
rier suddenly falls into the pedestal and disappears. This phenomenon, called 
carrier collapse, was experimentally demonstrated more than two decades 
ago [25]. The calculation of the collapse frequency of a signal is particularly 
important because it represents the maximum frequency that can be coher- 
ently achieved when multiplying a given signal. When a signal is multiplied 
beyond its collapse frequency, the carrier is no longer identifiable and disap- 
pears into the pedestal of Lorentzian shape. If the signal is multiplied further, 
the pedestal spreads out proportional to n? . 
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2.1 Phase Noise Filtering in the Fourier Domain 



To demonstrate the filtering action that can be achieved with a phase-locked 
Voltage Controlled Oscillator (VCO), we consider the basic Phase-Locked 
Loop (PLL) shown in Fig. 1. For the sake of clarity, the input and output 
signals have been set to be at the same frequency, but in a more general 
situation the input phase comparator could be considered to multiply the 
phase of the input signal by a number that does not necessarily need to be 
an integer. Using the usual control-theory notation, the above circuit can be 
represented with the block diagram of Fig. 2. Here, the input variable is 
the instantaneous phase of the reference signal. The output and the 

error signals are respectively fo{s) and </^e(s). A block is shown preceding 
(pi{s) to establish the integral relationship (1/s) between <pi(s) and the input 
frequency a;i(s). The conversion factor of the phase detector is Kp, with LClf 
as the gain of the loop filter with transfer function F{s), and as the 
sensitivity of the VCO. Given K = KpRi^pK^, the open loop gain can be 
given as G(s) = KF{s)/s, and the closed-loop transfer function is given by 



_ tpo(g) _ G{s) _ 1 

1 -I- G(s) l + s/KF{s) 



( 2 ) 



This demonstrates that, even in the absence of a loop filter, there is always 
a true integration in the loop due to the conversion from frequency to phase. 
For the input phase noise, the transfer function acts as a low pass filter with 
cutoff frequency equal to the control bandwidth. 

As an example we consider a PLL, with loop filter that has an integration- 
and-lead characteristic, which used to follow a signal with a phase noise 
spectral density that can be well modeled as a combination of flicker frequency 
and white phase noise. In Fig. 3, on a log-log plot, are reported the Bode 
plot of the open-loop gain, the phase noise spectral density of the input and 
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Fig. 1. A basic phase-locked loop (PLL) 




Fig. 2. Block diagram of a PLL. The frequency state variables are shown to indicate 
how they relate to the phase variables 
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Fig. 3. Effect of loop gain on input phase noise. The lower solid line represents the 
output noise. Numbers are slopes in dB per decade 



output signals, and the spectral density of the error signal. From this figure it 
is evident that, for frequencies higher than the unity gain frequency, the noise 
of the reference is filtered, while inside the control bandwidth the spectrum 
of the reference is reproduced, with an error that vanishes as / — > 0. 

In the block diagram of Fig. 2, the VCO’s noise can be considered as being 
added to the output, and thus the effective transfer function of the PLL to 
VCO noise is that of a high pass filter. Whenever a PLL is used to clean a 
multiplied signal, it is necessary to find a sensible compromise between the 
noise of the reference and the noise of the VCO. 

The same technique of Fourier filtering can also be used to recover beat 
signals that are buried in additive noise - for instance, when the beat note 
power is very low. In this case, the noise of the VCO can be neglected, but 
a serious problem arises from the possibility of cycle slips of the VCO, due 
to the fact any PLL has multiple stable solution points, spaced apart by 
27rrad. This problem was examined in detail by several authors (see, for 
example, [30,31,32,33]), and some additional information can be found in the 
contribution to this by Weiss et al. Since the probability of a cycle slip is 
related to the bandwidth of the PLL, it is interesting to notice that signals 
with narrow linewidth can be safely tracked in poor signal-to-noise conditions. 
Hence, a signal with large frequency noise requires a greater bandwidth and 
therefore a higher signal-to-noise ratio. 

A practical solution, to ensure the detection of any cycle slips which have 
occurred in a PLL, is to compare the phase of the outputs from two different 
tracking oscillators which are tracking the same signal. If the two tracking 
oscillators have different characteristics, for example if they have a different 
bandwidth or a different offset, a cycle slip is unlikely to occur simultaneously 
in both devices, and hence a difference in the outputs of the two tracking 
oscillators immediately indicates the possibility of a cycle slip. 
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3 Synchronous Frequency Counting 

We consider a simple frequency-measurement chain where it is not possible 
to directly heterodyne the frequency of the unknown oscillator (U) with the 
reference standard (R), but only by using a third intermediate noisy oscilla- 
tor (I) . The frequency of U can be obtained from the simple relationship 

, (3) 

where t'lR and u\j\ are the beat note between the respective oscillators, con- 
sidered with the appropriate sign. 

Unfortunately, a precise frequency counter doesn’t measure the instanta- 
neous frequency but an average over some finite time interval. The gate time 
of the counters measuring the two beat notes must therefore be precisely 
synchronized in order to reject frequency instabilities of the intermediate os- 
cillator. If AT is the synchronization error between the two counters and the 
intermediate oscillator exhibits a linear drift d, the frequency error will 
be 



= dAT . (4) 

As an example, supposing a drift of 1 kHz/s for a free-running methyl 
alcohol laser at 4.25 THz, an error of less than 10“^® is obtained if the syn- 
chronization error is less than 4.25 ps. This is relatively easily obtained with 
classical counters, but denies the use of reciprocal counters, where the gate 
time starts on a trigger event of the signal. This poses a severe limitation on 
the resolution of the measurement chain, because the resolution of a classical 
counter is the reciprocal of the gate time. In our case, counting at 4.25 THz 
with a 10 s gate time gives a quantization error of about 2 x 10“^^. 

When the data acquisition system is realized with a personal computer 
reading commercial counters, in order to guarantee that the next trigger 
starts all the counters after the completion of the preceding cycle a dead 
time is introduced between the measurements. The effect of dead time in 
the estimate of the Allan variance was studied by Barnes at the end of the 
1960s [34]. Subsequently, the evaluation of the Allan variance at multiples of 
the sample period, by averaging several samples, became common practice; 
Barnes’s tables were therefore revised in the early 1990s to consider this dis- 
tributed dead time [35]. From these tables it is evident that when the dead 
time is small compared with the gate time, the error in taking the calculated 
value without correction is less than 10% for all types of noise excepting 
white and flicker phase noise. Unfortunately, when signals are buried in ad- 
ditive noise, white phase noise is the dominant noise type. In this case, the 
tabulated correction factor is almost equal to the number of samples aver- 
aged. The effect of this is that the Allan variance, calculated from a set of 
measurements including a dead-time component, cannot have a slope greater 
than —1, i.e. it cannot improve faster than 1/r. It is thus not possible, with- 
out a priori knowledge of the phase noise spectral density, to discriminate 
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between noise processes of three different types: white phase, flicker phase 
and white frequency. 

To demonstrate this aliasing phenomenon, a counter can be ideally rep- 
resented by two functional blocks (see Fig. 4): the first multiplies the input 
frequency v(t), having a normalized power spectral density Sy{f), by the gate 
function g(t), which represents the opening and closing of the counter gate; 
the second block extracts the average value of each frequency sample using 
an ideal low-pass filter. 

The output v'{t) of the first block can be expressed as 

• ( 5 ) 

The spectral density at the output of the first block, Sy{f), can thus be 
obtained by the convolution of Sy{f) with the spectrum of g{t). The gate 
function g(t), which is periodic with period T, has a value of unity during 
the opening of the gate (for the integration time of r seconds), and a value 
of zero at other times. Therefore g{t) can be represented by a Fourier series 
of cosines at frequencies nfc = n/T with coefficients given by 

T sin{n7TT/T) 

gn = 7^ ■ ( 6 ) 

1 niTT / 1 

The convolution of any distribution with a spectral line is a replica of the 
distribution itself but frequency-translated. The spectrum at the output of 
the first block is thus given by 

OO 

S'yU)= E 9lSyU-nh). (7) 

n— — oo 

It is evident that, for / ^ 0, all terms with n 0 contribute as a white 
frequency noise, because Sy{f) is even. 

From this analysis we can conclude that when white phase noise is the 
dominant process, as is usually the case when amplifying a low-level beat note, 
it is vital to use the longest possible gate time. This is a consequence of the 
fact that multiplying the gate time by a factor n divides the Allan standard 
deviation Uy by n, while averaging n non-contiguous frequency samples only 
divides ay by \/n. 




Fig. 4. Functional block schematics of a counter 
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The best way to obtain a plot of cTy^r) for various r in a single measure- 
ment run is the use of synchronous counters without any dead time. This 
solution was proposed by Kramer [36] . 

4 The Link between Microwave and the Mid-Infrared 

A measuring chain that links a secondary frequency standard in the 30 THz 
region with a primary frequency standard is a very complex device that must 
be designed by finding good compromises between contrasting requirements. 
The starting point of such a chain is usually the highest frequency that is 
physically available from the source that is used to interrogate the primary 
frequency standard: this is usually 100 MHz, since this is available from the 
majority of modern hydrogen masers. From a general point of view, a chain 
with a higher starting frequency will be less sensitive to noise added by trans- 
mission lines and the distribution system. 

4.1 Design Criteria 

If the primary standard and the chain are in different buildings, as is the 
case in BNM-LPTF, Paris and at the Physikalisch-Technische Bundesanstalt 
(PTB), the use of an optical fiber for distributing the reference signal is the 
best choice. If one instead chooses to use a link of 300 m of coaxial cable 
(RG218), then it can generate peak frequency shifts of about 2 x 10“^® at 
100 MHz. These shifts are mainly due to the fluctuations of the propagation 
delay of the cable and are strongly correlated with temperature fluctuations. 

The choice of the multiplication factors for each stage of the chain de- 
pends on the availability of suitable nonlinear devices, together with suitable 
amplifiers and oscillators. In the microwave region, high-order multiplication 
or mixing can be easily achieved; however, for higher frequencies these large 
multiplying factors are extremely difficult to obtain. Nevertheless, harmonic 
mixing with high order is still possible, even up to 5 THz. A mixing order of 
60 was demonstrated [37] with commercially available Schottky diodes. 

The upper limit for microwave amplifiers and solid-state oscillators is 
around 100 GHz, while frequencies up to 1 THz can be generated using back- 
ward-wave oscillators (carcinotrons). At higher frequencies, only far-infrared 
lasers can be used. Whisker MIM diodes [38] are still the only suitable har- 
monic mixer for reaching 30 THz, but some new devices have recently been 
envisaged [39,40]. 

Gonsidering that the only possibility for a harmonic mixer in the last 
stage is an MIM diode, and considering that a mixing order greater than 
10 reduces the signal-to-noise ratio of the beat note to a level too low to 
be practically useful, one is forced to the conclusion that an oscillator in the 
4 THz region, which delivers at least tens of milliwatts, is required to drive the 
MIM diode. Excluding cumbersome H 2 O and D 2 O gas-discharge lasers used 
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in early developments [1,3], the choice is reduced to CH 3 OH or NH 3 Optically 
Pumped Far-Infrared Lasers (OPFIRLs). Almost all frequency chains which 
are presently in operation make use of the CH 3 OH OPFIRL operating on a 
spectral line at 4.25 THz. This laser line is one of the most powerful [41], and 
can also be phase-locked to a subharmonic of the CO 2 laser [42]. 

In developing a new chain with a reduced number of stages, a Gunn 
diode oscillator in the 100 GHz region can be used to connect with 4.25 THz 
in a single step with a harmonic mixer [37]. However, for all of the chains 
previously developed, which occurred before the development of Schottky 
diodes with high cutoff frequency, an oscillator in the submillimeter range 
was used. This submillimeter oscillator was either a second OPFIRL or a 
carcinotron [36,43]. 

For the low-frequency part of the chain, the key factor in the choice of 
oscillators for the different stages is the phase noise spectral density of the 
synthesized signal. To avoid the collapse of the carrier into the noise pedestal, 
the total phase noise of the pedestal of the multiplied carrier must be kept 
below 1 rad [44] . This can be obtained by choosing oscillators with a low 
level of white phase noise, and by limiting the noise bandwidth by filtering 
the multiplied signal. 

A state-of-the.art quartz oscillator at 100 MHz exhibits a white phase 
noise floor as low as — 170dB [rad^/Hz]. By filtering the noise pedestal with 
100 kHz bandwidth, the collapse frequency of the synthesized signal is esti- 
mated to be about 80 THz. At first sight, a 100 MHz quartz is a good can- 
didate for the local oscillator of the microwave synthesizer at the low end of 
the frequency multiplication chain. Nevertheless, since this very low level of 
white phase noise is obtained by operating the quartz resonator at a high 
power level, this comes at the expense of a high level of flicker frequency 
noise: when multiplied to 80 THz, a fast linewidth [24] of about 400 Hz is 
expected. 

This linewidth does not impose a limit to the accuracy of the measuring 
system, but it can be a limit to the measurable short-term stability and may 
mask spurious signals that are modulating the line. These spurious signals 
often occur at harmonics of the power-line frequency i.e. 50 or 60 Hz. 

If the master oscillator of the microwave synthesizer is a BVA-type oscil- 
lator, optimized for a low flicker frequency noise, it is possible to obtain a 
linewidth at 4.25 THz of only 0.2 Hz. In this case, to avoid carrier collapse the 
white phase noise of the BVA oscillator must be filtered with a bandwidth 
of 100 Hz by phase-locking a 100 MHz oscillator on the output of the first 
multiplier stage. This technique can only be useful if the direct multiplica- 
tion stops at 4.25 THz. If the signal is further multiplied, the small plateau 
will collapse and then the linewidth will be determined by the noise of the 
100 MHz quartz oscillator alone. A further filtering of the phase noise can be 
achieved in the microwave region by phase-locking a low-noise oscillator; this 
can be a cavity-stabilized Gunn oscillator [36] or a Dielectric Resonator Os- 
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cillator (DRO). DROs can be found with operating frequencies up to 20 GHz, 
but in this case the active element of the oscillator is constructed from FET 
technology. For operating frequencies below 10 GHz the active element can 
be a bipolar transistor, which gives a moderate gain in the noise behavior. 

Figure 5 is intended to assist the reader to visualize how the total phase 
noise can be tailored by an idealized combination of the characteristics of all 
of the oscillators used in the microwave synthesizer. 




Fig. 5. Idealized phase noise spectral density at the output of the microwave syn- 
thesizer, due to the contribution of the various oscillators. All oscillators are simply 
modeled by a combination of flicker frequency and white phase noise, except the H 
maser, which is modeled as white frequency and white phase noise 



4.2 Description of the Measurement Chain 

Figure 6 gives a simplified schematic of the measurement chain constructed 
at the Observatoire de Paris, for routine measurements of the GO2/OSO4 
frequency standard. The block at the base of the diagram is a replica of 
the microwave synthesizer that was originally developed for the BNM-LPTF 
atomic fountain primary frequency standard [45]. This synthesizer was de- 
signed following the criteria discussed in Sect. 4 and it contains a BVA-type 
quartz oscillator at 10 MHz, a second low-noise quartz oscillator at 100 MHz, 
and a DRO operating at the output frequency. 

The phase comparison between the two quartz oscillators is made at 
10 MHz by a mixer following a digital frequency divider. The DRO output at 
9.190 GHz beats with the 46th harmonic of the frequency-doubled 100 MHz 
in a sampling mixer, the resulting signal is phase compared with the 10 MHz 
and then used to phase-lock the DRO. The phase noise power spectral den- 
sity measured by comparing two similar synthesizers at 9.2 GHz is reported 
in Fig. 7. 
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Fig. 6. Simplified schematic of the measurement chain 
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Fig. 7. Phase noise of two frequency synthesis chains at 9.192 GHz in (dB [rad^/Hz]) 



The microwave synthesizer is phase-locked to a hydrogen maser, which is 
periodically compared against UTC(OP) and the BNM-LPTF primary fre- 
quency standard. The fractional frequency uncertainty of the maser is around 
1.1 X 10“^®. All frequency references used throughout the measurement chain 
are derived from the 10 MHz and 100 MHz outputs of the microwave synthe- 
sizer via distribution amplifiers [4G] . 
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The formic acid OPFIRL, operating at 716.157 GHz, is phase-locked to the 
39th harmonic of the 18.38 GHz obtained by doubling the synthesizer’s output 
signal. This high-order mixing is obtained in a whisker-contacted Schottky 
diode chip (Farran SD020) mounted in the central rod of an SMA connector. 
The phase noise measured at the output of the phase-locked laser is reported 
in Fig. 8 . The measurement technique used is described in Sect. 5, while more 
details on the laser and on the possibility of controlling the frequency of the 
GO 2 pump laser can be found in [47]. 

The Schottky diode mixer M2 (see Fig. 6 again), mounted in an open- 
structure device, generates the difference between the 6 th harmonic of the 
716.157 GHz, a microwave at 45.34 GHz from a Gunn oscillator, and the signal 
of the GH 3 OH OPFIRL at 4.25 THz. The Gunn oscillator is phase-locked to 
the 5th harmonic of 9.19 GHz. The signal-to-noise ratio of this beat note, just 
exceeding 20 dB in a 10 kHz bandwidth, is not sufficient for direct counting; 
however, it is sufficient to steer a tracking oscillator. 

The MIM diode M3 generates the beat signal between the 7th harmonic 
of 4.25 THz, the radiation from a ®^®G 02 transfer laser, and the 9.19 GHz 
from the microwave synthesizer. This is the most critical point of the chain 
because a signal-to-noise ratio of 20 dB in a 10 kHz bandwidth is obtained by 
focusing about 30 mW of radiation at 4.25 THz on M3. The risk of thermal 
damage to the whisker during the adjustment procedure is quite high but, 
when a stable contact is found, it can last for several hours. 

A second MIM diode M4 is used to obtain the beat signal between the 
GO 2 /OSO 4 frequency standard, the radiation from the formic acid OPFIRL 
and the ®^®G 02 transfer laser. This beat signal is then used to phase-lock 
the latter to the frequency standard being measured. As the mixing order 
is 3, the power of the laser radiation can be kept low, ensuring very stable 
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Fig. 8. Measured phase noise spectral density S,p in dB [rad^/Hz]) of the OPFIRL 
at 716 GHz 
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behavior of the MIM diode, with a signal-to-noise ratio higher than 30 dB in 
a 10 kHz bandwidth. Moreover, this beat note is down-converted and filtered 
with a tracking oscillator, before entering a divider stage, which increases 
the effective dynamic range of the phase comparator. The increased phase 
comparator range enables phase-locking without cycle slips, even in the case 
of poor control bandwidth. 

The two CO 2 /OSO 4 frequency standards of the BNM-LPTF can be mea- 
sured simultaneously, by shifting the frequency of the second standard using 
an acousto-optic crystal. The beat note between the standards is detected on 
a HgCdTe detector. The high signal-to-noise ratio of this beat note means 
that it is simply amplified and band-pass-filtered before entering the counter. 
If the second frequency standard operates on a line different from 10i?(10), 
then a third MIM diode is used to mix the two laser signals with the radiation 
from a klystron oscillator. The klystron output signal is phase- locked to the 
100 MHz reference from the microwave synthesizer. 

The frequency of the directly measured CO 2 /OSO 4 standard, taking into 
account all the synthesizers involved in the chain, is given by the relationship 

VLi = 29 053 447 000 000 -k 7B1 + B2 Rz , 

where B1 and B2 are the readings of counters 1 and 2 (see Fig. 6 ). Obviously, 
the given relationship, where the frequencies of the free-running intermediate 
oscillators disappear, is valid only if the gate times of all the counters are 
synchronous, as explained in Sect. 3. 

It was demonstrated that the CH 3 OH OPFIRL can be phase-locked to the 
®^®C 02 transfer laser by the Stark effect [42], but this requires a specially de- 
signed laser. In the present configuration the conventional CH 3 OH OPFIRL 
is tuned by moving the input mirror; in order to phase-lock this laser with 
the poor bandwidth of the piezo-driver, a frequency divider is used. When 
the phase lock of the CH 3 OH OPFIRL operates properly, the frequency of 
the CO 2 /OSO 4 can be determined by simply using the readings of counter 1. 
Nevertheless we also use counter 2 in order to check that there are no cycle 
slips in the phase lock of the laser. 

5 Phase Noise Measurement in Infrared 

In the radio frequency and microwave frequency domains, the phase noise 
spectral density is usually measured by comparing the output signal of two 
similar oscillators with a Double Balanced Mixer (DBM) used as the phase 
comparator. A natural limit to this technique is imposed by the total amount 
of phase noise, which must not exceed the mixer’s dynamic range, usually 
less than Trrad. Owing to the low noise of our microwave synthesizer, it has 
been possible to make use of this technique to measure the phase noise at the 
output of the phase-locked OPFIRL at 716 GHz. From the block scheme of the 
experiment shown in Fig. 9 it is evident that the two arms are not identical. 
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Fig. 9. Experimental setup for the measurement of a phase-noise of a phase locked 
HCOOH laser 



as is usual for a lower frequency measurement. Nevertheless, from the noise 
point of view the two arms can be considered to be similar, the noise being 
generated mostly in the low-frequency stages. A hydrogen maser is used to 
ensure the long-term stability of the laser and of the reference multiplication 
chain. This chain employs a Gunn oscillator operating at about 45.340 GHz, 
which is phase-locked to the 5th harmonic of a second 9.190 GHz microwave 
synthesizer by subtracting 609.5 MHz. Since it is not possible to obtain a 
phase comparator at 716 GHz, a double conversion was used: in this case the 
beat note at about 100 MHz was obtained by mixing on the Schottky diode 
M2 the following signals: 

• the output of the phase locked laser at 716 GHz 

• the 16th harmonics of the Gunn oscillator 

• the output of the second microwave synthesizer. 

The spectral density of phase noise of this signal is then measured by the 
usual technique, comparing its phase noise against the output of a low-noise 
quartz oscillator. We use a DBM as a phase detector, and analyze its output 
with a fast Fourier transform spectrum analyzer. 



6 The CO2/OSO4 Secondary Frequency Standard 

At the end of the 1960s, several groups had constructed frequency standards 
in the 10 pm region by either stabilizing a GO 2 laser on the GO 2 molecule 
itself, or using the Lamb dip [48], or the saturated fluorescence technique [14]. 
More than a decade later, following the suggestion of Kompanets [49], signif- 
icant improvements in terms of accuracy, stability and reproducibility was 



Mid-Infrared Frequency Standard 



263 



CO2 laser 




Fig. 10. Simplified schematics of the CO 2 /OSO 4 frequency standard 



achieved by using the OSO4 molecule [9,50,51]. The most significant im- 
provement in metrological performances was achieved by Clairon [9], with 
the realization of a frequency standard using the saturated absorption of 
OSO4 in a high- finesse Fabry-Perot (FP) cavity. In this way the first-order 
Doppler effect is minimized by the perfect matching between the two counter- 
propagating beams. Other effects depending on the molecular velocity, such 
as the second-order Doppler effect and recoil splitting, are reduced by the 
high mass of OSO4, while the slow transverse velocity reduces the observable 
linewidth. The three even isotopic species of Os (192,190 or 188), which are 
free from hyperfine structure, present a dense set of strong absorption lines 
that extend across 1 THz of the CO2 lasing range. 

As at 2000, two almost identical CO2/OSO4 optical frequency standards 
are operating at the BNM-LPTF. Each system uses a low-noise sealed CO2 
laser (linewidth less than IkHz), which is stabilized using the saturated ab- 
sorption resonance of OSO4. 

The saturated absorption measurement is conducted inside a high-finesse 
Fabry-Perot cavity {F = 170), consisting of two spherical mirrors with a 
radius of curvature of 50 m. The optical cavity is inserted in a mu-metal 
cylinder in order to shield external magnetic fields to less than 10 mG. The 
total apparatus is placed in a 1.8-m-long stainless steel tube, sealed at the 
ends by two ZnSe windows. 

Thanks to the high finesse of the cavity, less than 1 |xW of incident power 
is required to saturate the OSO4 transitions. The CO2 laser beam is therefore 
attenuated by a factor exceeding 10®, giving an excellent isolation from optical 
feedback. 

The frequency of resonance of the cavity is slaved to the laser frequency by 
weakly modulating the FP cavity at 30 kHz and detecting the first harmonic 
of the transmitted signal. In turn the laser frequency, modulated at 2.2 kHz, 
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is slaved to the center of the OSO 4 line by synchronously detecting the third 
harmonic of the modulation. Owing to its very low level, the transmitted 
signal is detected by a liquid-nitrogen-cooled HgCdTe detector. A detailed 
description of the two systems can be found in [11,12]. By comparing the 
frequency of the two systems, the excellent short-term results reported in 
Fig. 11 were achieved. 

The left part of Fig. 12 shows the frequency of the two CO 2 /OSO 4 systems, 
measured with a 10 s gate time. The Allan standard deviation reported in the 
right-hand graph of Fig. 12 was calculated from a similare data set of about 
5800 frequency samples. In the same graph is also reported the stability of 
the maser. From Fig. 12 is evident that for short integration times the noise 
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Fig. 11. Allan standard deviation of a CO 2 /OSO 4 stabilized standard. Measured 
by comparing two identical standards 
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Fig. 12. Left: measured frequency of the CO 2 /OSO 4 frequency standards with 10 s 
gate time, LI lower trace and L2 upper trace. Right: Allan standard deviation of 
L2. The line represents the expected stability of the maser 
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of the measuring system becomes preponderant feature, and according to 
Sect. 3 the slope of ay{T) should be -v/r. 

The long-term performance of one of the CO2/OSO4 standards is pre- 
sented in Fig. 13 over 1 year. This set of data has been obtained by operating 
the system in standard conditions, which are 0.133 Pa for the OSO4 pressure 
and 100 pW of intra-cavity power. 

Taking into account all available frequency data, obtained by averaging at 
at least 100 s, the mean value of the frequency of this standard in the above 
specified conditions is given by 

i/Li = 29 054 057 446 579 (4) Hz . 

The relative type-A uncertainty of this result is of 1.3 x 10^^. 

A second similar CO2/OSO4 system, exhibits a slightly different frequency 
(12 Hz lower), with a relative uncertainty twice as large as compared with 
the former quoted result. This observed discrepancy is probably due to a 
contamination of the second FP cavity. 

Several parameters yield frequency shifts of the OSO4 center line com- 
pared with the unperturbed molecular transition. The major biases that af- 
fect the CO2/OSO4 reference system have been reported previously in [12], 
with a preliminary evaluation of the total uncertainty of about 3.5 x 10“^^. 
Improvement of the accuracy capability to the 10“^^ level is realistic, but it 
requires an optical selection of the slowest OSO4 molecules, combined with a 
heterodyne detection method [52]. 




Fig. 13. Long term frequency measurements of the CO 2 /OSO 4 frequency stan- 
dard L2 
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7 Measurements of Optical Frequency Standards 
Using the CO2/OSO4 Secondary Frequency Standard 

In this section we report a number of optical frequency measurements that 
have benefitted from the use of the CO 2 /OSO 4 frequency standard. 

7.1 Measurements of Methane Stabilized He Ne Laser 

The 3.39 pm He-Ne methane stabilized-laser is one of the standards rec- 
ommended for the practical realization of the definition of the meter [53]. 
Several transportable prototypes of this frequency standard have been mea- 
sured against the BNM-LPTF CO 2 /OSO 4 secondary frequency standard in 
four separate measurement campaigns [9,54,55,20]. 

The requirements for this measurement are relatively simple because of 
the quasi-coincidence between the 3.39 pin line and the third harmonic of 
the CO 2 10i?(30) laser line. An MIM diode is used to generate a beat note 
between the third harmonic of the CO 2 laser and the 3.39 pm radiation. The 
CO 2 laser, operating on 7?(30), is phase-locked to the CO 2 /OSO 4 frequency 
standard using the beat note generated in an MIM diode. The wide frequency 
gap is bridged using a harmonic of a klystron oscillator, which has been phase- 
locked to a signal derived from the primary standard. 

In all but the last measurement campaign the CO 2 /OSO 4 frequency stan- 
dard was operating on the 10i?(12), which is closer to 10i?(30). In the last 
measurement campaign, the reference laser was operating on 10 i?( 10 ) line, 
allowing the simultaneous measurement of this laser against the primary fre- 
quency standard. 

7.2 Measurements of a Iodine- Stabilized He Ne Laser 

In Paris the first result in measuring a frequency in the visible range was 
obtained in 1992, with the measurement of a prototype of 633 nm He-Ne/l 2 - 
stabilized laser frequency standard [21]. The uncertainty of 5 kHz was mainly 
attributed to the reproducibility of the He-Ne/l 2 . The result of this measure- 
ment has been adopted by the CCDM in the set of wavelengths recommended 
for the practical realization of the meter [53]. 

A block schematic of the experimental setup is shown in Fig. 14. The 
CO 2 /OSO 4 reference used in this case is operating on the line 10i?(26), whose 
frequency was previously measured against the 10 i?( 10 ) line with an uncer- 
tainty of 80 Hz. A combination of two CO 2 laser lines, precisely 3x 7?(40)-|- 
1 X 7?(38), synthesize nearly perfectly the fourth subharmonic of the He-Ne/l 2 
laser frequency. The I?(40) and i?(38) CO 2 lasers are phase-locked to the ref- 
erence via harmonic mixing in MIM diodes. Both laser beams are focussed on 
a MIM diode to obtain a beat note with the radiation of KChLi color center 
laser, frequency-stabilized on a ULE-glass Fabry-Perot cavity by the Pound- 
Drever technique [56] . The color center laser signal is frequency-doubled with 
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Fig. 14. Simplified schematic of the chain used to measure the frequency of the 
He~Ne/l2-stabilized laser 



a KTP crystal to beat with the signal of a InGaAsP diode laser. The diode 
laser has had its linewidth reduced by self-injection into a confocal Fabry- 
Perot [-57,58]. A second KTP crystal is used to double the radiation at 1.26 p.m 
to obtain a beat signal with the radiation of a He-Ne laser, phase-locked to 
the He-Ne/l 2 frequency standard. Owing to the absence of a phase lock be- 
tween the two intermediate lasers, the three counters of Fig. 14 are gated 
synchronously, as discussed in Sect. 3. 

From the complexity of the measurement, involving eight frequency or 
phase-locked lasers, as well as several phase-locked microwave oscillators, it 
is clear that simultaneous operation with the lower part of the chain can 
only be achieved with a large effort. However, since the reproducibility of the 
iodine stabilized frequency standard is much lower than the reproducibility of 
CO 2 /OSO 4 , the simultaneous operation of the link all the way to the primary 
standard is not required for this measurement. The 633 nm He-Ne/l 2 laser 
frequency standard was used as a reference, jointly with a He~Ne/CH 4 , for 
the precise determination of the Rydberg constant [59] . 

7.3 Frequency Measurement of the 55'i/2(F — 3) — 5D^/2{F — 5) 
Two-Photon Transition in Rubidium 

In order to measure with more accuracy the hydrogen transitions used to 
determine the Rydberg constant, a new frequency standard at 778 nm was 
developed. This new standard is realized by stabilizing a laser diode on a hy- 
perfine component of a two-photon transition in rubidium [60]. The optical 
frequency chain was therefore modified as shown in Fig. 15 to measure the 
frequency of the 5 iS'i/ 2 (F = 3) — = 5) two-photon transition in rubid- 

ium [22]. Fortunately, this particular transition is in quasi-coincidence with 
the 13th harmonic of a CO 2 laser line. An MIM diode is used to generate a 
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Fig. 15. Simplified schematic of the measurement chain used to determine the 
frequency of the two-photon transition in rubidium 



beat note between the signal of the KCl : Li color center laser and the fourth 
harmonic of the f?(40) CO 2 laser, which is phase-locked to the CO 2 /OSO 4 
frequency standard with a frequency offset. The radiation of the KCl : Li 
laser, doubled with a nonlinear crystal of AgGaS 2 , is compared with the sig- 
nal of an extended cavity diode laser operating near the eighth harmonic of 
the C 02 - A second AgGaS 2 nonlinear crystal produces the frequency differ- 
ence between the radiation of a 842.9 nm diode laser (in the vicinity of the 
12th harmonic of the CO 2 ) and of the KCl : Li laser radiation. This differ- 
ence signal is measured against the laser at 1.264 pm. The frequency of the 
diode laser operating nearby the 13th harmonic of the CO 2 is measured by 
summing, in a third AgGaS 2 nonlinear crystal the frequency of the 842.9 nm 
diode laser with the CO 2 . 

The remaining frequency difference of about 20 GHz is covered in a 
Schottky diode by mixing with the second harmonic of a YIG oscillator at 
10.8 GHz. The measurement is performed by synchronously reading all the 
counters, as described in Sect. 3. 

The largest source of uncertainty in this measurement is the reproducibil- 
ity of the rubidium standard itself. The reproducibility was tested by building 
three identical prototypes, two of which are located at the BNM-LPTF. The 
third is located at the Kastler-Brossell laboratory, which serves as a refer- 
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ence for the measurement of hydrogen transitions. The three standards are 
routinely compared via a double 3 km optical fiber link. 

8 Conclusion 

We have presented a demonstration of the utility of a high-quality secondary 
frequency standard in the mid-infrared domain for reducing the complexity of 
optical frequency measurement chains. In particular, we have reported on the 
29THz CO 2 /OSO 4 frequency standard that exhibits a best Allan standard 
deviation of 6 x 10 “^® over a few hundred seconds of integration time. 
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Abstract. We have used the comb of optical frequencies emitted by a mode-locked 
laser as a ruler to measure frequency differences of up to 45.2 THz between two laser 
signals. We have shown that the modes are distributed uniformly in frequency space 
within the experimental limit of 3.0 parts in and that the mode separation 
equals the pulse repetition rate within an experimental limit of 6.0 parts in 10^®. 
We have used this comb to bridge a frequency mismatch of 18.4 THz for an ab- 
solute optical frequency measurement of the cesium D\ line at 335 THz (895 nm) 
by comparison with the fourth harmonic of a methane-stabilized He-Ne Laser at 
88.4 THz (3.39 p,m). Bridging a frequency gap of 45.2 THz, we could demonstrate 
for the hrst time a new type of frequency chain that is based on the measurement 
of frequency differences between laser harmonics. With this type of apparatus we 
have also measured the absolute frequency of the hydrogen lS'-25' transition at 
2466 THz (121 nm) in a direct comparison with the output signal from a commercial 
cesium atomic clock. 



1 Introduction 

Following the dramatic progress made in recent years in the development 
of optical frequency standards based on trapped ions [1] or narrow atomic 
resonances such as the hydrogen 15-26' transition [2], precise and reliable 
optical-to-radio frequency conversion has become the missing “clockwork” for 
the construction of a future optical clock. Optical clocks possess a potential 
accuracy far beyond that of current state-of-the-art cesium clocks. In the past, 
phase-coherent comparisons between optical and radio frequencies have been 
performed with harmonic frequency chains which create successive harmonics 
from a well-known radio frequency (rf). This rf signal could, for example, be 
derived from the output of a cesium atomic clock. 

Only a few frequency chains that reach all the way up to the visible or 
Ultraviolet (UV) frequency domains have been built so far [2,3,4]. The use 
of a mode-locked laser, in combination with optical-frequency interval di- 
viders [5,6], promises to provide a compact and portable optical clockwork 
that has the capability to operate reliably for extended periods. A phase- 
locked optical frequency interval divider can reduce an arbitrarily large fre- 
quency difference between two input lasers by phase-coherently locking a 
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third laser to the precise center of the gap. If n divider stages are used in 
cascade a large optical frequency gap can be reduced by a factor of 2"' until 
it becomes accessible to rf counting techniques. As a novel concept, such a 
chain of divider stages may be used to measure an absolute optical frequency 
by determining the frequency gap between laser harmonics. In its simplest 
form this would be the gap between a laser at frequency / and its second 
harmonic 2/: 2/ — / = /. Such a new type of frequency chain allows one to 
choose a path from the optical region to a beat note in the radio frequency 
domain without ever leaving the optical region [5,6]. The frequencies of the 
laser oscillators may be chosen such that compact and reliable diode lasers 
can be used exclusively. However, to reach the radio frequency domain in this 
way a large number of interval divider stages would be necessary: in this case 
the reduction in complexity only arises from the avoidance of expensive or 
delicate lasers, usually present in harmonic frequency chains, rather than a 
reduction in the number of elements. The number of necessary divider stages 
can be reduced if the largest directly measurable beat frequency is increased. 
Although the application of fast and efficient electro-optic modulators [7] for 
this purpose has been proposed [8], we show here that mode-locked lasers 
make it possible to measure even larger frequency gaps. 

To check the accuracy of this new approach, we have verified that the 
modes of our mode-locked laser are distributed uniformly in frequency space, 
and that their separation is equal to the pulse repetition rate. We have then 
applied this method to measure the frequency of the hydrogen 15-26' tran- 
sition, the cesium D\ line, as well as the frequency of our methane-stabilized 
He-Ne laser. From these results, new values for the fine structure constant 
and the 16 Lamb-shift in atomic hydrogen may be derived. 

2 Optical Frequency Interval Divider (OFID) 

As illustrated in Fig.l, an Optical Frequency Interval Divider (OFID) receives 
two input laser frequencies /i and /2. The sum frequency fi + /2 and the 
second harmonic of a third laser 2/3 are created in a nonlinear crystal. The 
radio frequency beat signal between them at 2/3 — (/i -|- /2) is either used 
to phase-lock the third laser at the midpoint /s = (/i -I- /2)/2 or to verify 
that the third laser actually oscillates at this frequency (see Sect. 8). Phase- 
locking of two optical frequencies is achieved electronically by locking the 
phase of their beat signal to zero or, to reduce 1/f noise, to a given offset 
radio frequency provided by a local oscillator [9] . Techniques of conventional 
radio-frequency phase-locked loops can be applied. OFIDs can be cascaded 
to divide an arbitrary large frequency gap successively by 2. A four-stage 
OFID chain that divides a frequency gap of A/ « 1 THz by 16 has been used 
in a previous determination of the hydrogen 16-26 transition frequency [2]. 
For that particular experiment we used diode lasers to generate the midpoint 
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Fig. 1. Principle of an optical frequency interval divider (OFID). The second har- 
monic of the third laser 2/s is phase- locked to the sum frequency fi + f 2 - The 
frequency /a thus divides the interval /i — /2 into two equal sections. The OFID 
symbol on the right is also used in Figs. 4, 8 and 10 



frequencies, and KNbOs crystals to generate the second harmonic and the 
sum frequencies. 



3 Frequency Combs from Mode-Locked Lasers 

The use of mode-locked lasers for the measurement of large optical frequency 
intervals was reported over 20 years ago [10]. As the spectral width of these 
lasers was found to scale inversely with the pulse duration (for Fourier-limited 
pulses), their application was limited to rather small frequency differences. 
With the development of Kerr-lens mode-locking [11], femtosecond pulses 
have become readily available; indeed, pulses as short as 6.5 fs have been 
created directly from a Ti:Sapphire laser oscillator [12]. 

The spectrum of a mode-locked laser consists of a comb of laser frequen- 
cies. These modes may be thought of as the resonant longitudinal continuous- 
wave (cw) modes of the laser cavity, or arising from a strong amplitude mod- 
ulation of the laser carrier frequency. The pulse repetition rate /r = Vgj2L, 
which is the inverse round-trip time of the pulse circulating in the cavity, is de- 
termined from the length of the cavity L and the group velocity Vg = dio/dk. 
It is equal to the laser cavity’s Free Spectral Range (FSR)^. However, the 
FSR concept is not suitable for the high-precision metrology applications 
considered here, because it neglects higher-order dispersion present in the 
laser cavity. The time evolution of pulses having different phase velocities for 
different modes is shown in Fig. 2. Each round trip shifts the carrier phase 
by an amount with respect to the pulse envelope. In other words, the 

^ For multi-mode lasers, the group velocity rather than the phase velocity enters 
in the calculation of the FSR. This becomes evident if dispersion is taken into 
account when deriving the free spectral range as the frequency difference between 
neighboring cavity modes 
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Fig. 2. Two consecutive pulses of the pulse train emitted by a mode-locked laser. 
Within the cavity the pulse envelope is traveling with the group velocity Vg which, in 
general, differs from the phase velocity of the carrier Vp. The carrier phase relative to 
the envelope changes from pulse to pulse by Acp and stays approximately constant 
outside the cavity 



electric field that is emitted by the laser is not a periodic function repeating 
itself after one round-trip time T = fr~^- The emitted electric field therefore 
cannot be expressed by a Fourier series made up of multiples of f^' 

„sin(27rn/rt-|- (/?„) . (1) 

n 

If the frequency of the nth cavity mode could be precisely expressed as a high 
harmonic of the pulse repetition rate, n/r, then optical-frequency measure- 
ments could be performed most conveniently with just a single mode-locked 
laser. 

If periodicity of the pulse envelope is assumed, i.e. < > averaged over 

the optical cycles can be written as a Fourier series in /p, it can then be 
shown [13] that the spectrum consists of a frequency comb that is displaced 
by some offset frequency^ given by /o = A(/3/27 tT = A(ff^/2TT. Thus, we can 
then write the emitted field as 

E{t)=Y^a n sin (27rn/rt + ^Pn + ^nfot) , (2) 

n 

where /□ < fr and where On yf 0 for those modes that contribute to the fre- 
quency comb. In other words, the optical frequencies / are somewhat offset 
from being exact harmonics of the repetition rate: / = n/r-h/o- The measure- 
ment of both radio frequencies /r and /□ would immediately yield the optical 
frequency of the nth mode provided n is known. While the measurement of 
the pulse repetition rate is straightforward, the frequency offset, /o, is not 
so easily measured. It could be measured in principle by cross-correlation of 
subsequent pulses [14], but not with rf accuracy. If the pulse-to-pulse energy 
is constant, the peak electric field should depend on the relative phase of the 

^ A description of this same effect as it applies to optical frequency comb generators 
can also be found in the contribution by H. Telle and U. Sterr in Chapt. IV-2 of 
this volume. The parameter fo is referred to as i^mopo in that contribution 
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carrier to the envelope, (f, if the pulses are sufficiently short. Highly nonlinear 
processes such as high-order harmonic generation [15] and above-threshold 
ionization [16] could then be sensitive to (/?, and should therefore show a mod- 
ulation with 2/o- This could allow an rf accuracy measurement of fo- Assum- 
ing a pulse shape in the time domain^ of E{t) = Eoe~* cos(wcf -I- </j), as 
shown in Fig. 2, the detection of the output of a process that depends on 
the A^th power of the electric field will yield a signal proportional to [13]: 



The second term, which is modulated with 2/o, is exceedingly small compared 
with unity unless a very short pulse length and/or a high harmonic of the 
electric field is used. The creation of high harmonics of femtosecond pulses 
usually requires high pulse powers. One creates these high pulse powers using 
regenerative amplifiers which will necessarily reduce the repetition rate down 
to a few 100 kHz at most, depending on the achievable peak power. Such a 
low repetition rate, i.e. a dense frequency comb, will make the comb difficult 
to work with in the frequency domain, because the power of the comb is 
spread across many “teeth” of the comb and will therefore reduce the power 
in the desired member of the comb. 

A much simpler method to measure the offset frequency becomes possible 
if the frequency comb is broad enough to contain modes at the blue wing 
that are close to the second harmonic of modes from the red wing. In this 
case, two modes with frequencies /red = ?i-i/r + fo and /blue = ''T- 2 /r + fo, 
with ri 2 = 2ni, oscillate simultaneously. A frequency-doubled laser diode 
phase-locked to /red allows the creation of the beat note 2/red — /blue = fo 
(Fig. 3). A white light continuum covering the visible range could, for exam- 
ple, serve this purpose if it can be created with a sufficiently high repetition 
rate. If the width of the frequency comb is not sufficient, a number of OFIDs 
may be employed, thereby reducing the necessary span by a factor of two for 
each installed OFID. Such a system, which was briefly described in the Intro- 
duction, is shown in Fig. 4. The second harmonic of 972 nm can be produced 
with sufficient efficiency to drive further nonlinear processes [17]. 

4 Determining the Mode Number 

To unambiguously measure large optical frequency-differences with a mode- 
locked laser, it is necessary to determine the number of modes between 
the two laser frequencies. If the pulse repetition rate is sufficiently high, a 
wavemeter could identify the modes provided that it had an accuracy better 
than /r. Unfortunately, the resolution of commonly used commercial waveme- 
ters (Burleigh WA-20 Series model for instance) is insufficient to meet this 

® The intensity pulse width (FWHM) is given as 2rY^ln(2) = 1.67r 




(3) 
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Fig. 3. A frequency comb that contains a full octave of frequencies; for example, a 
white-light continuum covering the whole visible range can be used for an absolute 
frequency measurement without optical frequency interval dividers. The absolute 
frequency of the nth mode is given by / = n/r -I- fo , where the pulse repetition rate 
/r is most easily measured and the frequency fo is measured as shown 



f = 308.4 THz 2f = 616.8THz 





Fig. 4. An example of a novel frequency chain that allows the measurement of the 
hydrogen 15-25' (243 nm), 25-45 (972 nm) and the 25-85 (777 nm) two-photon 
transition frequencies, and a quasi-continuous range of frequencies between 777 nm 
and 864 nm, where the frequency comb operates. For this chain, four diode lasers 
and one femtosecond laser are needed. The divider stage symbol is explained in 
Fig. 1 



requirement for a typical mode-locked laser repetition rate of around 75 MHz. 
At a first glance it seems obvious to observe a frequency shift n x 6/r of one 
of the modes after changing /r by 6/r to determine n. However, this may 
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be difficult because it requires a resolution of S/j- to distinguish between the 
mode number n and n ± 1. In addition, the shift n x bf^ cannot be chosen 
too large if one has to track it with a phase-locked diode laser. This scheme 
becomes particularly difficult when using large mode numbers, which is of 
course the main interest. 

One solution of the problem is to use an external cavity that is adjusted 
to have a free spectral range of some multiple iV of /r. This cavity will, when 
operated on resonance, transmit only every iVth mode of the frequency comb, 
and it is therefore increasing the mode spacing by a factor of N. In the time 
domain one could argue that the pulse is bouncing N times in the cavity until 
the next pulse arrives. Thereby, the pulse repetition rate is multiplied by N. 
To make sure that the free spectral range of the cavity is precisely N times 
the pulse repetition rate, the transmission through the cavity is observed. If 
the fraction of the free spectral range and the pulse repetition rate is some 
arbitrary number, the cavity will transmit on average one out of 2FjTT modes 
from the frequency comb, where F is the finesse of the external cavity^. 
Taking into account the large number of modes in the frequency comb, the 
transmission is not changed if the cavity length is scanned with a piezo- 
controlled mirror. If, however, the fraction of the free spectral range and 
the pulse repetition rate is a small integer, resonance fringes appear. The 
transmitted intensity has a peak if the mirror spacing allows the transmission 
of every iVth mode and it vanishes if these modes are blocked [18,19]. Higher- 
order ratios produce fringes with smaller contrast. To validate this mode- 
number counting scheme, we have used 26,500 modes of our mode-locked 
laser and checked the resulting frequency difference by comparison with a 
frequency comb produced by a fast electro-optic modulator [7]. 

If two frequency combs are available at the same time, the mode number 
can be determined most conveniently by operating them at slightly different 
repetition frequencies say, fri and fr 2 - If the difference is then say 1 Hz, the 
beat frequency n/ri — n/r 2 immediately yields the mode number. 

5 Further Broadening of the Preqnency Comb 

The spectral width of the frequency comb can be further broadened while 
maintaining the mode structure by the use of nonlinear processes such as 
four-wave mixing or self-phase modulation (which is the same process in the 
degenerate case) . Additional modes outside the original spectrum are created 
by combining the existing modes: the frequency of one mode is subtracted 
from the sum frequency of two other modes. Phase matching is not critical 
if the spectrum does not become extremely broad, as in that case the funda- 
mental as well as the new wavelength are similar. This process is most 
efficient if all possible combinations of original modes that lead to a specific 
new mode add up coherently. This is the case if the phases of the original 

2F /tt is the integral over one period of the normalized Airy function 
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modes are adjusted to give the shortest pulse, i.e. the highest peak power. 
The strong focusing of the pulses over an extended length in a single-mode 
optical fiber has been used for this purpose [20]. Due to group velocity disper- 
sion and self-phase modulation, the pulse is broadened and the peak intensity 
is reduced as it travels along the fiber so that the effective broadening comes 
to an end. The useful fiber length is limited to a value inversely proportional 
to the initial pulse length squared. If the initial pulse has a negative chirp, 
the effective fiber length is at a maximum if the pulse reaches its shortest 
duration at half the fiber length. Figure 5 shows the observed broadening 
of the spectrum after the pulses from a commercial Ti:Sapphire Kerr-lens 
mode-locked laser® have traveled along a 40 cm single-mode fiber (Newport 
FS-F). The measured pulse length of this laser was 73 fs and the repetition 
rate around 75 MHz. With our current equipment it is possible to phase-lock 
a laser diode to the modes that are more than lOdB less intense than the 
peak of the spectrum. 





wavelength (nm) 



Fig. 5. Observed broadening of the frequency comb after passage through a 40- 
cm-long single-mode optical fiber. Left: 8mW average power from a Ti:Sapphire 
Kerr-lens mode-locked laser is coupled through the fiber. Right: The same with 
225 mW average power 



6 The Creation of a Low-Noise Beat Note 

A low-noise beat signal between one of the modes of the mode-locked laser 
and a diode laser can be created with the help of a grating, as shown in Fig. 6. 
In this case the noise from the unused modes is reduced by preventing them 
from falling on the detector. The shot-noise limited Signal-to-Noise Ratio 

® In all experiments described here, we have used a Coherent model Mira 900 
femtosecond (fs) laser pumped by a 5W frequency-doubled single-frequency 
Nd:YV 04 laser (Coherent model Verdi) 
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Fig. 6. Detection of a low-noise beat signal with the mode-locked laser on an 
Avalanche Photo-Diode (APD). The relative intensity of the matched beams is 
adjusted by rotating the polarizer that is placed after the Polarizing Beam Splitter 
(PBS). To avoid possible changes in the beam direction, the rotating beam splitter 
may be replaced by a fixed beam splitter and a half-wave plate 



(SNR) of the beat signal with the nth mode on a detector with a quantum 
efficiency rj and a detection bandwidth B can be calculated from [21]: 






tPn(l-0-PLD 
t y Pfc+(i — ^)pld 



V 

huB 



tP^(l-QPLD 
ATtP^ + (l-t)PLD 



( 4 ) 



where Pld and P„ are the power of the laser diode and the nth mode re- 
spectively and hv is the energy of a single photon. The transmission of the 
adjustable beam splitter used to match the beams is given by t. The sum- 
mation extends over all the modes that reach the detector, which might 
be approximated by NPk if the resolution N fr is such that the power is ap- 
proximately constant within the sum. If we assume that t is always adjusted 
to give the optimum signal-to-noise ratio fopt = VPld / {\/NPn + VPld ) , we 
find that for N <C Pld / Pn the detection is limited by the shot noise of the 
weak signal Pn- 



hvB 



( 5 ) 



As a rule, the grating must therefore remove sufficiently many modes so that 
the total power of the remaining modes is much smaller than the power of the 
laser diode. In the wings of the frequency comb, a rather poor resolution is 
usually sufficient to achieve a signal-to-noise ratio limited by the shot noise of 
the weak signal P„ . To create the beat notes necessary for the determination 
of the cesium Di line and the hydrogen 1S-2S transition frequency, we used 
a 15 X lOmm^ grating with 2100 lines/mm (1800 lines/mm for the 972nm 
beat note) and a / = 15 mm lens at a distance of 50 cm from the grating. 
The aperture of the lens (diameter of 5 mm) was sufficient for selecting the 
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modes in the vicinity of the laser diode frequency. It is also possible to phase- 
lock one of the modes rather than the laser diode. Because an intracavity 
electro-optic modulator may disturb the soliton-like pulse propagation in a 
Kerr-lens mode-locked laser a piezo-operated folding mirror may be the best 
means to control the frequency of the mode. We use a prescaler, which divides 
the phase-locked beat frequency, to reduce the necessary servo bandwidth in 
addition to a large-range (±327 t) digital phase detector [9]. In order to phase- 
lock one of the modes of the frequency comb, we found it most practical to 
first phase-lock a laser diode to the mode. Then we phase-lock the laser diode 
by controlling the frequency of the particular mode (see Fig. 9). This avoids 
the need for a sharp high-frequency bandpass filter to select the correct beat 
note for the prescaler. 

7 Stabilizing the Frequency Comb 

To phase-lock the pulse repetition rate to a signal provided by a synthesizer, 
one faces the problem of noise multiplication. It is well known that the total 
noise intensity grows as N'^ when a radio frequency is multiplied by a factor 
of N [22] . By the detection and phase-locking process of the pulse repetition 
rate, additional phase noise is introduced. We reduced this noise contribution 
by a factor of 100^ (10^) since we did not phase-lock the fundamental pulse 
repetition rate but its 100th harmonic. In addition, the filtering action of the 
laser cavity prevents the high-frequency noise components from propagating 
through the frequency comb®. In fact, using a low-noise DRO oscillator in- 
stead of a synthesizer (Hewlett-Packard model 8360) for this purpose did not 
improve the performance in any noticeable way. 

For most applications it is desirable to fix one of the modes in frequency 
space and phase-lock the pulse repetition rate simultaneously. For this pur- 
pose it is necessary to control the phase velocity (more precisely, the round- 
trip phase delay) of that particular mode and the group velocity (more 
precisely, the round-trip group delay) independently. A piezo-driven fold- 
ing mirror changes the cavity length and /r but leaves approximately 
constant as the additional path in air has a negligible dispersion. The offset 
frequency /o = A(^/i./27t is therefore changed as well. A mode-locked laser 
that uses two intracavity prisms to produce the negative group velocity dis- 
persion {d^uj/dk^ < 0) necessary for Kerr-lens mode-locking provides us with 
a means for independently controlling the pulse repetition rate. As shown in 
Fig. 7, we use a second piezo-transducer to tilt the cavity end mirror near one 
of the prisms for compensation of the group velocity dispersion. We thus in- 
troduce an additional phase shift A^ proportional to the frequency distance 
from fn, which displaces the pulse in time and thus changes the round-trip 

® In connection with his work on electro-optic comb generators, M. Kourogi has 
observed this noise reduction before (see his contribution in Chap. IV-3 of this 
volume.) 
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Fig. 7. The prism setup commonly used in femtosecond lasers (as cavity end mir- 
rors) to create the negative Group Velocity Dispersion (GVD) {d^Ldjdk^ < 0) neces- 
sary for Kerr-lens mode- locking can be used to change the group velocity {dui/dk). 
This is done by introducing an additional round-trip phase delay that is a linear 
function of the optical frequency 



group delay [13]. In the frequency domain one could argue that the length 
of the cavity stays constant for the mode on the pivotal axis, while higher 
(lower) frequency modes experience a longer (shorter) cavity (or vice versa, 
depending on the sign of A'P) . Ideally, the vertical tilt axis of the end mirror 
corresponds to the nth mode whose absolute frequency /„ is phase-locked 
with the folding mirror. In this case the tilt angle will not change the abso- 
lute frequency /„ while the cavity length still controls both the frequency /„ 
and the pulse repetition rate /r. Using this method [23] with our commer- 
cial femtosecond system (Coherent model Mira 900), we have found that it 
operates well if the bandwidth that controls the cavity length is as high as 
possible (typically 10 kHz) while the bandwidth that controls the pulse repe- 
tition rate is low in order to exploit the intrinsic stability of the laser cavity. 
The position of the tilt axis was not critical and could even be situated to 
the side of the mirror. The misalignment of the cavity due to the necessary 
tilting of the end mirror was negligible. Similar ideas for controlling the group 
velocity of femtosecond pulses have been introduced in [24]. 

8 The Accuracy of the Frequency Combs 

In order to verify whether the frequency comb emitted by a mode-locked laser 
can satisfy the exceptional accuracy demands of an all-new optical clock, 
we have performed a series of experiments [25]. All of them make use of an 
Optical-Frequency Interval Divider (OFID) based on grating-stabilized diode 
lasers and KNbOa crystals. 

In the first experiment, which is sketched in Fig. 8, we have phase-locked 
two laser diodes at 822.8 nm and 870.9 nm to two modes of the mode-locked 
laser separated by more than 20THz. If the number of modes in between 
the two diode-laser frequencies, which we did not count in this experiment, 
happens to be an odd number, we expect another mode of the frequency 
comb right at the center between the two laser diodes. A third laser diode is 
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267,200 modes 
20.12 THz 




Fig. 8. The uniform distribution of the modes of a mode-locked laser is verihed by 
comparison with an optical- frequency interval divider (see Fig. 1). The inset shows 
a measured spectrum of the frequency comb together with the 822.8 nm and the 
870.9 nm laser diodes drawn into it 



then phase-locked to the center mode of the frequency comb. With the help 
of an OFID we can verify that the central mode is at the expected position 
in frequency space, confirming the uniform distribution of the modes in the 
frequency comb. The pulse repetition rate was not locked in this experiment. 
Taking into account the local oscillator frequencies used for phase locking, we 
expect a beat frequency at 40 MHz. We have measured this frequency with 
a radio-frequency counter (Hewlett Packard model 53132A) by using gate 
times of 1, 10 and 100 seconds, which yields a resolution of ImHz, 0.1 mHz 
and 10 pHz respectively. The radio frequency counter and the local oscillators 
were all referenced to the same local cesium atomic clock. To ensure that no 
cycles were lost by the phase-locked loops, we continuously measured the in- 
lock beat signals with additional counters, which operated with a bandwidth 
that differed from the phase-locked loop bandwidth. If one of the additional 
counters displayed a value other than the given local oscillator frequency, 
we discarded that data point. In combination with the Is gate time, a cycle- 
slipping threshold of 0.5 Hz seemed to be sufficient. The result did not change 
significantly when this value was decreased. For the other gate times it was 
then appropriate to reduce the threshold in proportion to the inverse of the 
gate time, as a cycle slip would be averaged over this period. The results are 
summarized in Table 1. The weighted average of the results obtained using 
the various gate times calculates to a —0.59 ± 0.48 mHz deviation from the 
expected frequency of 40 MHz. This verifies the uniform distribution of the 
modes within a relative precision of 3.0 x 10“^^ (see [25] for more details). 

To experimentally demonstrate that optical frequency combs emitted by 
mode-locked lasers are useful tools for the precise determination of large 
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Table 1. Results obtained from the measurements shown in Fig. 8, with statistical 
uncertainties as derived from the data. One additional point has been removed from 
the 100 s gate time data set that was 825 mHz away from the average, but was not 
detected as a cycle slip 



Gate 

Time 


Mean Deviation 
From 40 MHz 


Relative 

Deviation 


Accepted 

Readings 


Cycle-Slip 

Threshold 


Cycle 

Slips 


Is 


—0.6 ± 2.4 mHz 


1.2 X 10'^® 


8442 


0.5 Hz 


202 


10 s 


-1.93 ±0.73 mHz 


9.5 X 10“^'^ 


2936 


50 mHz 


257 


100 s 


±0.54 ±0.67 mHz 


3.4 X 10“^'^ 


338 


5 mHz 


179 



optical-frequency differences, it is not sufficient to verify the comb spacing 
constancy; in addition, one has to show that the mode separation can be 
measured or stabilized to the precision needed. To verify that the mode sepa- 
ration equals the easily measurable pulse repetition rate, we have performed 
an actual frequency difference measurement. The experimental setup for this 
purpose is similar to the one shown in Fig. 8 but with a reduced frequency 
gap of 4.1 THz. Two laser diodes, at 845 nm and 855 nm, were phase-locked 
to the frequency comb. We used 328 modes of a second optical-frequency 
comb that was generated with a fast electro-optic modulator [7] operating 
at a frequency of 6.3214 GHz, to precisely phase-lock the central laser diode 
328 X /mod — 2 X /lo = 2.073 319 2 THz apart from the 855 nm laser diode (to 
849.974 nm). In this case the local oscillator frequency was /lo = 50 MHz. 
By tuning the 845 nm diode laser frequency 54 205 modes of the mode-locked 
laser above the 855 nm laser diode (to 845.007nm), we would expect a beat 
signal of 44.1 MHz at the divider stage when the pulse repetition rate was 
locked to 76.5 MHz. Because we did not fix the frequency of one of the modes, 
we could use the piezo operated folding mirror, rather than the tilted end mir- 
ror, for stabilizing the pulse repetition rate. With a total of 1859 nonrejected 
readings and 166 suspected cycle slips we find a frequency deviation from 
44.1MHz of 2.2 ± 2.5 mHz (with a counter gate time of 10s). This confirms 
that the pulse repetition rate equals the mode separation with an accuracy 
of at least 6.0 x 10“^®. 

9 The Absolute Frequency of the Cesium Line 

In a first optical frequency measurement with a mode-locked laser, the ab- 
solute frequency of the cesium Di line has been determined [19]. In this ex- 
periment, the frequency comb was only used to bridge a large frequency gap 
and not, as discussed above, to provide a direct link to the radio frequency 
domain. As sketched in Fig. 9, we have compared the frequency of the cesium 
Di resonance line with the fourth harmonic of a transportable CH 4 -stabilized 
3.39 pm He-Ne laser [26]. The frequency of this reference laser has been call- 
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Fig. 9. Frequency chain for the comparison of the precisely known frequency of a 
methane-stabilized He-Ne laser at 88.4 THz (3.39 gm) with the cesium D\ transi- 
tion at 335 THz (895 nm) 



brated at the Physikalisch-Technische Bundesanstalt (PTB) in Braunschweig 
against a microwave cesium atomic clock with their phase-locked harmonic 
laser frequency chain ([3], and see contribution by C.O. Weiss et al. at Chap. 
III-l in this volume) to within 2.6 parts in 10^^. A color center laser at 
1.696 pm was phase-locked to the second harmonic of the He-Ne standard. 
The beat signal between the second harmonic of the color center laser and 
an 848 nm laser diode was used to lock the laser diode by controlling the 
absolute frequency of the mode of the frequency comb to which it was phase- 
locked. As mentioned above, this required a prescaler that divides the beat 
frequency by 128. By scanning the local oscillator frequency used for this 
lock, we could scan the absolute frequency of the modes of the frequency 
comb. An 895 nm laser diode was phase-locked to a mode in the vicinity of 
the D\ transition. The frequency comb of our mode-locked laser was thus 
used to bridge an 18.4 THz frequency gap between 848 nm and 895 nm. To 
determine the number of modes between the laser diodes, we employed a 
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cavity that was stabilized to have a free spectral range of exactly 20 times 
the pulse repetition rate /r. If the beat notes of the laser diodes with the 
transmitted light appeared at the same frequencies, the mode number was a 
multiple of 20 (1.5 GHz) and therefore sufficient to be unambiguously iden- 
tified by our wavemeter [19]. The signal-to-noise ratios of those beat signals 
were not sufficient for a phase-locked loop, so we used them to monitor the 
mode number only. The pulse repetition rate /r of the free-running laser was 
measured with a radio frequency counter. 

To probe the cesium D \ transition we use a saturation spectrometer with 
two linearly polarized counter-propagating laser beams of equal intensities 
(10 pW/cm^) and a 7.5 cm long cesium cell at room temperature. With this 
Doppler-free method, we observe four hyperfine components of the single sta- 
ble isotope ^^^Cs for the transitions from the ground states Fg = 3 and Fg = 4 
to the upper states Fe = 3 and Fg = 4, with a linewidth of about 6 MHz 
(FWHM). The cross-over resonances were not visible due to the large sep- 
aration of the hyperfine components. From a total of 112 recorded lines we 
derive for the hyperfine centroid 

/di = 335116 048 807(41) kHz, 
and for the upper-state hyperfine splitting 
= 1 167 688(81) kHz, 

in agreement with previous values obtained by others: fui = 

335 116 062 (15) MHz [27] and = 1 167.54 (32) MHz [28]. The abso- 

lute frequency of the Cs Fi line is of great interest for a new determination 
of the fine structure constant a from the recoil shift of this frequency that 
has been measured by Chu and co-workers [19,29]. 



10 The Absolute Frequency 
of the Hydrogen 15—25 Transition 

To demonstrate the new type of optical-to-microwave frequency chain for 
the first time, we have recently redesigned our existing harmonic frequency 
chain [2]. In the remodeled version [30] we make use of a commercial mode- 
locked laser (Coherent model Mira 900) whose spectrum is externally broad- 
ened by coupling 225 mW average power through a 40-cm-long single-mode 
optical fiber (see Fig. 5). We also make use of the methane-stabilized 3.39 pm 
He-Ne frequency standard at / = 88.4 THz that was also used for the deter- 
mination of the Cs Fi transition frequency. In our experiment the absolute 
frequency of the chosen laser does not have to be known but is measured by 
comparison with our Cs atomic clock. This provides an additional check of 
the new frequency chain. As shown in Fig. 10, the He~Ne laser is operated 
at approximately the 28th subharmonic of the 15'”25' transition frequency. 
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Fig. 10. The novel frequency chain based on the measurement of large optical- 
frequency differences with a mode-locked laser. With only a few nonlinear steps 
and an OFID (see Fig. 1), the absolute frequency of the hydrogen 1S-2S interval 
at 28/ — 8A/ = 2466 THz is converted into frequency intervals of the size A/ and 
0.5/, which can be measured with a mode-locked laser 



which is approximately the 7th subharmonic of the dye laser at the fre- 
quency 7/ — 2A/. We measure two frequency gaps: A/ « ITHz, and the 
large frequency difference between the output of the OFID at 4/ — A/ and 
the subharmonic of the dye laser at 3.5/ — A/. The last frequency difference 
of 0.5/ « 44.2 THz equals one-half of the absolute frequency of the He-Ne 
standard. Its frequency is therefore determined directly with the mode-locked 
laser by comparison with a local GPS-referenced Cs clock that controls the 
mode spacing. Here, the 10 MHz output from the Cs clock is multiplied in one 
step to 44.2 THz. A good reproducibility of the He-Ne laser is not needed any 
longer. As we have used two radio frequency counters to measure the beat 
signals at 4/ and 4/ — A/ with the frequency comb, we still make use of the 
He-Ne standard’s excellent free-running stability of 10“^"^ over an integration 
time of 1 s [26] . Spurious frequency shifts caused by imperfect synchroniza- 
tion of the counter gates are therefore greatly reduced. As we measure the 
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frequency gaps 0.5/ and A/ at the same time, we also directly reference the 
frequency of the dye laser, 7/ — 2A/, to the local Cs clock. As shown in 
Fig. 10, the fourth harmonic of the dye laser, when tuned to resonance, coin- 
cides with the IS-2S interval. Our new chain is therefore providing the first 
phase-coherent link from the vacuum-UV (121 nm) to the radio- frequency 
domain. 

The hydrogen spectrometer has been described before in detail [31]. The 
dye laser is stabilized to a temperature-controlled Zerodur cavity that is 
suspended in a vacuum. The laser is tuned by controlling the frequency of 
an acousto-optic modulator (AOM) that shifts its frequency before entering 
the cavity. The hydrogen IS{F = l.rup = ±1) — 2S{F' = l,m'p = ±1) 
transition is driven in a cold atomic beam by longitudinal Doppler-free two- 
photon excitation with light from the frequency-doubled dye laser. The UV 
radiation is resonantly enhanced in a linear cavity inside the vacuum chamber 
of the atomic beam apparatus. Hydrogen atoms from a gas discharge escape 
via a nozzle cooled with liquid helium. Cold atoms traveling along the laser 
field are excited to the metastable 2S state. An electric quenching field a 
distance I = 14 cm downstream from the nozzle forces the emission of 121 nm 
Lyman-a photons, which are detected with a solar blind photomultiplier. 
In order to reduce transit-time broadening and second-order Doppler shifts, 
we select the slow atoms by periodically turning the laser light off with a 
chopper and counting signal photons only if they arrive after a time delay 
T = 1.2 ms. An upper limit for the red shift due to the second-order Doppler 
effect is given by l/2(//rc)^ < 7 x 10”^^. The use of a realistic model of the 
line shape, which is not even necessary at this stage, could reduce the total 
systematic effects to 1.5 x 10“^^ [32]. 

During the experiment the dye laser was locked to a stable Zerodur cav- 
ity. An AOM, placed in the path between laser and reference cavity, is used 
to scan the dye laser over the atomic resonance. For the data analysis we 
first determine the frequency of the light in the reference cavity with our 
frequency chain. As the cavity has a superior short-term stability, the statis- 
tical uncertainty of these measurements is limited by the specified 5 x 10”^^ 
Allan standard deviation of our Cs clock. Due to the large multiplication of 
the frequency output from that clock (2466 THz/10 MHz « 2.5 x 10®), the 
readings scatter by about 13 kHz with a one-second gate time. At this level 
we see no contribution from the instability of the chain. To use the cavity as 
a flywheel to average over the clock noise, we fit a polynomial to the cavity 
frequency, which is drifting at a rate of up to 150 Hz/s (measured at 121 nm). 
Together with the number of emitted Lyman-a photons, the AOM operating 
frequency and the recorded time tags, this polynomial is used to calculate 
the absolute frequency of the 1S-2S line center. This procedure recovers the 
short-term stability of the cavity while maintaining the absolute frequency 
accuracy provided by the frequency chain. A preliminary value derived from 
only one day of data already reproduces our previous measurement [2], yet 
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with considerably smaller uncertainty. These previous measurements took 
around 2^ months of measurements. We expect to have an improved value 
for the 15-26' transition frequency in the near future, after collecting more 
data. To achieve an even higher accuracy, we plan a future experiment that 
makes use of a Cs fountain clock [33]. 

Note added in proof. Since the time of the conference, dramatic progress 
has been achieved in the frequency measurement of the 15-26 transition in 
hydrogen [30,34], the development of a single laser frequency chain [35,36], 
and in the phase control of ultrashort light pulses [37]. 
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Abstract. This paper reviews basic types of optical- frequency comb generators 
(OFCGs) and discusses possible applications in metrology. One interesting issue, 
namely active control of the OFCG resonance frequency with respect to the in- 
put frequency, is addressed in more detail. It is indispensable for long-term power 
stabilization of high-order sidebands. Experimental results will be presented which 
have been obtained using a novel approach to this problem that relies on observing 
sharp resonances of the OFCG cavity using an auxiliary, orthogonally polarized 
input signal. 



1 Introduction 

Wide frequency combs in the visible and Near- Infrared (NIR) frequency 
regimes are highly desirable for many metrological and scientific applications, 
e.g. ultra-high resolution spectroscopy, the comparison of optical frequency 
standards, measurements of fundamental constants, wavelength-multiplexed 
optical communication systems, or multicolor interferometric length measure- 
ments. The frequency comb consists of many spectral lines (“teeth”) which 
are spaced apart by a constant frequency interval. For the most accurate 
measurements, the frequency difference between two comb teeth has to be 
related to a reference frequency, as for example from a cesium primary clock 
which realizes the unit of time. 

2 Types of OFCGs 

The fundamental mechanism for frequency comb generation is the same for 
all types of OFCGs realized so far: series sideband generation in a re-entrant 
loop with intraloop modulator. This may be a either a single-sideband, a 
phase or an amplitude modulator. 

2.1 Regenerative Systems with Intraloop SSB Modulators 

The regenerative scheme (Fig. 1) employs an optical loop with internal gain 
element and frequency shifter [1,2,3], commonly referred to as a single-side- 

A. N. Luiten (Ed.): Frequency Measurement and Control, 
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Fig. 1. Scheme of an OFCG with intraloop frequency shifter 



band (SSB) modulator. Typical SSB-modulators are acousto-optic modula- 
tors or traveling-wave polarization converters [4,5]. As a characteristic prop- 
erty, the input frequency (carrier) is not present in the modulator output 
signal. Thus, no interference take place between field components of individ- 
ual round trips. Hence, specific group delays or phase delays are not required 
to fulfill any loop self-consistency condition, in contrast to the cavity-based 
systems discussed below. 

Nonetheless, a certain interaction between signal components of different 
round-trip orders can occur in any case via saturation of the gain medium. 
Its strength depends on the ratio between frequency shift and homogeneous 
line width of the gain medium. Thus, gain instabilities may set in, in par- 
ticular for gain media with long inversion lifetimes and broad homogeneous 
linewidths, leading to a relaxation oscillation. Although these phenomena are 
interesting for the so-called “modeless laser” [6,7,8], they are totally unde- 
sired for the metrological applications considered here. For this reason, all 
SSB-modulator-based OFCGs so far realized employ some kind of temporal 
gating which avoids the simultaneous presence of signal components with dif- 
ferent frequencies (see Fig. 1). Here, an optical switch opens the input gate 
for a time interval which is slightly shorter than the loop delay time Af- 
ter n round trips, i.e. after tt-tl, the output gate is opened and a rectangular 
output pulse is emitted whose frequency is shifted by n times the modulator 
shift Azz with respect to the input frequency. 

Usually, long-loop delay times (microseconds and more) are employed 
in order to account for finite gate-switching times and to achieve small line- 
widths of the output signal. This linewidth is ultimately limited by the Fourier 
transform of the output pulse, at least as long as we ignore any residual 
coherence relations between adjacent output pulses. 

Clearly, such an OFCG can be described as a transmission line containing 
a series of frequency shifters and amplifiers. The coherence properties of the 
output signal are poor since no narrow-band filters or flywheels are involved. 
The considerable optical losses arising from the various in-loop elements have 
to be compensated for by optical gain. Thus amplified spontaneous emission 
(ASE) is added during each round trip. Even if a signal-tracking filter is em- 
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ployed for out-of-band noise rejection, ASE ultimately destroys the coherence 
properties of the desired signal at a certain frequency offset. Furthermore, 
multiplicative phase or timing noise due to acoustic or thermal fluctuations 
of the loop delay time and quasi-elastic scattering processes in the optical 
fibers increases the noise level. No simple servo scheme can be used to re- 
move these fluctuations. 

For these reasons, SSB-OFCGs appear to be useful only for less demand- 
ing applications such as frequency beacons in multichannel optical-fiber com- 
munication systems. 

2.2 OFCGs with Internal Phase Modulators 

OFCGs with internal phase modulator usually consist of an optical loop with 
an internal Electro-Optic phase Modulator (EOM) driven by a microwave 
signal with frequency /mw- Although, amplifying fiber loops have been used 
in some cases [9], superior coherence properties are obtained from optically 
passive systems using low-loss cavities with an internal EOM [10,11,12,13,14]. 

The EOM is simultaneously placed inside a velocity-matched microwave 
resonator [14] in order to obtain a large single-pass modulation index (3. The 
modulation frequency /mw is tuned to an integer multiple of the Free Spectral 
Range (FSR) of the optical resonator. Thus, the sidebands that are generated 
during each pass through the modulator remain in resonance with the cavity, 
and the modulation effects of subsequent round trips add up, yielding high 
sideband orders. The resulting comb spectrum shows wings which follow an 
exponential law until the sideband power suddenly drops to zero at a certain 
frequency offset from the carrier [15] owing to Group Velocity Dispersion 
(GVD) effects of the EOM. These dispersion effects can be compensated for 
[16] to a certain degree using intracavity double-prism configurations [17]. 

The exponential coefficient, which determines in most practical situations 
the useful comb width, can be easily deduced from the parameters (3 and the 
optical cavity finesse F, as shown in the following. The relative power of 
the fcth OFGG sideband is given by 

Ffc/Fcarrier = T™ 

where T denotes the power transmission factor per round trip and 
m = \k\/2j3 

gives the number of modulation processes required to reach the fcth sideband. 
Assuming low cavity losses and expressing T in terms of cavity finesse such 
that 

T Ri exp(— 27 t/F) 
we obtain 



Ffc/Fcarrier = exp(-7T | fc| //3F) , 
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which is equivalent to a power loss of (13.6dB//3F) per sideband order. As- 
suming typical values, j3 = 0.5 rad, F = 120, /mw = 9 GHz, this leads to 
23dB/THz, which indicates, that frequency gaps of several terahertz can be 
bridged using such devices. Envelope spectra which have been calculated us- 
ing the values above are shown in Fig. 2 for different detuning parameters P' 
together with experimental points. These have been measured with a 35 cm 
grating monochromator (50 GHz resolution). We used a microwave-resonant 
LiNbOs EOM (1 x 1 x 25 mm^) operating at a frequency of /mw ~ 9 GHz 
with a single-pass modulation index j3 of 0.55 rad at 8 W of microwave in- 
put power. The OFGG cavity was optically excited by an extended cavity 
diode laser (Aw 860 nm). The length of the OFGG cavity was chosen to 
fulfill /mw = 7FSR. The measured finesse of F = 120 was limited by bulk 
losses of the crystal. 

The detuning parameter (3' used in Fig. 2 accounts for the difference 
between the frequency of the exciting field and the corresponding eigen- 
frequency vq of the (unmodulated) OFGG cavity: 

f}' = 7r(r'L - i/c)/FSR; 

(}' is equal to half the round-trip phase difference for an unmodulated cavity. 

One clearly finds in Fig. 2 that the dispersion limit is shifted to higher 
frequency offsets for large negative values of /3'. Hence, such a operation 
point has to be chosen if maximum comb width is desired. Some kind of 
active control seems to be indispensable in this case, since large thermal 
drifts can be expected owing to radio-frequency (rf) heating of the EOM 
crystal. Unfortunately, simple techniques fail to generate unambiguous servo 




Fig. 2. Calculated comb envelope for different valnes of the detuning parameter 0 
and experimental data. Single-pass modnlation index /3 = 0.55 rad, cavity finesse 
F = 120 
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signals, at least for OFCGs where the phase-modulation index (3 exceeds tt/ 2. 
Methods that have been used so far rely on a phase-sensitive detection of the 
OFCG’s output [15] at the operational frequency of the OFGG, or use of 
an additional low-frequency modulation to derive a suitable error signal [18]. 
Besides the additional complexity, the offset frequency could only be varied 
by introducing an additional electronic offset. 

The stabilization method presented here avoids these drawbacks. It relies 
on resonances of the optical cavity for an auxiliary beam which is orthogonally 
polarized with respect to the light that is used for optical comb generation. 
Because of large static birefringence of the LiNbOa crystal, the FSR is dif- 
ferent for the two polarizations (1267 MHz for the extraordinary polarization 
used for comb generation and 1058 MHz for the auxiliary, i.e. ordinary, po- 
larization). Thus, any phase modulation appearing on the auxiliary beam 
is not resonantly enhanced because /mw is equal to multiples of 1267MHz, 
which is not a multiple of the FSR of the auxiliary beam. Furthermore, the 
electro-optic coefficient for this polarization, ri 3 = 7.5pm/V, is substantially 
smaller than that for the extraordinary beam (ras = 33pm/V). As a result, 
the field of the auxiliary beam is modulated with a much smaller modulation 
index and its resonances in the transmission spectrum remain narrow when 
the microwave modulation is turned on. 

To derive a suitable error signal without introducing any additional modu- 
lation of the cavity, we use an input field that contains both polarizations and 
perform a polarization analysis of the transmitted light. In the transmitted 
light, the two polarizations with equal frequency (the orthogonal polarization 
and the carrier of the comb) interfere to form a static, elliptical polarization 
which depends on the relative phase between both components. Because the 
transmission spectrum of the carrier component of the comb output forms a 
broad structure with respect to the detuning, its phase is almost independent 
of the detuning parameter j3' (Fig. 3). 

The transmission spectrum of the orthogonal polarization, however, dis- 
plays narrow resonances which lead to a sharp phase shift around the reso- 
nance. Similar to the Hansch-Gouillaud method [19], the resulting change in 
the polarization can be detected to derive an error signal with the desired 
odd symmetry (see Fig. 4). 

Whereas the usual Hansch-Gouillaud method uses the light which is re- 
flected from a resonator, we make use of the transmitted light. This has the 
advantage that the interfering light fields are perfectly mode-filtered by the 
cavity and so additional noise contributions from non-mode-matched field 
components are minimized. Because of the birefringence, the resonances are 
located at different detunings; however, their relative position can be set to 
a certain value by adjustment of the birefringence (by the temperature in 
our case, or by an applied DG voltage through the electro-optic effect) of 
the modulator crystal. To tune j3' by tt, the temperature has to change by 
0.5 K. While this allows for the adjustment of the detuning parameter, it 
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Fig. 3. Calculated power and phase of transmitted carrier against detuning /3' 



PD1 signal 



PD2 signal 



error signal 





Fig. 4. Signals from photodiodes PDl and PD2 and the error signal employed in 
the frequency-control loop. See Fig. 5 for experimental setup 



is also a potential difficulty because the crystal is inevitably heated by the 
dissipated microwave power. To stabilize the birefringence of the crystal in 
situ, an additional 633 nm He-Ne laser probe beam is coaxially superimposed 
onto the 860 nm laser beam with dichroic mirrors. To minimize the unwanted 
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Fig. 5. Experimental setup. Photo-diodes PDl and PD2 detect the polarization 
state of the 860 nm light for use in the frequency-control loop. PD3 and PD4 are 
used for the birefringence stabilization using a He-Ne laser. For details see text 



microwave modulation of the probe beam by the EOM, a double-pass con- 
figuration is used (see Fig. 5). 

The length L between the crystal and the retroreflecting mirror is set to a 
value where the effective phase modulation from the first and the second pass 
are in counterphase and hence cancel each other out. The returning beam 
is separated by a nonpolarizing beamsplitter (NPBS) and its polarization 
is detected by a polarizing beamsplitter (PBS) and two photodiodes. The 
resulting error signal of odd symmetry is used to control the temperature of 
the crystal with a thermo-electric element. A variable retarder (An) is used 
to select the operating point. 

The performance of the birefringence stabilization is shown in Fig. 6. The 
left picture shows the resonances of the ordinary and extraordinary beams 
with the modulation turned off. The temperature of the FOM crystal was 






microwave 

off 



microwave 

on 



microwave on 
servo loop on 



Fig. 6. Performance of the birefringence stabilization 
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set to a value which corresponds to a detuning parameter /3' = 0. When the 
microwave was turned on, the heating of the crystal led to a relative shift of 
the resonances (central picture), which was removed when the servo loop was 
closed (right picture). 

2.3 Mode-Locked Lasers as Active Frequency Comb Generators 

Kerr-lens mode-locked lasers, based on e.g. Ti:sapphire or Cr:LiSAF as ac- 
tive media, are highly attractive as OFCGs, combing large comb widths of 
more than 100 THz [20] and high output power [21]. As a further advantage, 
some of these devices can be pumped by commercially available laser diodes 
[22,23,24,25]. Very short, nearly bandwidth-limited pulses with durations be- 
low 30 fs can be achieved with such systems. However, the absolute value of 
the mutual phase of individual spectral lines is of minor interest for frequency 
synthesis applications considered here, as long as this relationship remains 
sufficiently stable. Thus, FM-like or any mixture of AM- and FM-like phase 
relationships could be used just as well. In fact, it might be useful to employ 
longer pulses with fast frequency chirp in order to reduce the peak power and 
thus consequently lower the risk of self-focusing leading to optical damage. 
However, the intensity dependence of the index of refraction, which leads to 
such undesired effects as self-focusing, can also be employed to substantially 
widen the comb spectrum via self-phase-modulation [26] . 

The most important issue of concern for the application of mode-locked 
lasers to frequency comb generation are fluctuations of the round-trip group 
delay of the laser, i.e. fluctuations of the pulse repetition rate [27,28,29,30,31]. 
These fluctuations can arise from e.g. spontaneous emission, intensity noise 
of the pump. It turns out that, in most cases of demanding applications, 
this pulse-timing noise level is too high, at least in the low Fourier fre- 
quency regime. Hence, pulse active timing control seems to be indispensable 
for phase-coherent frequency measurements, either by additional electronic 
mode-locking [25] or active stabilization of the round-trip group delay. 



3 Possible Applications of OFCGs 

Besides applications as frequency beacons in fiber communication systems 
or for multicolor interferometric length measurements, a wide range of ap- 
plications of OFCGs lies in the held of metrology, either for highly precise 
measurements of optical frequency differences or for new methods for the 
measurement of absolute optical frequencies with respect to the primary stan- 
dard of time and frequency, which have the prospect to soon replace the very 
complicated conventional frequency chains. 
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3.1 Measurement of Optical Frequency Differences 

OFCGs provide an effective way to transfer a high harmonic of a microwave 
frequency to the difference of two optical frequencies [32,33,34]. Thus, they 
have become an important technique for the measurement and synthesis of 
optical frequency differences in the terahertz range and have been used, for 
example for the frequency measurement of the hydrogen Lyman-a line [35] 
or molecular lines in the 1.55 pm region [36]. 

Although the widest combs observed so far have been generated by Kerr- 
lens mode-locked Ti:sapphire-lasers, optically-passive devices, as discussed in 
Sect. 2.2, are the first choice in most cases owing to their superior versatility. 
In fact, such OFCGs can be operated in any spectral range from the mid- 
IR to UV where strong continuous- wave (cw) pump lasers are available and 
where EOM absorption losses are small. 

This spectral range can be further extended using mixing processes like 
Second Harmonic Generation (SHG), Sum Frequency Generation (SFG) and 
Difference Frequency Generation (DFG) [37]. Only a few additional fixed- 
frequency lasers are required in the latter cases to cover the entire transmis- 
sion range of the mixers. However, the width of the comb spectrum, which 
can be simultaneously converted, is limited by phase-matching requirements 
of the nonlinear crystal. For periodically poled LiNbOa (PPLN), as an ex- 
ample [38], this spectral acceptance width is of the order of 100 GHz for 
10-mm-long crystals. Hence, only a fraction of the comb is converted if the 
spectral width of the mixer input signal exceeds this phase-matching range. 

3.2 Measurement of Absolute Frequencies 

The harmonic mixing scheme discussed above for the case of optical fre- 
quency differences can be extended to absolute frequency measurements, as 
shown below. Now, the essential additional step is the link between modula- 
tion and carrier frequency domain. It can be accomplished by measurement 
of a characteristic frequency i^ceo of the OFGG, which can be understood 
as follows. Extrapolation of the comb with equally spaced teeth (frequency 
difference /mod) versus lower frequencies leads to a tooth which comes closest 
to frequency zero (see Fig. 7). Its frequency will be called “carrier-envelope- 
offset-frequency”: I^CEO ^ 

In general, a non- vanishing value of Vceo is a result of group velocity 
dispersion (GVD) inside the laser cavity e.g. from the frequency-dependence 
of the mirror reflection phase, from diffraction effects and from intracavity 
elements. The frequency i'ceo is proportional to the temporal derivative of 
the phase angle ’F(f), so that 

d!F(f)/dt = 27ri^cEo , 

^ for a description of this effect as it applies to mode-locked lasers, see the contri- 
bution by Th. Udem et al. at Chap. IV-2 in this volume, i^ceo has been termed fo 
in that contribution 
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which describes the phase of the optical carrier at the center of the pulse 
envelope. In the literature it has been referred to as the “relative carrier 
phase” [39]. 

From the definition of z/ceo it is obvious that the absolute frequency Vm of 
the mth tooth of the comb will be completely known if the order number m, 
the frequency difference /mod of two adjacent teeth, and Vceo are known, 
because 

— ^CEO “t” rn/mod • (1) 

Whereas the measurement of /mod (from the beatnote between teeth) 
and m (using a wavemeter) is straightforward, determination of Vceo remains 
a key task. Some possible measurement schemes will be discussed in the 
following. Although we have chosen /mod as the frequency of the tooth which 
comes closest to zero, its “complement” /mod — J^ceo can be used to describe 
GVD effects as well. It should be noted, that the characterization of GVD 
effects by Vceo is not restricted to short pulses: The phase relation between 
adjacent spectral lines only has to be sufficiently stable, but not identical, for 
all line pairs. 

3.2.1 Interferometric Measurement of izceo 

This method relies on a frequency (but not phase) comparison of the pa- 
rameters h'cEo and /mod of an OFGG output field spectrum with that of a 
comb-like resonance spectrum of a reference interferometer having a fringe 
spacing FS « /mod. So far, a fully GVD-compensated two-beam interferom- 
eter has been employed for this purpose [39]. Such a scheme leads, together 
with a vacuum-filled reference path, to a transmission maximum of the in- 
terferometer at n = 0 (see curve A in Fig. 7). The effect of a reference path 




Fig. 7. Measurement of carrier-envelope-offset-frequency, i^cEo, by interferometry 
{curve A) and by second-harmonic-generation 
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filled with a dispersive medium (phase index riph), on the other hand, can 
be approximated assuming a constant group index rigr of the medium for the 
spectral range where the comparison with the OFCG emission spectrum is 
carried out. Then, filling of the reference path with the medium (denoted by 
the subscript “med”) leads to a redshift of the resonance frequency z/q of a 
certain interferometer fringe (order number m) as compared with its value 
1 ^ 0 , vac = rnFSvac under vacuum conditions: 

^Ojined — ^0,vac/^ph ■ 

The fringe spacing FS, on the other hand, is changed according to the 
group delay,: 

FiSnied — Fb'vac/^gr ■ 

Now, the condition i^o.vac = "m FSvac leads to 

^Ojined — ^ F(5*nied 6iy , 

where Sv plays a similar role for the periodic transmission spectrum as 
i^cEo for the OFCG signal spectrum. Its value is given by 

— ^0,vac [(f/^ph) (f/^gr)] 

« Vq dUph/dl/. 

This amounts to Si/au ~ 1.3 GHz for standard air at 800 nm. From the com- 
parison of 6zzair with z/cEo values which are typical for mode-locked lasers, 
i^cEo < /mod < 200 MHz, one concludes that a vacuum-filled reference path 
is highly desirable for accurate measurements. 

The zzcEo measurement is carried out detecting power variations of the 
second harmonic of the interferometer output signal while the path delay 
is varied. This yields the interferometric autocorrelation function (lAF) of 
the input field. It consists of an envelope which reflects the autocorrelation 
function of the pulse shape and a underlying periodic fringe structure due to 
optical interference. Similar features can be observed for periodic pulses for 
path delays approaching multiples of the inverse pulse-repetition frequency. 
Whereas the lAF is always symmetric with respect to path delay r = 0, this 
envelope-fringe symmetry is not preserved, in general, for the interferometric 
cross-correlation function (IGF) between subsequent pulses. The maximum 
of the IGF envelope appears always exactly at tq = l//mod because the 
total width of both combined pulses is minimized and, consequently, the 
peak power is maximized at this delay position. Fringe maxima, on the other 
hand, are found at different delay positions for nonvanishing z/ceo values (see 
Fig. 8). Under this condition, the interferometer transmission maxima do not 
coincide with the spectral lines at comb center, which mainly contribute to 
the correlator output power (see curve A in Fig. 7). 
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Fig. 8. Interferometric cross-correlation function between two subsequent pulses. 
Note fringe shift by At due to non-vanishing i^ceo 



As a result, the maximum of the fringe, which comes closest to the max- 
imum of the envelope, appears at tq -t- Ar, where At is directly related to 

^'CEO- 

l^CBO — (/mod) At . 

The main disadvantage of this scheme is the same as for any interferometric 
method, i.e. limited accuracy. It can be avoided using the phase-coherent 
schemes discussed next. 

3.2.2 Phase-Coherent Measurement of i^ceo 
without Additional Oscillators 

The simplest method for measurement of i^ceo is to make use of one nonlin- 
ear-optical process', second harmonic generation. Lets generate the second 
harmonic of teeth at the low-frequency wing of the comb (at frequency Vm) 
and mix the results with the 2mth tooth (see Fig. 7). We obtain for any tooth 
within the phase-matching range of the SHG crystal, 

^CEO ~ ^2m 

= (27Ti./iuod T (2w/iuod T ^CEo)- (2) 

Thus, many teeth may contribute to the measurement signal in this scheme, 
improving the SNR. On the other hand, very wide frequency combs, which 
cover a frequency ratio of at least 2:1 ( i.e. a musical octave), are needed and 
the power of these extreme spectral lines is usually very low. 

Obviously, the same information can be obtained by DFG between teeth 
from the high-frequency and low-frequency wing of the comb and, beating 
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this mixing product with teeth from the low-frequency wing: 

^CEO “ (^2m ^m) 

= (m/mod ^CEO ) ('^/mod ^CEO ) (^m/niod ^CEo)- 

Now, the beatnote is detected at the low-frequency wing of the comb, which 
may be advantageous, for example, if the quantum efficiency of the photo 
detector is higher in this spectral region. 

The similar procedure, SHG of frequencies at the low-frequency wing and 
comparing their frequencies with those of spectral lines at the high-frequency 
wing, can be carried out with one additional cw laser (see next section). 

3.2.3 Phase-Coherent Measurement of i^ceo 
with One Additional cw Oscillator 

The simplest scheme of this kind employs one nonlinear-optical process 
(SHG). It relies on phase-locking of the emission field of an additional os- 
cillator (frequency nm) to the mth teeth, nm = w/mod + *^ceo- Similar to (2), 
the frequency comparison of the second harmonic of this signal with the 
corresponding tooth yields 

^CEO ~ ^2m 

= (277T./mod T 2 z.'ceo) (2uT./mod T ^^cEo) • (3) 

Although the required frequency ratio is 1:2 as above, the efficiency of the 
optical-nonlinear process can be substantially improved using a strong single- 
frequency cw laser. It is straightforward to combine both methods mentioned 
above using the signal of an additional oscillator (frequency z/q) and one 
sum-frequency-generation (SFG) process. Then, all spectral lines of a spectral 
interval of considerable width can contribute to the mixing product, as in the 
first scheme given by (2). Assuming Va = afmod (a = integer) for the sake of 
simplicity, we obtain a frequency-shifted comb as discussed in section 3.1: 

vs = Vm + Va ={m+a) /mod + Z^CEO, 

Vs+l = Vm+l ~\- Va = (rn -|- a -|- 1) /mod + VcEO, 

vs+i = Vm+i -\- Va = {m -\- a -\- i) /mod + J^CEO, 

for all i within the phase-matching range. Then, i>a has to be compared with 
the frequency of the nearest comb tooth (at = afmod + Vcbo) in order to 
measure Vceo- 

Vcbo = Vx — Va = (u/mod + Vcbo) ~ o/mod- (4) 

In this scheme, the required frequency ratio of the comb ranges from 1:2 
(va at low-frequency wing) to 1:3 (va at comb center), which is actually no 
improvement as compared to the schemes above, (2) and (3). 
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This situation changes, if two nonlinear- optical processes, SFG and SHG 
are involved (see Fig. 9). Now, the fundamental frequency Va of the additional 
oscillator signal is used for the multiline sidestep: 

l^S+i = Vm+i + t'a = (m. + O + i)f mod + r'cEO ; 

whereas its second harmonic is compared with the frequency of the nearest 
comb tooth (at = 2a f mod + i^ceo), yielding 

^CEO ~ ^2a ‘2l'a — {‘2a f mod “t” ^CEo) 2a f mod ■ (b) 

In this case, the required comb width ranges from 3:5 (comparison at comb 
center) to 2:3 (comparison at low-frequency wing). The high mixing efficiency 
available from the combination of powerful laser-diode-pumped solid-state 
lasers and quasi-phase-matched nonlinear crystals even allows third harmonic 
generation (THG) with sufficient power. Since THG is usually accomplished 
by subsequent SHG and sum frequency mixing between the second harmonic 
and the fundamental, three nonlinear-optical processes are required in this 
case for the link from modulation to carrier-frequency domain. Similar to (5), 
the fundamental which is generated, for example by a Holmium-laser emitting 
in the 2 pm range, is used for the multiline sidestep, while its third harmonic 
is compared with the nearest comb tooth at = 3a/mod + i^ceo: 

^CEO ~ = {Saf mod “t” ^CEo) (3u/mod) • (6) 

Now, the required comb width is remarkably smaller, between 5:7 (com- 
parison at comb center) and 3:4 (comparison at low-frequency wing). One 
may think of many other Vceo measurement schemes, if the number of ad- 
ditional lasers and mixing processes, i.e. the overall complexity, is increased. 
In frequency chains of interval bisection type, for example [40], OFGGs can 
be used to measure the width of large intervals, thus reducing the number of 
required stages. 




Fig. 9. Proposed i^ceo measurement scheme using multiline sum frequency gener- 
ation 
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In order to compare the expected advantages and limits of the methods 
discussed above, we will assume, as a practical example, an OFCG repre- 
sented by a state-of-the-art Kerr-lens mode-locked Ti:sapphire laser which 
emits 10 fs long (FWHM), perfectly sech^-shaped pulses with a spectral max- 
imum at 375 THz (« 800 nm), a pulse repetition rate of 100 MHz and an av- 
erage power of 100 mW. Phase coherence between all teeth is assumed for the 
entire spectral comb, extending from 600 THz to 150 THz (— lOOdB-points). 
The calculated envelope of this comb is depicted in Fig. 10 on a logarith- 
mic frequency scale, together with the required frequency ratios of the five 
schemes proposed above, corresponding to (2) to (6). 

One sees that schemes (3), (4) and (5) are unrealistic, if we assume that a 
flux of 10® photons/s is required in practice for unambiguous phase-tracking 
of the beat notes [41], whereas scheme (5) turns out to be a good compromise 
because: 

i) it is simpler than scheme (6) and allows sufficiently small frequency 
ratios; 

ii) it provides a better SNR than scheme (4) due to multiline mixing; and 

iii) it requires smaller frequency ratios of the comb than schemes (2) to (4). 

Furthermore, 1.5 pm (« 200 THz) laser-diode-pumped erbium-lasers can 
be used as convenient additional oscillators and both SHG and SFG can 
be accomplished using PPLN as efficient single-pass mixers. Assuming, as 
conservative estimates, a phase-matching bandwidth of 100 GHz, a mixing 
efficiency of 10“®W“^ and an Er-laser output power of 100 mW, one finds 
the following numbers. Starting from spectral lines of the comb at about 
300 THz (power ~ 10^® photons/s per spectral line) one expects 1000-fold 
(?7 = 10“®W“^x 0.1 W) smaller mixing products, i.e. 10^ photons/s per tooth 




200 300 400 500 600 



Frequency (THz) 

Fig. 10. Comb envelope of a 10 fs laser and frequency ratios of proposed Vceo mea- 
surement schemes The region a, b, c, d and e belong to equations (2), (3), (4), (5), 
and (6) respectively 
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at the sum frequency of 500 THz. Here, the comb power is of the same order 
(see Fig. 10). Hence, taking into account all 1000 spectral lines falling into 
the phase-matching range, one expects a beatnote corresponding to power 
values of the order of 10^° photons/s, which is sufficient for phase-tracking. 

4 Conclusion 

Optical frequency comb generators will find an increasing number of applica- 
tions in metrology, communication techniques and spectroscopy, where very 
different requirements concerning comb width and coherence properties of an 
individual tooth have to be met. Advantages and drawbacks of the different 
types of OFCGs have been discussed in this paper in order to give some hints 
for proper selection. Emphasis has been put on phase-coherent optical fre- 
quency measurement and several novel schemes for phase-coherent absolute 
frequency measurements have been discussed. Many other applications seem 
to be possible, e.g. interferometric length measurements employing the sharp 
white-light interferences which occur for all path length differences which are 
integer multiples of c//mod, ultimately limited by the coherence length of the 
laser emission. From Sect. 3.2.1, another practical application comes to mind: 
since bu is directly proportional to the refraction index of air, it can be used 
for in-situ refractometry, thus improving the accuracy of the interferometric 
length measurement. 

A novel operating-point stabilization method has been presented in this 
paper for an optically passive OFCG. The experimental results obtained with 
this scheme indicate that long-term stable and broadband operation of these 
versatile measurement tools can be accomplished. 
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Abstract. We present a method to expand optical frequency combs (OFC) using 
self-phase modulation in an optical fiber. The initial OFC is generated using a 
resonant electro-optic modulator and exhibits a span of less than lOTHz. The span 
of a broadened OFC can reach up to 50THz in the 1.5 |j,m wavelength domain. 
Second-Harmonic Generation (SHG) of this OFG has also been demonstrated. The 
span of a second-harmonic comb can also reach up to 50 THz but in the 0.8 |j,m 
region. We also demonstrate an innovative method to make frequency-difference 
measurements between two laser signals when the difference frequency between the 
lasers is larger than the span of the OFG. 



1 Introduction 

Accurate frequency measurements of lasers are required for various applica- 
tions, such as frequency-division-multiplexed communication networks, high- 
resolution spectroscopy, or measurements of fundamental physical constants 
[1,2]. Although one can make very accurate measurements of the frequency of 
microwave oscillators, the measurement of laser frequencies is not so straight- 
forward, because laser frequencies fall in the range of 1 THz to IPHz (10^^ 
to 10^^ Hz) where normal electronic frequency-counting techniques are not 
applicable. One must overcome this difficulty and realize accurate control of 
the frequencies of lasers so that future optical electronics can be developed. 

For this purpose, an optical difference frequency-measurement system us- 
ing an Optical Frequency Comb (OFC) generator based on a Fabry-Perot 
Electro-Optic (FPEO) modulator has been proposed and demonstrated 
[3,4,5,6,7,8,9,10,11]. By applying an OFC to frequency difference measure- 
ments between two lasers, it is possible to measure frequency differences up 
to as high as several terahertz. The measurement accuracy has been com- 
pared with other methods of optical difference frequency measurement, e.g. 
Optical Parametric Oscillator (OPO) [12] or optical frequency interval di- 
viders [13,14]. It was shown that the accuracy of both methods was better 
than the experimentally measurable limit of 6.8 x 10“^® [14]. 
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Topics Appl. Phys. 79, 315-335 (2001) 
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When one uses an OFC Generator (OFCG) in conjunction with a tun- 
able laser, one can create a stable and coherent light source that is tunable 
over lOTHz, i.e. the basis to an optical frequency synthesizer or an optical 
frequency sweep generator [15]. For this application, the tuning range of the 
optical frequency synthesizer depends on the span of the OFG that can be 
generated from a standard laser. 

Recently, we have applied the output of a conventional electro-optic 
OFGG to an optical fiber for the purpose of expanding the span by Self-Phase 
Modulation (SPM) in the fiber [16]. An OFG span of 50THz was obtained 
by SPM in the fiber using a high-intensity pulse train from a conventional 
OFGG [17]. This is a frequency span expansion by five times that of a con- 
ventional OFG. It is expected that, by further development of this technique, 
even wider spans will be available. If an OFG is sufficiently broad to contain 
both the fundamental and the second-harmonic frequencies of some laser, one 
could directly measure the frequency difference between the first and second 
harmonic, and thus clearly determine the absolute frequency of the laser. 

Here we will describe a study of OFG generation that includes a review 
of the generation of the OFG with a conventional OFGG, the expansion 
of the comb by the SPM principle, as well as a proposal for a method to 
make frequency-difference measurements larger than the span of the OFG. 
In Sect. 2, we explain the basics of an OFG, and show an OFGG based on 
an FPEO modulator. In Sect. 3, we show an expansion of the OFG span by 
SPM in optical fiber and we discuss the frequency fluctuations of the OFG. 
In Sect. 4, we give a method to make frequency-difference measurements 
between two lasers that are separated in frequency by more than the span of 
the OFG. 

2 Conventional OFCG Based on EO Modulators 

Frequencies of electromagnetic waves can be measured by relative measure- 
ment. In order to measure the relative frequency between a standard fre- 
quency and a frequency under test, the heterodyne frequency between them is 
measured. When the relative frequency exceeds the bandwidth of the counter, 
a comb generator can be advantageously used. 

For microwave-frequency applications, a comb generator generates a 
monopiilse train with a constant repetition frequency which is locked to the 
standard, as shown by Fig. 1(a). When a Fourier transformation is applied to 
this signal, the spectrum of this pulse train becomes a comb shape, as shown 
by Fig. 1(b) where the frequency difference between adjacent sideband com- 
ponents is constant. Therefore the frequency of each sideband component is 
a multiple of the standard frequency. Even if the difference between the stan- 
dard frequency and the frequency under test is larger than the bandwidth 
of the heterodyne detection, the measurement of the frequency difference 
between one sideband of the comb and the frequency under test is possible. 



Generation of Expanded Optical Frequency Combs 317 




Fig. 1. Waveforms and spectral shapes of combs; (a) and (b) for the microwave; 
(c) and (d) for the light, respectively 



For optical applications, the generation of the monopulse train with a con- 
stant repetition frequency as shown by Fig. 1(b) is not practical. However, 
it is possible to generate the envelope pulse shown by Fig. 1(c). When trans- 
formed by the Fourier operator, the spectrum of this envelope pulse train 
becomes a frequency comb centered at the carrier frequency (see Fig. 1(d)). 
In order to make each sideband component of the comb the equivalent of a 
frequency standard, the frequency of the carrier must be stabilized and the 
carrier linewidth must be sufficiently narrow to be able to detect a hetero- 
dyne signal with high sensitivity. One solution for this problem is to use an 
external modulator such as the OFCG. By modulating a narrow-linewidth 
stabilized laser whose frequency is known, each sideband component of the 
comb becomes a potential frequency standard. 

2.1 Optical Frequency Comb Generator (OFCG) 

Figure 2(a) shows a conventional OFCG that can generate a wide-span OFC. 
Such modulators can also be used for the purpose of short optical-pulse gen- 
eration [11]. It consists of an efficient electro-optic (EO) phase modulator 
installed in an optical Fabry-Perot (FP) cavity. The modulator is driven by 
a microwave signal that is a harmonic of the cavity’s Free-Spectral-Range 
(FSR). The OFCG can realize deep modulation of the light which is in res- 
onance with the FP cavity. The waveform of the output becomes an optical 
pulse train with a Lorentzian shape whose repetition frequency is twice that 
of the modulation. The pulse width is expressed by 2F}mP ’ ^ 

finesse of the FP cavity, (3 is the modulation index of the single pass EO 
modulator, and fm is the modulation frequency. 
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Elcciro-Optic Phase 
modulator 
{Monolithic cavity) 



Microwave cavity 
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Cavity 



Fig. 2. OFC generator; (a) conventional type; (b) monolithic type with a coupling 
cavity; (c) Photograph of (b) 



In order to increase the power transferred to high-order sidebands, a high 
finesse FP cavity including a highly efficient modulator is required. So, in or- 
der to get the highest possible finesse, we have chosen to create a monolithic 
cavity structure [4] by placing high-reflection coatings on both ends of the EO 
modulator. By this method, we could achieve a finesse of 400-600. Further- 
more, by using it with a coupled-cavity [7], which works as a window for the 
incident light and a high-reflection mirror for the sidebands, the transmission 
of the OFCG can be as high as 25%. In Figs. 2(b) and (c) a monolithic-type 
modulator with a coupling cavity is shown. For all the experiments in this 
chapter, we used this OFCG. 

Examples of the spectral envelopes of an OFC are shown Fig. 3 where 
the laser wavelength was 1.5 pm. The modulation index was 0.7 rad, and 
the finesse of the monolithic cavity was about 600. The OFC modulation 
frequency is 6 GHz, which is twice the FSR of the monolithic cavity. Since 
this modulation frequency is less than the resolution of the spectrometer, the 
curves in Fig. 3 show the spectral envelopes of the OFC. Curve A shows the 
spectral envelope of the output when the monolithic cavity was locked to the 
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Resolution 0.2nm 




Wavelength(|j,m) 

Fig. 3. Spectral envelopes of OFCs generated with a conventional OFC generators. 
See text for discussion of curves A and B 



laser frequency. Since the output of the OFCG is a Lorentzian pulse train, 
the spectral shape is approximately that of exponentially decaying sidebands. 
The output of a general OFCG demonstrates these decaying sidebands in ad- 
dition to stepwise discontinuities on the both sides of the spectrum due to the 
group velocity dispersion of an EO crystal (LiNbOs) used as a modulator [5]. 
In the case of curve A the spectral width is limited by material dispersion 
of the EOM to about 7.7 THz. When the monolithic cavity was locked to 
the point slightly offset from the exact laser frequency, the OFC span can 
be increased to 10.8 THz, as shown in curve B. Nonetheless, the span is still 
limited by the group velocity dispersion of the modulator material. 

2.2 Dispersion Limit 

When the finesse of the monolithic cavity, including the EO modulator, is 
sufficiently high, the limit of the frequency-difference measurement is gov- 
erned by crystal dispersion. The dispersion limit of the span of the optical 
comb is given by 

2 ./ 2/3c 

V ttDXIL, ’ 

where D = ^ is the material dispersion of the crystal used for the EO 
phase modulator, Ao is the wavelength of incident laser to the OFCG, c is 
the speed of light in a vacuum, rie is the refractive index of the EO crystal, 
and Lc is the length of the crystal [5]. In accordance with this, we can calculate 
the dispersion limit of the span of the optical comb on Fig. 4 as a function 
of wavelength of laser. The theoretical result is in good agreement with the 
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Wavelength(|j.m) 



Fig. 4. Dispersion limit of the span of OFC. Solid line is the result of theoretical 
calculation; open circles are experimental results 



measured results. When operating the OFCG in the 1.8 pm wavelength range, 
the group velocity dispersion of the crystal becomes small. In this situation, 
higher-order terms of the dispersion can govern the limit of the span of the 
comb. 

2.3 Additive Phase Noise Characteristics of the OFC 

Acoustic, electrical, and temperature fluctuations disturb the creation of the 
sidebands of an OFC. Imperfect control of the coupling cavity creates ampli- 
tude noise. Imperfect control of the resonant condition of the OFCG produces 
additional phase noise on the the k sideband, where k is the frequency mul- 
tiplication factor. To create the k sideband, the resonant light needs to make 
kf{2P) round trips in the cavity (see Appendix B of [5]). Therefore the phase 
noise intensity due to fluctuations of the monolithic cavity is times 

for the k sideband over the first-order sidebands. Furthermore, any noise 
from the microwave generator is also multiplied the factor fe. In a frequency- 
multiplication process the total noise intensity grows as k^. In Sect. 5 of [1], it 
is pointed out that this will lead to carrier collapse, in which case the carrier 
frequency of high-order sidebands would be buried in the noise. 

Despite this expectation, it is important to note that we have never ob- 
served this type of behavior in experiments with our conventional comb gen- 
erator. The is because there is a mechanism which suppresses phase noise in 
the comb generation process. In order to create the fcth sideband ,the resonant 
light has to make ^ round trips in the cavity. During this circulating period, 
the phase noise of the microwave source is averaged. Since one round trip time 
in the cavity is the averaging time is expressed by r = 2 / 3 fsr ' There- 

fore, it is understood that even though the noise of the microwave generator 
is multiplied and added to the phase of the optical sideband component, it 
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is filtered with a cutoff frequency expressed by ■ This is the mechanism 
which suppresses phase noise in the comb generation process. 



3 Expansion of the OFC Span 

Although the span of currently available OFCs has been expanded to more 
than lOTHz, this is only about 5 percent of the carrier frequency. For fur- 
ther increases, one needs to solve problems such as limited mirror reflection 
bandwidth, limits to the microwave modulation power because of potential 
thermal damage to the EO modulator, and group velocity dispersion of the 
EO crystal. 

To circumvent these problems, we have applied the output of the OFCG 
to a fiber. In transmission through the fiber the comb undergoes Self-Phase 
Modulation (SPM) [18]. Since the output of an OFCG is a series of optical 
pulses, SPM can be applied to the comb by a nonlinear medium in which 
a refractive index depends on the optical intensity. Since this process is the 
same as super-continuum generation [19,20], a span of more than 100 THz 
is potentially available [20]. We carried out an experiment in the 1.5 pm 
wavelength region as optical fibers have low loss as well as low dispersion in 
this range. This low dispersion arises from a compensation of the material 
dispersion of the fiber by structural dispersion. It is important to note that 
the power-dependent modulation index can be readily increased by the use 
of a small fiber core. This indicates a potential to even further expand the 
OFC span. 

3.1 Experiment 

The experimental configuration is shown in Fig. 5. The laser beam (4mW) 
from a 1.54 pm extended cavity diode laser was introduced into the OFCG. Its 
output was introduced into a 1-km-long Dispersion Flattened Fiber(DFF) [21] 
via an Erbium-Doped optical Fiber Amplifier (ED FA). The DFF has an 
anomalous dispersion of 0.12 ps/km/nm and a mode field diameter of 6.1 pm. 
The ED FA increased the average OFC power to between 50 mW and 250 mW, 




Fig. 5. Experimental setup. LD: Extended cavity laser diode. EDFA: optical fiber 
amplifier. DFF : 1 km length of dispersion-flattened optical fiber 
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which corresponds to a peak pulse power of between 2W and 10 W. Since 
SPM, in the anomalous-dispersion regime, can support the formation of a 
soliton, we can expect efficient spectral broadening by the pulse compression 
of the higher-order solitons [22]. Curves C and D in Fig. 6 are spectral en- 
velopes of the OFC after passing through the DFF with an output power of 
50 mW and 250 mW respectively. 

The initial OFC was generated by an OFCG as described earlier with 
a span similar to that shown by curve A in Fig. 3. The shortest pulses are 
obtained when the monolithic cavity is exactly locked to the laser frequency, 
even though curve B in Fig. 3 exhibits a larger spectral width. We have 
monitored the output from the EDFA with an autocorrelator. The full width 
at half maximum of the autocorrelation signal was 2.0 ps. Since this width 
is predicted to be twice the output of the OFCG (assuming a Lorentzian 
pulse shape), the full width at half maximum of the output pulse from EDFA 
is predicted to be 1.0 ps. Although the width of the output pulse from an 
OFCG, calculated by l/(2F/m/3), predicts a pulse duration of 200 fs for the 
experimental conditions described, the dispersion of the EOM distorted the 
pulse shape and hence broadened the pulse. 

The spectral envelopes of OFC are shown on Fig. 6. The curves were 
observed with the aid of a monochromator with a resolution of 1 nm. Curve 
A shows the spectral envelope of the output from the OFCG. It was not 
mandatory to maximize the span of the OFCG for these experiments as 
the spectral envelope of the OFCG exceeded the gain profile of the EDFA 
(as shown in curve B) even for a medium span. Curve D shows that the 
envelope was extended to a span as large as 50 THz with power more than 
1 nW. (We choose the 1 nW level since this is the required power for a beat 




Fig. 6. Spectral envelope of an OFC. Curves A and B; before and after the comb 
has passed through the EDFA. Curves C and D: after comb has passed through the 
DFF with amplified power of 50 mW and 250 mW respectively 
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measurement with high signal-to-noise ratio.) A span of 50 THz would contain 
8000 sidebands, and is about five times larger than the span of OFC obtained 
without fiber. The difference frequency between the two ends of the OFC 
reaches 25% of the carrier frequency. 

We have used this broad OFC for high-resolution spectroscopy [23] . In this 
work, we measured frequency differences of up to 14 THz between the carrier 
frequency of the OFC and another laser. An even larger span OFC can be 
expected by employing larger optical power and improving the characteristics 
of the DFF. 

Curve C on Fig. 6 is symmetric with a characteristic three-peak structure, 
as is predicted by numerical simulations. The side peaks are formed around 
80 nm (9 THz) away from carrier. The peaked structure is caused by a higher- 
order group velocity dispersion in the optical fiber. 

We have also observed effects that make the spectrum asymmetric in 
curve D, such as stimulated Raman scattering. Spectral broadening of the 
OFC was not observed when the output of ED FA was launched in the oppo- 
site direction of the fiber. This indicates that the dispersion characteristic of 
the other end of the fiber was significantly different. In addition, the width of 
the OFC obtained in the experiment was larger than that expected from the 
theoretical result, although the three-peak structure was in agreement with 
the numerical simulations. These discrepancies might be due to the fact that 
we ignored variations in the dispersion characteristics along the fiber, which 
are caused by the core diameter variations around the designed value. The 
group velocity dispersion characteristic of DFF is varied by the core diameter 
variations through the structural dispersion. The intensity of the side peaks 
in the three-peak structure is lower and the width of each peak is broader. 
This broadening is thought to be caused by a dispersion variation of the fiber 
because the exact position of the side lobes depends on the dispersion. 

3.2 Noise Analysis 

The spectral broadening of a pulse train is a result of four-wave mixing be- 
tween the different comb modes, which means that the mode separations 
of the generated sidebands are maintained. However, any practical spectral 
broadening process also contains other noise sources, such as spontaneous 
emission from the optical amplifier, laser noise and microwave oscillator noise. 
Since these noise sources can increase the phase noise intensity through the 
intensity-dependent refractive index, they will degrade the quality of the gen- 
erated sidebands. In this section we describe the experimental results of beat 
signal measurements between the comb and other single-mode lasers. Ap- 
plying a heterodyne detection method we have investigated the contribution 
of these noise sources and, furthermore, proved the coherent nature of the 
nonlinear process. 

Figure 7 shows the experimental setup for the beat signal measurement. 
The optical spectrum from the DFF in the vicinity of several sideband fre- 
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Fig. 7. Experimental setup. BS: beam splitter. The inset shows rf-spectra of a beat 
signal between LD2 and the comb. The offset frequency from the carrier is 12THz. 
The intensities are normalized to shot noise produced by LD2 



quencies was heterodyne-detected using an additional Laser Diode (LD2) 
acting as a local oscillator, a fast InGaAs pin Photo-Diode (PD) and an RF 
spectrum analyzer. The LD2 output is combined with the comb using a beam 
splitter. Two lasers were used as LD2 for large frequency-difference measure- 
ments. The total tunable range of the two lasers was between 1.51 pm and 
1.65 pm in wavelength, and the maximum frequency offset from LDl was 
12THz. Because the comb power is much higher than the power of LD2, we 
used a grating and a pinhole as a filter to reduce the amplitude noise of the 
comb, and to select the correct part of the comb. A spectral width of 1 nm 
around the appropriate sideband was coupled into the PD. The beat signal 
was amplified, and its spectrum was measured with an rf-spectrum analyzer. 

The inset of Fig. 7 shows the heterodyne-detected spectrum of the beat 
signals when the frequency offset from the carrier was 12THz (1.645 pm). 
The output power was 50 mW and the envelope spectrum of the comb was 
similar to curve C of Fig. 6. The beat signals were measured with a resolution 
bandwidth of IMHz. The intensities are normalized to the shot noise limit 
produced by LD2. The SNR was 32 dB in a 1 MHz resolution bandwidth. The 
noise floor of the beat spectrum, which was 16 dB higher than the shot noise 
limit, was due to beat noise between the second laser and the spontaneous 
emission noise around the sideband. The linewidths of the beat spectra were 
less than a few megahertz at the — 3dB point. Since the linewidth of the 
laser was 1 MHz, we could not observe linewidth broadening less than 12THz 
offset. The measured beat spectra proved the coherent nature of the process. 
However, the noise floor of the beat signals within 100 MHz around the carrier 
increased with the offset frequency because of higher-order multiplication of 
several additional noises. 
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Fig. 8. Dependence of the SNR on the offset frequency from carrier as a function of 
the average output power of ED FA. circles, squares and triangles show the measured 
SNR for 50 mW, 100 mW and 200 mW; respectively, stars gives the SNR obtained 
from a conventional OFCG. (a) wavelength dependence; (b) frequency dependence 



Figure 8(a) shows the dependence of the SNR on the offset frequency from 
the carrier for several average output powers of EDFA: Circles, squares and 
triangles show the measured SNR for the EDFA power of 50 mW, 100 mW 
and 200 mW respectively. The noises of these beat signals were given by 
the beat noise. Stars show the SNR measured with a conventional OFCG 
without SPM. Because of the shot-noise-limited SNR of the conventional 
OFC, the SNR decreased exponentially, corresponding to the exponentially 
decreasing sideband intensity. The maximum measured offset frequency was 
5 THz, which was observed with a SNR of 10 dB. The decrease of the SNR as a 
function of offset frequency was much slower than an equivalent measurement 
with a conventional OFCG. This is because the variation of noise intensity 
was also similar to the measured spectral profile. However, the SNR of the 
comb produced by SPM also decreased gradually with offset frequency, and 
decreased also with the average power. The decrease in the SNR was measured 
as 20 dB per decade at each EDFA power level (see Fig. 8(b)). 

3.2.1 Noise Sources 

Potential noise sources for a comb expanded with an optical fiber include: 

• Amplified Spontaneous Emission (ASE) noise 

• noise of the modulation signal 

• imperfect control of both cavities in the OFCG 

• laser noise 

• environmental perturbations such as acoustic pressure and temperature 

• spontaneous emission noise produced in the parametric amplification pro- 



cess. 
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Although spontaneous emission due to the parametric process will determine 
the limit of SNR of the SPM sidebands, the contribution was found to be 
negligible when compared with ASE from the EDFA. Carrier collapse is par- 
ticularly important for higher-order sidebands in SPM, because the noise 
amplitude is multiplied by the same factor as the sideband order, and the 
mechanism which suppresses phase noise in the OFCG does not occur in the 
optical fiber. The carrier can thus collapse because of phase noise in the rf 
modulation signal, or because of fluctuations in the cavity length, or because 
of amplitude fluctuations at the fiber input. 

ASE noise was added to the amplified comb at a level 30 dB higher than 
the shot-noise limit because of the amplifier gain of 23 dB and a noise fig- 
ure of 7 dB for 50 mW output power. The noise spectrum is uniform over 
a wide frequency range of the EDFA. The ASE noise imposes white noise 
on both the amplified sidebands and the additionally generated sidebands in 
DEE. This can be see on the inset of Fig. 7. Since the higher orders of the 
fiber-generated sidebands are generated with a higher multiplication factor, 
the SNR decreases with increasing sideband order. This simple consideration 
shows that the SNR of sidebands should decrease by approximately 20 dB 
per decade, at least while linewidth broadening due to carrier collapse is not 
significant. Thus a large span and a high SNR of the initial comb are required 
for high-power and high-quality OFC generation. 

Since the fcth sideband of the OFCG output has a phase deviation which 
is k times as large as the phase deviation of the rf signal, the mixing products 
between the sidebands in an optical fiber maintain the phase deviations in 
proportion to the order of the sideband. Though there is a mechanism which 
suppresses phase noise in the comb generation process in a monolithic cavity 
(see Sect. 2.3), this mechanism is not effective with the beat signal generated 
from sidebands more than 1 THz away from the carrier. This is because these 
sidebands are generated by repetition of four- wave mixing among the different 
sidebands less than 1 THz of the comb originally generated by OFCG. The 
measured relative intensity in the phase noise pedestal at the 12 THz beat 
signal (see inset in Fig. 7) was larger than that of 1 THz beat signal, showing 
that the phase noise around the beat signal increased with sideband order. 
In the measured beat signals, the intensity in the foot of the beat signals 
increased by the same factor. 

The phase deviation due to fluctuations of the monolithic cavity increases 
in proportion to the order of the sideband, and this instability of the OFCG 
affects the measured beat spectrum, especially with large offset frequency. 
Therefore fluctuations of monolithic cavity of the OFCG will also cause car- 
rier collapse due to the large phase deviations. We have confirmed that the 
phase pedestal was broadened by imperfect control of the monolithic cavity. 
The procedure of this mechanism is explained in Appendix B of [5] . 

Fluctuations of the front coupling-cavity causes amplitude fluctuations of 
the comb. We found that the measured beat signal included large- amplitude 
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fluctuations. Because the spectral broadening effect depends on the output 
power, small input power fluctuations introduce large fluctuations in the side- 
band power. When the power fluctuation at the output of the OFCG was 20% 
of the average power, sideband intensity at 7 THz offset from carrier varied 
by more than 10 dB. The intensity fluctuation was reduced to less than 3dB 
when the output power fluctuation was reduced to a few percent of the av- 
erage power by stabilization of the front cavity. 

The amplitude noise of the laser incident upon the OFCG, which is small 
compared with its phase noise, produces phase noise through the intensity- 
dependent refractive index in the fiber. In addition, the phase noise of this 
laser is converted to amplitude noise by its passing through the monolithic 
cavity of the OFCG. The amplitude noise increases the phase noise of side- 
bands by SPM. We compared two beat signals which were obtained before 
and after SPM at 1 THz offset frequency. Sidebands in the beat signals, which 
were generated by unwanted phase modulation, were enhanced by 20 dB after 
SPM with 50 mW average power. The noise in the foot of the beat signals was 
larger than that of conventional OFCG even around the carrier frequency. 
Therefore the phase noise of the comb is increased in the combination of the 
OFCG and SPM. 

Figure 9 shows a beat spectrum measured with a frequency difference of 
14 THz between the carrier frequency of the OFC and a 1.66 pm laser [23]. 
Although the SNR was still 20 dB in bandwidth of 1 MHz, the linewidth of the 
beat spectrum was broadened to 8 MHz. Since both lasers were modulated 
to lock the frequency to an absorption line of reference gas, and the short- 
term stability of rf modulation signal for OFCG was unknown, we could not 
identify the dominant noise source that caused this carrier collapse. 




8MHz/div 

Fig. 9. RF-Spectrum of beat signal between a 1.54 pm laser diode and a 1.66 pm 
laser diode. The offset frequency from the carrier was 14 THz and the resolution 
bandwidth was 1 MHz 



3.3 Accuracy of the OFC 

Long-term stability of the sidebands is essential for optical frequency mea- 
surement using an OFC. Acoustic noise [24] and the temperature and inten- 
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sity dependence of the refractive index [25] of the optical fiber may induce 
output frequency fluctuation in the SPM process. In practice, a long optical 
fiber is used to enhance the SPM effect. A temperature change of 1°C per 
hour may result in a 2 Hz shift at 1.5 pm carrier frequency. Here we show the 
experimental results of frequency-variation measurements of SPM-induced 
sidebands in optical fibers. Since the accuracy of a conventional OFC has 
been demonstrated, we compare the frequency of an SPM sideband with 
that of a conventional OFC. 

The experimental apparatus is shown in Fig. 10. The laser input to the 
OFCG was amplified to about 30 mW in an EDFA in front of the OFCG. 
After passing through the EDFA, the OFC span was increased to more than 
30 THz by SPM in a dispersion-flattened optical fiber. The inset of Fig. 10 
shows a schematic explanation of the spectrum comparison during different 
processes. A common reference laser LD2 was used to mix with a sideband in 
the OFC directly after the OFCG and produced a beat signal at frequency 
/. A second beat signal at f + df was produced when LD2 was mixed with 
the same sideband after the EDFA and DFF, where df is the frequency 
drift due to the environmental condition change in the SPM process. Then 
the frequency difference df between these two signals was measured using a 
frequency counter. 

We measured a frequency difference between a sideband and the output of 
LD2 (1.7THz), and the frequency difference between the carrier of the OFC 
and the output of LD2 (OHz). These frequency differences were measured 
both before and after it had passed through the optical fiber and EDFA. The 
two beat signals had an SNR of more than 40 dB with a IMHz bandwidth. 
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Fig. 10. Experimental setup for comparison of two combs generated by electro-optic 
modulation and SPM. DBM; Double Balanced Mixer. The inset shows a schematic 
explanation of the frequency comparison 
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Since the intensities of the SPM sidebands are sensitive to the output power of 
the conventional OFCG, the output power fluctuation could cause incorrect 
counting. The output power fluctuations of the OFCG were stabilized to less 
than approximately 5% of the average power, by increasing the bandwidth 
of the OFC coupling-cavity control. 

Figure 11 shows the square root of Allan variance of the measured fre- 
quencies. The open circles give the frequency difference between LD2 and 
the comb carrier as measured before and after the EDFA and DFF stages, 
where we measured the frequency difference without the OFCG as a refer- 
ence and the average power propagating in the fiber was sufficiently small 
to suppress SPM. The closed circles give the equivalent measurement for 
the 1.7 THz sideband. Since the experimental setup is similar to the delayed 
self-heterodyne method, fluctuations of the carrier frequencies of each of the 
lasers were measured in addition to the thermal or acoustic fluctuations of 
the sidebands. The measured Allan variance depends on both the linewidth 
of the lasers, and the time delay due to the optical fiber. The solid line is 
the result of a theoretical calculation assuming 1 km of optical fiber and the 
typical FM noise of a laser diode, which consists of 1// noise up to 100 kHz 
and white frequency noise beyond 100 kHz. The measured results were in 
good agreement with the theoretical result between 10ms< r <5s. The ef- 
fects of temperature variation of the fiber were observed for 100 < t < 200 s, 
which lifted the frequency instability to around 1 Hz. These integration times 
correspond approximately to the period of the temperature variation caused 
by air conditioning. We believe that the main frequency fluctuation of the 
SPM sidebands originated from temperature drift, even though the spectral 
broadening due to SPM was efficient. 




Fig. 11. Square root of Allan variance a,^ of the frequency difference without {open 
circles) and with {closed circles) OFCGs. The Solid line is the result of theoretical 
calculation which was derived by assuming typical frequency fluctuations of the 
laser diode 
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Although the measured frequency shift suggests that the sideband fre- 
quencies drifted after the SPM process in optical fibers, the accuracy of side- 
band separations is still very high. The effect on the difference frequency 
measurement is manageable. The frequency fluctuations can be suppressed 
by controlling the temperature around the long fiber, or can be canceled by 
an external phase modulator such as acousto-optic modulator (AOM) [24,26]. 

4 A Method of Frequency Difference Measurement 
by Using Second Harmonic Generation 

For increased expansion of the OFC span, we propose employing nonlin- 
ear optical-frequency conversion processes e.g. second harmonic generation 
(SHG), Sum Frequency Generation (SFG) and Difference Frequency Gen- 
eration (DFG) of the OFG. An OFG that has been amplified has a wide 
frequency span, short pulse duration, and high peak power. These properties 
are well-matched to a nonlinear-frequency conversion process. A Periodically 
Poled Lithium Niobate (PPLN) crystal was pumped by an OFG having a 
span of 25THz to yield an SHG comb having a total span of 50THz (see 
Fig. 12). The detail of the experiment is given in [27]. 

We have already used this SHG comb to measure a difference frequency 
between two lasers separated by 22THz. As shown in Fig. 13(a), the ex- 
panded OFG was incident upon two PPLN crystals with period of 19.2 pm 
and 21.4 pm respectively. PPLN 1 has been use to generate a SHG comb at 
around 0.778 pm and PPLN 2 to generate a SHG comb at around 0.826 pm. 



Resolution: Inm 
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Fig. 12. SHG generation of an OFC 
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Fig. 13. Measurement of the difference frequency between two lasers separated by 
22 THz: (a) experimental setup; (b) beat spectrum between SFG comb and two 
lasers 



Both the SHG combs were combined with laser 1 and laser 2, which define 
the frequency interval that we wish to measure. Both laser 1 and laser 2 
were chosen as extended cavity diode laser in order to be able to tune the 
laser frequency continuously. The wavelength of two lasers was 0.7782 qm 
and 0.8265 qm respectively. Figure 13(b) shows the beat spectrum between 
laser 2 and the SHG comb (A) and between laser 1 and the SHG comb (B) 
observed using an rf spectrum analyzer with 100 MHz span and 1 MHz resolu- 
tion bandwidth. This beat frequency was changed to 38.7 MHz for beat A and 
3.64 MHz for beat B when the frequency modulation was shifted 10 kHz. From 
this value, the frequency difference between laser 1 and laser 2 is 22.057 THz. 
Only half the span of the SHG comb is used for this measurement, and so it 
appears possible to measure frequency differences up to 50 THz. 

Using this SFG technique, we can develop a method for frequency dif- 
ference measurements that allows measurement of frequency differences that 
are even larger than the span of the comb. The concept is based on the beat 
generation between two OFGs generated by SFG and SHG. This concept is 
similar to that of the optical frequency divider stage [13]; however, in the 
proposed setup no phase-locked lasers are required. 

Figure 14 shows the experimental apparatus. The OFG was amplified to 
180 mW average power using a fiber ED FA. After amplification, we combined 
the OFG with LD2 (1.532 qm of wavelength and 15mW of power). The differ- 
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Fig. 14. Experiment setup. EDFA: erbium-ytterbium-doped fiber amplifier. PPLN: 
periodically poled lithium niobate 



ence frequency {bv) between LDl and LD2 was 3.1 THz. The combined laser 
beams were incident on a 19.6-|t.m-period, 19-mm-long bulk PPLN crystal, 
which was chosen for second-harmonic phase matching of radiation of wave- 
lengths near 1.56 pm. A lens focused the combined beam into the PPLN 
crystal to get a spot size of about 80 pm. The PPLN crystal period is simul- 
taneously phase-matched for sum frequency generation between LD2 and a 
part of the OFC to produce the SFG comb at 0.776 pm of center frequency. 
We confirmed that the second harmonic of LD2 was not generated using the 
crystal. 

Figure 15 (curve A) shows the spectrum of a part of the combined beam 
of the amplified fundamental comb and LD2 spectrum. The span of amplified 
OFC is limited by the bandwidth of the EDFA, which was about 4.5 THz. 
Figure 15 also shows the SHG comb spectrum when LD2 is off (curve A) and 
when LD2 is on (curve B). It is shown that the span and power of curve B 
was broader then that of curve A, because the SFG comb is also generated 
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Fig. 15. Spectral envelope of amplified SHG comb when LD2 was off (A) and LD2 
was on (B), observed by using an optical spectrum analyzer with 0.1 nm resolution 
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together. To confirm the SHG comb and SFG comb, we observed the beat 
signal between them using Si-APD. As a comparison we also measured the 
beat signal between the fundamental comb and the laser using a Ge-PIN 
photodiode. 

Figure 16 shows the beat signal between the laser and the fundamen- 
tal comb (curve A), as well as the beat between the SHG comb and SFG 
comb (curve B), monitored by a spectrum analyzer with 1 MHz resolution. 
It shows that the SNR is increased by about 5dB using an SHG comb. This 
improvement in SNR arises because many pairs of sidebands of the SHG and 
SFG comb can contribute to the output beat signal. In the case of the fun- 
damental beat signals, only one laser and one sideband can contribute to the 
beat signal. Thus we see that a wideband and efficient nonlinear crystal can 
significantly increase the SNR. 

In principle, this technique allows frequency-difference measurements be- 
tween two laser signals which differ in frequency by three times the span of 
the comb. 




Fig. 16. Measured beat spectrum between laser and fundamental OFC (A) and 
beat spectrum between SFG comb and SHG comb (B). Span and resolution band- 
width was 100 MHz and 1 MHz respectively 



5 Summary 

We have introduced a method of expanding an OFG, was generated by a 
conventional EO modulation technique, by applying it to an optical fiber. 
The expansion arises from SPM of the signal in the fiber core. As a result, 
the span of the obtained OFG maybe as large as SOTHz. We have mea- 
sured the frequency accuracy of the optical sideband generated by this SPM 
process. Frequency fluctuations and drift of both the carrier frequency and 
sidebands at 1.7 THz away from the carrier were experimentally determined. 
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The square root of Allan variance was increased to ~ 1 Hz at a gate time 
of 100s. It was found that these frequency fluctuations were mainly caused 
by temperature variations in the fiber, which could be managed by using 
a temperature controller and an external phase controller. Second-harmonic 
generation of an OFC was also demonstrated. The span of the second har- 
monic comb could reach up to SOTHz in the 0.8 pm wavelength range. We 
have also demonstrated a method that allows frequency-difference measure- 
ments between two signals that differ in frequency by more than the span of 
the OFC. 
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Abstract. This contribution reports on devices that are of critical importance to 
the development of an accurate and phase-coherent optical synthesizer. In particu- 
lar, we report on techniques to generate optical signals at accurate offset frequencies 
from a given optical signal, as well as techniques that can be used to link the op- 
tical and microwave frequency domains. A detailed presentation of potential noise 
sources of the various techniques enables a calculation of the likely frequency stabil- 
ity of the synthesizer. When those calculations are combined with experimentally 
measured results, we demonstrate that the long-hoped-for goal of optical synthesis 
at the fractional frequency level of 10“^® (« 1 Hz) level is readily achievable with 
present-day technology. 



1 Introduction 

Optical frequency synthesis has been a long-standing desire of physicists and 
engineers working in many areas of measurement science [1]. An accurately 
tunable optical source would have many fundamental and practical appli- 
cations in physics, chemistry and engineering. For example, the output of 
this imagined source could be used to measure the transition frequencies of 
atoms and molecules, thus allowing stringent testing of quantum mechanical 
predictions [2]. Alternatively, in a more practical application, such a source 
could form the basis to a new set of accurate and coherent instruments in 
the optical domain e.g. vector network analyzers, synthesizers, and frequency 
counters. These devices would find wide application in the calibration and 
testing of existing optical communication systems, as well as enabling the 
development of new communication techniques. 

Let us define frequency synthesis as a technique for generating a signal 
which has a specific frequency relationship to one or more reference signals. 
In this contribution we are particularly interested in a subclass of frequency 
synthesis that will be termed phase-coherent synthesis: this terminology is 
intended to convey the existence of a well-defined phase relationship between 
the output signal and the set of reference signals. This phase relation neces- 
sarily indicates that there is also a frequency relationship between the signals. 
Since coherence is a broadly used term in physics and engineering, we should 
define exactly what is meant by it in this situation. If one can express the 
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phase of the synthesized signal, in terms of the phases, of a set of 
reference signals in the form 

m 

= '^ kn(j)n{t) + S(l)o{t) , ( 1 ) 

n— 1 

where the are a set of (positive and negative) fixed rational numbers, and 
where the magnitude of the phase deviation, is always less than Irad 

(and preferably much smaller), then the synthesized signal will be said to be 
phase-coherent with the set of input waves. 

The creation of a synthesizer that is simultaneously accurate and widely 
tunable will, in general, require the solution of two separate challenges: 

• Accuracy: Since the definition of the second lies in the microwave domain, 
frequency accuracy of the output signal from the synthesis chain necessi- 
tates a connection between the microwave domain, and the output signal 
of the synthesizer. Of course, this requirement is similar to that required 
for phase-coherent optical-frequency measurements where a phase-coherent 
connection between the optical and microwave domains must be created 
in order to make the measurement. However, it is important to note that 
the design criteria for a synthesis chain differs in some important respects 
from that of an optical-frequency measurement. For example, the very na- 
ture of a synthesis process implies that one wishes to reproduce some of 
the spectral characteristics of the reference signal in the synthesizer output 
signal. In other words, the coherence of the synthesized signal arises from a 
combination of the coherence of the reference signal as well as some (hope- 
fully) small noise contribution from the particular synthesis technique. In 
contrast, the primary goal of an optical frequency measurement is accu- 
racy, and thus the key specification is the prevention of the unwanted gain 
or loss of phase cycles throughout the frequency multiplication or division 
process. There is no particular necessity for the spectral characteristics of 
the reference signal to be transferred onto the the output signal and, in 
fact, one usually avoids this and makes use of the best spectral character- 
istics of each of the intermediate sources so as to maximize the spectral 
purity of the output signal. 

• Precise Tunability: For wide and precise tuning of an optical synthe- 
sizer output signal, one needs techniques to generate optical signals at an 
accurate and setable offset frequency from some internal optical reference 
signal. This initial reference signal could have been generated by reference 
to a particular transition frequency in some well-chosen atomic or molec- 
ular system, or as the output of a laser that has been locked to an optical 
reference cavity [3] or it could be the output signal of a phase-coherent 
optical synthesis chain that is connected to a microwave reference signal. 
In general, all of these techniques generate a stable but not readily tunable 
optical signal [1]. Thus it is will be important to develop techniques that 
can generate a tunable signal from a stable, but fixed, optical signal. 
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This contribution will discuss the various building blocks of optical synthesis 
that can, by themselves, meet the second of the two challenges listed above. 
Subsequently, we will see that by combining together a number of these build- 
ing blocks we can implement a method for accurate optical synthesis that 
also meets the first challenge. We will address in detail the generation of 
noise within each of the elements of an absolute synthesis chain so that we 
may estimate the ultimate limits to optical synthesis. We will see that the 
estimated overall synthesis stability is comparable to, or better than, that of 
the best of today’s frequency standards. 



2 Frequency Instability Measures 



We need a set of measures that allow us to represent frequency instability 
of signal sources. Luckily this characterization has been well developed and 
so we will just summarize here the most relevant sections of that which has 
been better explained in other treatises [4,5]. 

Imagine a source that generates a signal with an instantaneous voltage 
that develops as a function of time as 



E{t) = [Ao -k e{t)] sm{uiot + , 



(2) 



where Aq and wq are the nominal amplitude and angular frequency of the 
source. The fluctuations in the amplitude and phase of the oscillator are 
given by the variables e{t) and and for a high-quality oscillator the 

following relations will be true: |e(t)/Ao| <C 1 and \l / ujq dcl){t) / dt\ <C 1. For 
most high-quality oscillators, the fractional phase fluctuations greatly exceed 
the fractional amplitude noise. The instantaneous frequency, r'inst, is given 
by 

^ d dl(j){t) 

27ri/inst = -T- [i^ot + 4>(tj\ = Wo H T— ■ 

at at 

Let US also define the normalized instantaneous fractional frequency deviation 
as 



y{t) 



1 d(f>{t) 
ujQ dt 



We can sample the output signal of (2) with a frequency counter to generate 
a time series of values that characterizes the average oscillator frequency over 
some integration time r, i.e. We can write the fk as fk = wo/(27t)(1 + yk) 
where 



Vk = - y{t) dt . 



The traditional time domain measure of oscillator frequency stability is the 
Allan variance, which may be written as 
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This measure is estimated experimentally using M samples of the frequency 
as 

^ M-l 

~ 2{m — 1) (y^+1 ~ yk) 



In the literature the square root of this measure is most often presented 
and termed either the Square Root of the Allan Variance (SRAV), the Allan 
frequency deviation, or the Allan Standard Deviation in analogy to the usual 
statistical term Standard Deviation. 

Alternatively one can characterize fluctuations of the frequency of the 
oscillator in the Fourier frequency domain. The two measures that are most 
commonly used in connection with this type of characterization are: (i) the 
power spectral density of the fractional frequency fluctuations, y(t), which is 
denoted as Sy{f); and (ii) the power spectral density of the phase fluctuations 
of the oscillator, (j){t), which is denoted S^{f). S^{f) is also frequently referred 
to as the phase noise of the signal. These two frequency domain measures can 
be related as 

^y(/)=(^) /%(/)• 



The time domain measure, the Allan variance, can be calculated from the 
frequency domain measures using [5] the relation: 



= 2 



f 






(4) 



This relationship will be used to calculate the overall frequency stability of 
the synthesizer from the measured phase fluctuations in each stage of the 
synthesis. 



3 Techniques of Optical Synthesis 

This section will discuss those techniques which can be used to generate a 
new signal, /„ = /r ± A/, at an accurate frequency offset, A/, from a given 
optical frequency signal, f,.. There is no attempt to present an exhaustive 
survey, but will confine the discussion to those techniques that are most 
salient to our later discussion of absolute optical synthesis. In particular, 
we will only discuss those techniques capable of generating a signal that 
can exhibit phase coherence with the two generating (reference) signals (/r 
and A/). In spite of their great experimental importance, we will not discuss 
those many techniques for generating signals at an accurate frequency offset 
that lack this phase coherence [6,7]. 

The most important distinguishing characteristics between these synthe- 
sis techniques are the quality of the output radiation (both spectrally and 
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spatially), the output power/efficiency, and the magnitude of the achievable 
offset frequency (the frequency shift). We will discuss these features for each 
of the techniques below. 

3.1 Acousto-Optic Techniques 

One of the more common methods for frequency shifting an optical signal is 
by allowing it to interact with a travelling-wave periodic grating in a photo- 
elastic crystal [1,8]. This grating is usually generated by launching an acoustic 
wave into a photo-elastic crystal with a piezo-electric crystal, which is bonded 
to the optical crystal. For frequency conversion applications, one usually ad- 
justs the propagation directions of the optical and acoustic fields so that there 
is maximum conversion of the carrier field into the first-order sideband. The 
output optical frequency, Vo, is given by 

1^0 = ± /a , 

where t'i is the frequency of the input signal and /a is the frequency of the driv- 
ing acoustic signal. The sign of the frequency shift is determined by whether 
the optical beam is reflected by an approaching (-I-) or receding (— ) acous- 
tic wavefront. The fraction of the optical power that is shifted into the first 
order is determined by the degree of overlap between the acoustic and op- 
tical signals, the acoustic power (which determines the modulation depth of 
the grating), and the wavelength of the radiation. This provides a method 
whereby the optical signal can be amplitude-modulated, or even used as an 
optical switch [9]. Very high efficiencies have been achieved using specially 
designed crystals and high-quality optical crystals [10]. 

Typical AOM driving frequencies are in the range of ten to a few hundred 
megahertz, although recent developments have led to driving frequencies in 
the range of 10 GHz [10]. Modulation of the output optical frequency can be 
achieved by modulation of the driving signal frequency, although the band- 
width of this procedure is limited by the time the acoustic signal takes to 
propagate across the incident optical beam. 

3.2 Nonlinear Techniques 

The interaction of optical radiation and matter can only be well-described by 
a simple field-independent refractive index when the applied field strength is 
small compared with the electric field strength of the constituent atoms (10^- 
lO^'^Vm”^). When the magnitude of the applied field exceeds these limits, 
the optical constants become functions of the value of the applied field, and it 
is necessary to use a theory that includes these nonlinear effects to effectively 
describe the interaction. One example of a nonlinear optical effect is provided 
by the electro-optic effect: if a low-frequency electrical signal is applied to an 
appropriate crystal it will modify the refractive index of that crystal, and if 
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an optical signal is passing through this crystal it will be phase modulated 
in synchrony with the low-frequency signal (see Sect. 3.2.1 below). If the 
response time of the refractive index is sufficiently short so that it can follow 
the fluctuating electric field of an optical signal, then the nonlinear refractive 
index can provide a means for interaction between two (or more) optical 
signals that are simultaneously present in a suitable crystal. 

The refractive index variation induced by the optical signals will induce 
phase-modulation sidebands on the optical signals at the intercombination 
frequencies of the two signals, i.e. at the sum and difference frequency. In fact, 
the fluctuations of refractive index induced by a signal will even act upon itself 
to generate signals at harmonically related frequencies, i.e. second, third etc 
harmonic generation. The efficiency of these interactions will depend on the 
degree of nonlinearity of a crystal, as well as the power of the applied optical 
signals. In addition, because frequency conversion is occurring simultaneously 
at many locations in the crystal, over distances which are large compared to 
the optical wavelength, the net power seen at the output of the crystal will be 
proportional to the vector sum of radiation generated throughout the volume 
of the crystal. The degree to which the nonlinear generation is constructively 
interfered with is characterized by a phase-matching parameter [11]. For a 
general introduction to nonlinear optics, the reader should consult the classic 
texts of the held [11,12,13,14], as this contribution confines itself to those 
aspects which are relevant to frequency synthesis. 

3.2.1 Electro-Optic Techniques 

An optical signal passing through an electro-optic crystal can be phase- 
modulated by applying an electric held to the crystal. The output held can 
be written as 

OO 

EoJo(6») sin(wot) + ^ Eq J„(0){sin[(wo + noJi)t] + (-l)"sin[(wo - nuji)t]} , 

n— 1 

where Eq is the peak amplitude of the signal, ujq and wi are the carrier 
and modulation angular frequencies respectively, Jn is the nth-order Bessel 
function of the first kind, and 0 is the peak phase deviation. This signal 
is clearly of the form of a carrier surrounded by a set of sidebands, which 
are accurately separated from the carrier by the modulation frequency. The 
peak phase deviation is proportional to the magnitude of the modulating 
electric held, with the coefficient of proportionality being determined by the 
appropriate elements of the electro-optic tensor of the particular crystal. 

Modulation frequencies of EO crystals can be in the range of a few 
X 10 GHz with 6 up to 1-2 rad [15,16]. In these high-frequency, high-modula- 
tion cases, significant energy will be transferred into the higher-order modula- 
tion sidebands which lie at a relatively large frequency interval from the car- 
rier. One can also arrange for the radiation to make multiple passes through 
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the EO crystal, e.g. by placing it in a resonant cavity (see Sect. 3.3.1), and 
thereby increase the effective modulation index over that of just a single pass. 

3.2.2 Sum Frequency and Second-Harmonic Generation 

Sum Frequency and Second Harmonic Generation (SFG and SHG) have been 
used to generate signals across the optical to far-infrared regions of the elec- 
tromagnetic spectrum. The chief uses of these nonlinear processes are: (i) 
the generation of signals in the blue, Ultra-Violet (UV) and vacuum-UV 
parts of the spectrum because of the lack of high-quality laser sources in this 
part of the spectrum [17]; (ii) the creation of widely tunable sources in the 
UV by combining tunable IR sources with high-powered fixed-frequency IR 
sources [18]; and (iii) the generation of signals at wavelengths for which there 
is no conveniently available laser source [19]. 

These techniques have reached their pinnacle in the frequency chains 
that are used to probe optical frequency transitions in atoms and ions 
[20,21,22,23,24,25]. In these cases many lasers and nonlinear processes are 
combined to generate tunable radiation at a frequency corresponding to that 
of the transition frequency of interest. For further details the reader should 
examine the references listed above as well as the contributions elsewhere in 
this issue by C.O. Weiss, F. Riehle et ai, Th. Udem et al., A. A. Madej et al. 
(Ghaps. II-l, II-l, IV-1 and II-3 respectively) and the references therein. 

3.2.3 Difference Frequency Generation 

If two optical signals at frequencies v\ and V 2 are applied to a nonlinear 
optical crystal under appropriate phase-matching conditions, it is possible to 
generate an output at the difference frequency of the two signals, i.e. v\ — V 2 - 
This technique has been widely used for generating signals into the far-IR 
from well-developed near-IR sources [26,27], or for generating highly tunable 
signals in the near-IR [28]. 

Wong has suggested an innovative scheme for absolute optical frequency 
synthesis based upon two frequency-division elements that divide exactly by 
a factor of two and three respectively (see Sect. 4.1 and [29,30]). These divide- 
by-two and divide-by-three elements have also been used as a general aid in 
optical frequency measurement. By combining two DFG processes [31], or 
using a DFG process in combination with an SHG process [32,33], several 
groups have attempted to implement frequency division-by-three schemes. 
One group has succeeded in phase-locking a 2022 nm (/o/3) signal to a 674 nm 
(/o) signal that was itself locked to a transition of a Sr+ ion [33]. The residual 
fractional frequency fluctuations of the division process were less than 3 x 
10“^® over a Is integration time, and the phase lock could be maintained for 
several minutes. 
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3.2.4 Optical Parametric Oscillators 

If an optical signal at a frequency Up is applied to a nonlinear crystal (under 
appropriate phase-matching conditions), it is possible for the incident beam 
photons to “split” into two lower-frequency photons, i.e. z/p — > where 

Vs + i^i = Up, (5) 

by energy conservation. The subscripts here are, by convention: p the pump 
frequency, s the signal frequency and i the idler frequency. This is the exact 
inverse of the sum frequency nonlinear process. The values of and are 
determined by the phase-matching conditions of the crystal [34] . The phase 
of the individual output signals are not fixed, but undergo a phase diffusion 
similar to that which is seen in a laser output signal [35]. Nevertheless, the 
sum of the phases of the output signals is expected to be equal to that of the 
original signal [35], i.e. 

(j)p = 0s 4” • 

The veracity of this equation has been directly tested, as will be described 
below in Sect. 3.2.5. 

This parametric process has found its most practical use with regard 
to frequency metrology with cw Optical Parametric Oscillators (OPOs) 
[34,36,37,38]. Schneider et al. [36] has demonstrated the utility of the OPO 
process as a widely tunable and stable source by constructing a Periodi- 
cally Poled Lithium Niobate (PPLN) OPO that allows tuning of the signal 
output in the range 1.45-1.99 pm (idler output tuned in the range 2.96- 
4.00 pm). Throughout this entire tuning range the output was single-mode 
with a linewidth less than 5 MHz (expected to be just a few kilohertz). In 
another demonstration of the quality of the OPO output. Brothers et al. [39] 
phase-locked the signal and idler outputs of the OPO when separated by 
665 GHz. The power spectral density of the phase fluctuations between the 
signal and idler was only 4 x 10“®rad^/Hz under phase-locked conditions. 

The principal difficulty with cw OPOs is ensuring that they have a suffi- 
ciently low threshold, in addition to an amplitude-stable output signal that 
is both single-mode and without mode-hops when tuned [40]. To lower the 
threshold, one can design doubly or triply resonant OPOs (i.e. the pump, 
signal and idler are all simultaneously resonant) [37]. Ikegami et al. [38,41] 
have achieved a 7 mW threshold using a doubly-resonant OPO. This thresh- 
old falls well inside the output power range of conventional solid-state laser 
sources. Schiller et al. [42] have built a quadruply resonant OPO (where 
signal, idler and pump are all resonant in addition to using resonant second- 
harmonic generation to generate the pump) with a subharmonic threshold 
of just 0.4 mW. Unfortunately, although multiply resonant OPOs overcome 
the difficulties with high cw thresholds, they introduce the potential for the 
output signal to mode-hop when the length of the OPO cavity is altered for 
tuning. In addition, they require some form of active stabilization technique 
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to ensure that all modes are held in resonance simultaneously [37]. Modern 
approaches have either dispensed with the need for multiple-resonance by 
making use of efficient quasi-phase-matched crystals [40,36,43], or have made 
use of better engineered monolithic cavities and high-quality pump sources 
to reduce the stabilization requirements [41,38]. 

As mentioned earlier, devices that implement a frequency division-by- 
three or division-by-two are essential to some schemes for absolute frequency 
synthesis [29,30,41]. OPOs provide a means for achieving this division with 
a very high degree of phase coherence; e.g. frequency division-by-two can be 
implemented by ensuring that the signal and idler at the output of the OPO 
are phase-locked. In this situation both the output signals (signal and idler) 
must have a frequency which is exactly half the pump frequency. The phase 
lock between the two output signals has been implemented by electronic de- 
tection and control of the phase difference between the output signals [41,39], 
as well as through a self-injection technique which phase-locks the two signals 
optically [44,45]. The injection technique has the advantage that it subverts 
detection noise as well as avoiding the need for complex phase-locking elec- 
tronics. Lee et al. [46] have demonstrated an all-optical frequency division-by- 
three using intracavity frequency doubling so as to injection-lock the signal 
wave with the second harmonic of the idler wave. The injection-locking range 
appeared to be around 500 kHz although further work was needed to ensure 
that both waves were indeed phase-coherent. 

3.2.5 Accuracy of Non-Linear Processes 

Wynands et al. [47] have tested the accuracy of nonlinear processes to ensure 
that they do indeed exhibit the behavior predicted by a simple mathemat- 
ical approach to nonlinear conversions, e.g. in second-harmonic conversion 
the output signal frequency should be exactly twice the frequency of the 
fundamental signal. Two signals of frequency, v\ and z/ 2 , were applied to a 
crystal that could simultaneously generate the second harmonic of each of 
the signals, as well as the sum frequency of the two signals. If the nonlinear 
processes are mathematically exact, then the interval that exists between the 
two fundamental signals (yi — V 2 ) should be exactly equal to the interval 
existing between the the sum frequency signal (yi -\- V 2 ) and either of the 
second-harmonic signals {2vi,2v2). Their experimental result was consistent 
with the nonlinear processes being exact to within an experimental error of 
192 pHz. If one interprets this in the light of potential frequency-dependent 
frequency shifts to the nonlinear processes, then it suggests a null result at 
the level of 2.3 x 10“^^. 

In a test of the accuracy of nonlinear frequency division, Ikegami et al. [48] 
have made use of an OPO tuned near degeneracy. Equation (5) can be rewrit- 
ten as 

s = ^ and ^ . 






( 6 ) 
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where Av = Vg — Vi- In their test, an OPO was pumped with the second 
harmonic of a reference laser, i.e. z/p = 2t'r. The difference frequency, Av, 
between the signal and idler outputs of the OPO was phase- locked to an rf 
source of frequency Vri- Under these conditions the following equations must 
hold true if the OPO is a coherent frequency divider: 

Vs - Vr - ^ = ^ and = Q . (7) 

The experiment confirmed that (7) held true to within a 1.5 mHz experi- 
mental error (over an 8000s integration time). Residual frequency fluctua- 
tions were believed to be caused by refractive index fluctuations in the air 
path between the phase detector and the OPO device itself. Since a second- 
harmonic process was used to generate the pump signal, one can also infer 
that this second-harmonic process was also tested to this same level. A direct 
examination of the phase difference between the pump and signal outputs 
demonstrated a very high degree of phase coherence between the pump and 
the sum of the phases of the idler and signal outputs. 



3.3 Optical Frequency Comb Generators (OFCGs) 

In recent times, two techniques have been developed to allow the generation 
of optical frequency combs that span large fractions of the optical spectrum. 
These techniques have been discussed at length in three other contributions 
in the issue and so we will only mention those aspects of the techniques 
that are salient to optical- frequency synthesis. We note that for historical 
reasons the literature has usually only applied the term “optical frequency 
comb generators” to resonant electro-optical modulators, but of course mode- 
locked lasers are also comb generators. 

3.3.1 Resonant Electro-Optic Modulators (REOM) 

If we place an Electro-Optic (EO) modulator (see Sect. 3.2.1) in a high-finesse 
optical cavity that has a Free Spectral Range (FSR) equal to a multiple of 
the modulating frequency, then we can construct an optical modulator that 
has a very high effective modulation index. The frequency domain view of the 
transmitted optical signal is that of a frequency comb, i.e. a spectrum showing 
a large number of modulation sidebands surrounding a transmitted carrier, 
with each mode separated by exactly the modulator driving frequency. The 
amplitude of the fcth sideband is given [39] by: 

OO 

Eu = T^jT,Y,{RT^TMPn), /3„ = (2n+l)/3, 

n— 0 

where T and R represent the power transmission and reflection coefficients of 
the mirrors, is the single-pass transmission coefficient of the EO modulator. 
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Jfc is the fcth-order Bessel function, and /3 is the single-pass phase modulation 
index. The one-sided span of an REOM is limited by the material dispersion 
of the EO crystal [49] to around 1-4 THz, with a typical modulation frequency 
lying in the range 0.5-20 GHz. With the application of nonlinear techniques 
(self-phase modulation, second-harmonic generation) to the output of the 
REOM, the span can be enhanced up to 45 THz [50,51]. 

If an optical signal is electronically phase-locked (see Sect. 3.5 and [52]) 
to one of the high-order modes of the comb, its output frequency is greatly 
frequency-shifted from that of the carrier to that of the comb; however, its 
phase is still (ideally) determined by a combination of the phase of the carrier 
signal and the phase of the modulating signal. Electronic phase-locking has 
been experimentally reported for two laser diodes that were separated by up 
to 1.4 THz [52] using just a single REOM-based frequency comb. In another 
experiment, two laser diodes at a separation of 2.6 THz were phase-locked 
by simultaneously generating two combs around each diode signal with an 
REOM, and then phase-locking the two combs. In this way many modes 
can contribute to the beatnote and thereby improve the signal-to-noise ratio 
of the beatnote [53]. By combining many phase-locked frequency combs, it 
is easy to imagine an optical signal generator that could span the entire 
visible/near-IR spectrum [54]. 

One does not expect the comb created by a REOM to be absolutely ideal: 
if there are fluctuations in the position of the cavity mirrors, the refractive 
index of the EO crystal, the frequency of the carrier signal, or the frequency 
of the modulating signal, then the comb spacing will not be uniform [49] . The 
accuracy and stability of REOMs has been checked by two groups [55,56]: the 
stability of the intermode spacing of a frequency comb was measured against 
an OPO over a span of 276 GHz with a (measurement-limited) fractional 
frequency stability of 3 x 10“^^ over a 4000 s integration time. The stability 
of the intermode spacing over a wider span (1.06 THz) of second comb was 
tested in comparison to a frequency interval defined by a cascade of four 
optical frequency interval dividers (see Sect. 3.6). The (measurement-limited) 
fractional stability was estimated to be better than 7 x 10“^® when averaged 
over 2 x 10^ measurements. The stability over 1 s was estimated to be around 
7 X 10“^^. The short-term intermode stability, i.e. for r < 1 s, has not yet been 
tested to the knowledge of the author, although it is exactly this behavior 
that will determine the short-term behavior of an optical synthesizer based 
on such an REOM-based comb. In addition to these intrinsic fluctuations of 
the frequency comb, the use of nonlinear span-enhancement techniques can 
lead to further increases in the frequency instability of the comb: a recent 
measurement has shown fluctuations at the level of 3 x 10“^^ for a mode after 
it has passed through 1km of dispersion-flattened fiber [57]. For techniques 
to improve the stability of the comb, see Sect. 5.2.1. 
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3.3.2 Mode-Locked Lasers 

The output of a mode-locked laser can be thought of as a comb in time (short 
pulses which are equally spaced by the inverse of the repetition rate), and 
thus by the application of the Fourier transform one immediately notes that 
the pulse sequence can also be considered as a comb in frequency space. The 
mode spacing of the frequency comb is expected to be equal to the laser pulse 
repetition rate, and the envelope of the comb (i.e. its span) must be of the 
order of the reciprocal of the pulse length. The extremely short pulse lengths 
of modern Kerr-lens mode-locked lasers can lead to comb spans that approach 
a full octave of the spectrum (160 THz has been demonstrated [58]). 

In very recent times several groups have made use of special single-mode 
optical fibre to expand the output comb that comes directly from the mode 
locked laser. The output of the laser is coupled into an optical fibre and 
the process of self-phase modulation causes the comb spectrum to expand 
to more than one octave in extent. A group at the Max-Planck-Institut fur 
Quantenoptik made use of a microstructured photonic-crystal fibre with very 
low group velocity dispersion and were able to construct a complete frequency 
chain with just one auxiliary laser [59]. A second research group at the Joint 
Institute of Laboratory Astrophysics has made use of a different type of 
microstructured fibre that was also modified to exhibit a minimum in its 
group velocity dispersion near 800 nm [60] . In this case an initial comb from 
a Ti:sapphire laser of 150 nm in extent was expanded to be around 600 nm 
wide. 

Three aspects of the frequency comb will determine its utility to frequency 
metrology: (i) the uniformity of the intermode spacing; (ii) the stability of the 
intermode spacing, i.e. breathing of the comb; and (iii) frequency instability of 
individual comb modes that doesn’t arise from fluctuations in the round-trip 
time of the cavity (e.g. common mode motion of all of the modes). 

The uniformity of the intermode spacing of the comb has recently been 
directly measured by testing that a comb mode is to be found at the exact 
center of the frequency interval defined by two other widely spaced (20 THz) 
members of the comb. The result showed a remarkable measurement-limited 
uniformity of 3.4 parts in 10^"^ (338 samples at 100 s integration time) [61]. 
This work also carefully checked that the mode spacing was equal to the pulse 
repetition rate, and once again the result was measurement-limited to 6 parts 
in 10^® [61]. Traditional measurements of the stability of mode-locked laser 
combs have concentrated on time domain measurements of the timing jitter 
of the pulse sequence [62] . This measurement can be related to fluctuations in 
the mode spacing of the comb [62] (as experimentally confirmed in [61]) and 
thus is interchangeably referred to as the phase noise of the laser. The power 
spectral density of phase fluctuations is predicted to show a 1//^ depen- 
dence [63] and, indeed, most experimental measurements do in fact show this 
characteristic at low Fourier frequencies [64,65,66,67,68]. Mode-locked lasers 
based upon a Cr-doped LiSrAlFe (Cr:LiSAF) laser crystal exhibit a single- 
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sideband phase noise in the range of for Fourier frequencies 

in the range 10“^ < / < 10^ [68,64]. Titanium-doped sapphire (Ti:sapph) 
mode-locked lasers show a slightly higher level in the range 
for 10^ < / < 10^ [66,65]. The increased fluctuations of the Ti:sapph laser 
comb may well be associated with the increased amplitude fluctuations of its 
pump laser over that of the diode-pumped Cr:LiSAF laser [69]. A number of 
researchers have developed techniques to further improve the stability of this 
frequency comb, and these will be discussed in Sect. 5.2.2 

The frequency stability of the individual modes of the comb has been 
tested in a number of separate ways. Using a scanning Fabry-Perot cavity, 
the individual modes of a Nd:YLF mode-locked laser were estimated to have 
fluctuations at the level of 3-10 MHz due to technical noise, principally due 
to fluctuations in the Ti:sapph cavity path length [70]. With a frequency 
stabilization system of 20 kHz bandwidth, the frequency excursions could be 
reduced to 10 kHz rms, indicating that the majority of the frequency fluctu- 
ations lay in the low-Fourier-frequency domain. It was noted that the timing 
jitter of the pulse sequence was not altered by this stabilization. The comb 
from a 7 fs mode-locked Ti:sapphire laser has been tested using a hetero- 
dyne beatnote measurement against two cw external cavity diode lasers near 
the limits to the span of the comb [58]. Large frequency fluctuations (10- 
100 MHz) were seen as a result of air-pressure fluctuations and acoustic sen- 
sitivity of the cavity length in the low-Fourier-frequency domain; however, 
the fast linewidth was estimated to be below 100 kHz at both ends of the 
comb. The group at Max-Planck-Institut fiir Quantenoptik have succeeded 
in phase-locking one of the laser comb modes of a mode-locked Ti: sapphire 
laser to a stable cw laser signal using a phase-detector with an effective 
40967T range and a 10 kHz bandwidth phase-locked laser (PLL) [71,72,73]. 
The achievement of a stable phase-lock indicates that the fast linewidth of 
the comb modes must lie in the range of 3-30 kHz. 

3.4 Offset Injection-Locking Techniques 

An additional technique for generating tunable phase-coherent optical radi- 
ation makes use of the inherent nonlinearity of diode laser (DL) oscillators. 
Snadden et al. [74] presented a technique for generating a phase-coherent but 
tunable source based upon the injection-locking of a sideband generated by 
a DL through modulation of its driving current. In principle, this modula- 
tion can occur at frequencies of up to several 10-20 GHz, thus providing a 
mechanism to create a tunable source over twice this range with its output 
frequency determined by the modulation frequency and the injection signal. 
In particular, a DL was modulated by a microwave signal that was coupled 
into its junction current. This generated a series of sidebands on its output 
and one of these sidebands was tuned to be adjacent to a Ti:sapphire laser 
output signal. The Ti:sapphire laser was stabilized to better than 50 kHz on 
a combination of rubidium-saturated vapor cell and a reference cavity. The 
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output of the system is the carrier of the DL, thus giving a signal at a tun- 
able offset with respect to the fixed Ti:sapph signal. The mean-square phase 
variance of the DL output with respect to the Ti:sapphire laser output and 
the microwave modulation signal was estimated to be (4.4°)^. 

3.5 Electronic Phase Locking 

If the output of two lasers is combined upon the surface of a photodiode, 
then the inherent nonlinearity of the detector will give rise to an internal 
oscillating electric field at a frequency equal to the difference frequency of 
the two lasers. This technique provides a method to measure the frequency 
separation between lasers, up to a limit imposed by the bandwidth of the 
photodiode (currently of the order of 100 GHz for semiconductor detectors). 

The photodiode output signal can be used as the input to a phase or fre- 
quency locking control system which can maintain the frequency separation 
between the lasers as a constant. If the two lasers are phase-locked so that the 
frequency separation is zero, then it is termed a “homodyne” optical phase 
locked loop. This procedure can be useful for creating a higher power signal 
from a low-power high-quality laser signal, or for phase-coherent detection of 
a phase-modulated signal [75,76]. Alternatively, the phase difference between 
the two lasers can be phase-locked to a stable microwave or rf signal, in which 
case we term the process “heterodyne” phase-locking. In this case, the phase 
of the output signal of the photodiode is compared with the microwave or rf 
phase using conventional electronics, e.g. a double-balanced mixer. The out- 
put of this second phase-comparison forms the input to some phase-locking 
electronics. This approach has the advantage of using well-developed rf elec- 
tronics, and if the two laser sources are held in phase-quadrature at the rf 
mixer, then the phase locking is insensitive to amplitude noise of the laser 
signals to first order. 

One of the big difficulties of electronic phase locking is the high level of 
phase fluctuations of typical laser sources when compared with conventional 
signal sources in the rf and microwave domains. This causes two potential 
problems: first, the phase-locked loop needs high gain and a wide bandwidth 
to suppress the phase fluctuations to an acceptable level; and, second, there 
is a probability that the residual phase fluctuations at the phase detector of 
the PLL may exceed the detector’s dynamic range. If this occurs, then there 
may be a permanent loss or gain of a whole number of phase cycles between 
the slave laser diode and the reference laser, which causes inaccuracy in the 
synthesis process. We will discuss these problems further in Sect. 5.1.3 below. 

Most recent experimental work on electronic phase-locking has made use 
of diode lasers, and since these are the most desirable source for compact 
optical synthesizers, the following discussion is centered about those results. 
The residual phase variance between two lasers of linewidth Av, which have 
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been phase-locked with a second-order loop of natural angular frequency wn 
and damping factor (, can be expressed [77] as 



a 



2 



7T 

2C^n 



2Aiy, 



(8) 



where we have neglected noise in the detection process and assumed that 
the diode lasers are purely broadened by white frequency noise. Clearly, if 
the in-loop phase fluctuations are to be below 1 rad, then it is necessary for 
the loop bandwidth to exceed the linewidth of the lasers by a significant 
fraction. The linewidth of typical free-running laser diodes ranges from a few 
megahertz to several hundreds of megahertz, thus placing severe technical 
requirements on the control systems. In addition, the frequency fluctuations 
of real DLs are much higher than a simple white-noise model would suggest 
in the Fourier frequency regime below 10^ Hz, thus requiring even higher loop 
gain in this range if the residual phase fluctuations are to be reduced to the 
level predicted by (8) . Several approaches have been used to overcome these 
difficulties: 



• High-Bandwidth and High-Gain Electronics. Using state-of-the-art 
electronics, two groups have phase-locked free-running diode lasers with 
linewidths of the order of 10 MHz [75,78]. The widest bandwidth loop 
was based upon a homodyne phase-locked loop with a bandwidth of 
134 MHz [78]. 

• Large Dynamic Range Phase Detectors. If the phase between the two 
signals is ascertained using a simple multiplying mixer or directly from a 
photodiode, then it is necessary to suppress residual phase fluctuations 
so that the in- loop phase difference is kept within tt/ 2 of the equilibrium 
phase difference; otherwise, the phase detector will present a false goal to 
the phase-locking electronics. To ensure that the large free-running fluc- 
tuations are sufficiently suppressed requires extremely high gain and large 
bandwidths, as mentioned earlier. To avoid this, one can design more com- 
plex phase detectors that have larger dynamic ranges than that of a sim- 
ple mixer. Kuboki and Ohtsu developed a phase detector with a range of 
27 t X 2^^ rad which allowed the locking of a 17 MHz linewidth free-running 
diode laser to a stabilized diode laser using a PLL with a bandwidth of 
only 1.5 MHz [79]. The residual frequency fluctuations after locking were 
estimated to be 1.1 x 10^/rHz. Prevedelli et al. [72] designed a phase de- 
tector with a range of ±327rrad to lock two DLs with a fast linewidth 
in the range 25-50 kHz but with significant levels of low-Fourier-frequency 
fluctuations. Using a maximum bandwidth of 1.7 MHz, the measured mean- 
square phase fluctuations, cr^, were reduced to around 0.2 rad^. More im- 
portantly though, they demonstrated that even using PLL bandwidths of 
around 20 kHz, the residual Allan frequency deviation was still reduced 
to the order of 7 x 10“^®/r. Under similar conditions a normal multiply- 
ing mixer based PLL would have been cycle slipping so frequently that 
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it would not be useful. These “rubber-band” phase locks allow the experi- 
menter to trade off the phase-lock circuitry speed against short-term phase 
fluctuations without needing to compromise long-term accuracy. 

• Prestabilization. By prestabilizing the laser to a reference optical cav- 
ity by optical [80,81,82], or electrical [83] techniques, or by extending the 
laser diode cavity with a frequency selective feedback element (Extended 
Cavity Diode Lasers (ECDLs) [84,85,72], one can reduce the free-running 
linewidth. Optical stabilization to a reference cavity can reduce the emis- 
sion linewidth to around 1-10 kHz, while ECDLs exhibit linewidths in the 
range 10-150 kHz. The reduction in linewidth of the prestabilized lasers by 
3-5 orders of magnitude over a free-running diode laser naturally greatly 
decreases the requirements of the phase-locking circuit bandwidth. For ex- 
ample, in one experiment, two 50-kHz-linewidth ECDLs were phase-locked 
using a 3.7-MHz-bandwidth PLL, leaving a residual phase fluctuation of 
just 4 X 10“^ rad^ [86]. The performance of a similar PLL using two ECDLs 
will be discussed in greater detail in Sect. 5.1.2 below. 

3.6 Optical Frequency Interval Dividers (OFIDs) 

An Optical Frequency Interval Divider (OFID) takes two optical input sig- 
nals, fi and / 2 , and generates a new signal, which is phase-coherent with the 
original signals. There are two possible modes of operation: 

• the output signal can lie at the exact mean frequency of two input signals, 
i-e./oFiD = (/i + /2)/2; or 

• the output signal can be above the higher frequency input, or below the 
the lower frequency input, by exactly the frequency interval between the 
two input signals, i.e. /ofid = /i + (/i - / 2 ) or /ofid = /2 - (/i - / 2 )- 
It is clear that this second mode of operation results in one of the input 
signals lying at the mean of the frequency interval defined by the output 
signal and the other input signal. 

An OFID can be created by combining nonlinear processes (see Sect. 3.2.2), 
with electronic phase-locking (see Sect. 3.5) [87,88], or by using a four-wave 
mixing process in a diode laser (see Sect. 3.6.2) [89]. An OFID based on 
electronic locking and two nonlinear processes has no intrinsic limit to the 
frequency interval. A/ = (/i — / 2 ), that can be bisected. 

3.6.1 Electronic Phase-Locked OFID 

An OFID for generating a signal at the mean frequency of its two inputs is 
shown schematically in Fig. 1. The sum frequency of the two input signals 
(lasers 1 and 2) is created by combining the signals in a nonlinear crystal. This 
sum frequency signal is combined with the second harmonic of the output of 
a third laser (termed the “slave” laser) on an Avalanche Photo-Diode (APD). 
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Fig. 1. A schematic view of the layout of an optical frequency interval divider at 
the bisection stage. APD is an avalanche photodiode used to detect the beat note 
between the two nonlinear signals. The two rf synthesizers at the bottom of the 
picture have been phase-locked together 



Figure 1 shows a heterodyne PLL in which the frequency of the slave laser 
is controlled so that the phase difference between the optical beat frequency 
(/i -I- /2 — 2/3) and an rf reference oscillator (/rf ) is kept constant. The hetero- 
dyne PLL (also termed an offset frequency lock or indirect-loop PLL in the 
literature) [88,87] has several advantages over a homodyne PLL [90,76,75]: it 
is insensitive to amplitude noise in the lasers as well as low-Fourier-frequency 
noise in the photodiode amplifier. However, it is worth noting that a hetero- 
dyne PLL will not result in the slave laser frequency lying at the exact mean 
frequency of the two input signals but will be offset by the easily measurable 
rf frequency, /rf. 

The experimental performance of OFIDs will be discussed in detail in 
Sect. 5.1, although we mention that the residual rms phase fluctuations be- 
tween the second-harmonic and sum-frequency signal have been measured to 
be of the order of 0.1 rad [87,91]. A measurement of the frequency accuracy of 
a four-stage OFID chain has also been measured with respect to a 1.06 THz 
comb generated by an REOM (see Sect. 3.3.1), yielding a fractional frequency 
stability of 6.8 x 10“^^ over ~ 2 x 10^ counter readings [56]. The fractional 
frequency fluctuations over a 1 s integration time are deduced to be of order 
7 X 10"^3. 

3.6.2 Four- Wave Mixing-Based OFID 

The entire OFID process can also be achieved in a single-diode laser by 
exploiting its intrinsic nonlinearity [89]. A diode laser is injected with two 
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input signals, and four- wave mixing processes will give rise to signals at /i -I- 
A/ and /2 — A/. If the internal oscillation of the diode is closely tuned to one 
of these signals, then it will be injection locked so that its relatively high- 
powered output becomes phase-coherent with the two input signals. Koch 
and Telle [89] have shown that this technique works for frequency intervals 
A/ as wide as 3THz, although the efficiency of the process falls rapidly for 
intervals greater than 2 THz. 

4 Absolute Optical Synthesis 

By combining the building blocks described in the previous section, one 
can construct a frequency synthesizer that phase-coherently connects the 
microwave and optical frequency domains. Such a connection provides the 
potential for absolute accuracy for the optical output of the synthesizer by 
reference to the definition of the second in the microwave domain. 

4.1 Optical Parametric Oscillator-Based Frequency Chains 

Wong [29,30,41] has developed several elegant techniques, based on combi- 
nations of three-to-one and two-to-one OPO-based dividers (see Sect. 3.2.4 
above), which yields a frequency chain that connects the visible domain to 
the Cs clock frequency in a minimum of steps. The goal of the technique is to 
use the dividers to generate two signals that are relatively closely spaced in 
frequency, but where the frequency of both can be expressed as simple frac- 
tions of an initial reference frequency. The residual interval between the two 
closely spaced signals is then spanned using an optical-frequency comb tech- 
nique, or a series of subsidiary OPOs. The greatest difficulty of this approach 
lies in ensuring that all OPOs operate reliably [41,37,38]. Fortunately, the 
development of a new generation of quasi-phase-matched nonlinear crystals 
may alleviate this difficulty, making this approach considerably simpler than 
was previously the case. 

4.2 Subharmonic Generation Chains 

Shimoda [92] has presented a very stimulating theoretical proposal for the 
construction of a frequency chain from a combination of nonlinear elements 
and laser amplifiers in an all-optical-based subharmonic generation scheme. 
This same process has been termed “regenerative division” when performed 
in the microwave and rf domains. The essential technique is to incorporate an 
optical amplifier and frequency multiplier between the rf and intermediate- 
frequency (if) ports of an optical mixer, as shown in Fig. 2. This arrangement 
clearly ensures that va = \v\o-Vii\ as well as v^i = kvit where k is the multipli- 
cation factor of the feedback arm. Solving these two equations simultaneously 
we see that 
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By a judicious combination of these elements, one can create a frequency 
chain that is capable of frequency division by large factors. Shimoda states 
the the quality of this division is easily better than the stability of the best 
frequency sources available at the time of writing [92]. It remains to be 
seen whether the experimental difficulties of building such all-optical divi- 
sion stages will be lesser or greater than making use of some of the other 
more well-developed approaches. 

4.3 Frequency- Interval Division Chains 

This approach is based upon a combination of optical frequency interval 
division (Sect. 3.6), optical frequency combs (Sect. 3.3), and nonlinear pro- 
cesses (Sect. 3.2.2) [87,93]. The first step of the technique is the conversion 
of an absolute optical frequency into a frequency interval. The easiest-to- 
understand method^ for achieving this is to make use of a second-harmonic 
process: the frequency interval that lies between a fundamental frequency 
signal and its second harmonic is simply equal to the fundamental frequency 
i.e. A/o = 2/o — /o = /o- An example of a potential initial interval is shown 
on Fig. 3 by the two vertical lines denominated with the figure “0” . 

If this fundamental signal and its second harmonic are applied to an OFID 
(Sect. 3.6), then the OFID’s output signal will lie at the exact mean frequency 
of the two input signals i.e. /ofid = (/o + 2/o)/2 (see signal “1” on Fig. 3). 
The frequency interval between the output of the OFID and either of its 
inputs is just half that of the frequency interval that existed between its two 
inputs i.e. /ofid — fo = 2/o — /ofid = A/o/2. 

Using a succession of such OFIDs, each taking as its inputs the outputs 
from previous stages, the frequency interval can be repeatedly bisected (see 
Fig. 3) to such a point that it can be compared to an optical frequency comb. 
The maximum span achievable with a particular frequency-comb technique 
will determine the number of OFID stages necessary: 

^ For other more elegant approaches to generating a starting interval for these 
chains, see the contribution by H.R. Telle et al. at Chap. IV-2 in this volume 
and [41,58]. 
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0 3 4 2 1 0 OFID STAGE 




1000 750 600 500 (nm) 

Fig. 3. A frequency domain view of the frequency-interval approach to frequency 
synthesis. Commencing with the frequency interval between the two signals marked 
“0” , the procedure is based on the repetitive subdivision of the frequency interval. 
The output of each successive OFID is marked by the series of 1,2,3,.... The 
frequency comb generated by a CriLiSAF laser is also schematically shown 



• For frequency combs based on a simple REOM (Sect. 3.3.1), the frequency 
interval will need to be reduced to just a few terahertz (requiring « 7 OFID 
stages); 

• using an REOM-based comb that has been enhanced by a nonlinear tech- 
nique, an interval of 50 THz needs to be spanned [57] (requiring « 3 OFID 
stages); 

• using a mode-locked laser-based frequency comb, one is expecting to be 
able to span intervals in the range of 300 THz (requiring no OFID stages 
at all) [58], although, till now, the widest coherent spans are in the range 
of 20-100 THz (requiring 4-2 OFID stages) [58,61,71]. 

Note added in proof. Two recent experiments making use of a mode- 
locked laser followed by a micro-structured fibre have yielded combs with a 
span of greater than one octave. These groups have constructed frequency 
chains using just one other auxiliary laser [59], or with no other lasers [60]. 

The coherent span directly available from a mode-locked laser has not yet 
been shown to exceed an entire octave (the widest measured coherent span 
so far being that lying between 658 nm and 812 nm, a span of 86 THz [58]) 
although most in the field expect this to be achieved shortly. With the arrival 
of such a broad-span comb, one can avoid the need for any OFID stages 
altogether. Nevertheless, so as to avoid the complexity and cost of state-of- 
the-art pulsed-laser technology, it may well be sensible to make use of a few 
OFID stages combined with a mode-locked laser with a pulse length in the 
10-100 fs range. 

The second task to be completed in the synthesis procedure is to compare 
the residual frequency interval that exists between the output of the final 
OFID stage with either of its two inputs to the frequency interval defined by 
the frequency comb, i.e. (looking at Fig. 3) we want to compare the frequency 
interval defined by signals “4” and “2” , or the interval between signals “4” and 
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“3”, against the frequency comb. The method of comparison depends upon 
the approach used to generate the comb. If one makes use of a comb generated 
by an REOM (Sect. 3.3.1), this is a relatively simple task: the carrier signal 
for the REOM is provided by the output of the final OFID, thus giving rise 
to a comb of signals symmetrically and uniformly spaced about the OFID 
output signal. A beatnote is then formed between the nearest mode of the 
comb and one of the two inputs to the final OFID, thus measuring the final 
interval in terms of the microwave modulation frequency of the REOM. 

In the case of a mode-locked laser-based comb, two phase locks need to 
be operating in order to compare the final interval to the frequency comb: 
first, the comb spacing must be locked to a reference microwave oscillator 
by controlling the round-trip time of the cavity [71,61,73]; and, second, one 
of the modes of the comb must be phase-locked to the output of the final 
OFID. In this way, the phase of each mode of the comb is determined by 
the phase of the final OFID output signal and the phase of the microwave 
reference oscillator (see Sect. 5.2.2 for a mathematical description of this 
procedure). From this point, one can then proceed in the same way as above, 
i.e. a beatnote is formed between one of the modes of the laser comb and one 
of the inputs to the final OFID, thus giving rise to a measurement of residual 
interval in terms of the microwave reference oscillator used to stabilize the 
repetition rate of the laser. 

The final task of the synthesis procedure is achieved by stabilization of the 
phase of this beatnote by the adjustment of the phase of the fundamental 
output of the optical oscillator at the start of the frequency chain. If the 
beatnote phase is held constant with respect to the same microwave oscillator 
that is used to determine the comb spacing of the frequency comb, then 
the phase of the optical oscillator will be determined by the phase of the 
microwave reference source. 

An example of a design for a complete optical synthesizer (the University 
of Western Australia/Physikalisch-Technische Bundesanstalt (UWA/PTB) 
synthesizer), which is based upon the frequency-interval division technique, 
is shown in Fig. 4. The particular wavelengths used in this design are the 
ones used as a basis for Fig. 3. To ensure that the analysis in the subsequent 
sections of this contribution is less abstract (as well as to introduce the reader 
to some of the practical problems of synthesizer design) we will make use of 
the UWA/PTB frequency chain to illustrate our discussion. The following 
section will describe some of the particular details of this design. 

4.3.1 Design of the UWA/PTB Frequency Synthesis Chain 

The frequency chain is based upon a cascade of three or four optical-frequency 
interval dividers, followed by an optical frequency comb generated by a mode- 
locked laser. The repetition rate of the mode- locked laser will be stabilized to 
a cryogenic microwave oscillator with an Allan standard deviation of below 
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Fig. 4. A schematic view of the UWA/PTB frequency chain that is presently under 
construction. Each grey box indicates an OFID (see Fig. 1), with the input signals 
shown entering from the top and side of the box. The wavelength indicated on each 
OFID is the output wavelength of the stage. The number of stages required will be 
determined by the maximum achievable frequency span of the OFCG. We show the 
design necessary for the pessimistic case where spans of only 20 THz are obtainable 



10”^® for 1 < T < 1000 s The two signals that define the initial frequency 
interval are provided by the output of a laser and the second harmonic of 
its output: in this case the laser is a Nd:YV 04 laser with an intracavity 
Potassium Titanyl Phosphate (KTP) doubling crystal so as to simultaneously 
provide radiation of 25 mW at 1064 nm and 20 mW at 532 nm. 

The particular sequence of OFID output wavelengths is shown on Fig. 3 
and Fig. 4. Clearly, for all but the first OFID there are two choices for the 
output wavelength of each OFID: two factors guide a sensible decision: 

• the ready availability of a laser diode near the output wavelength of the 
stage; 

• the availability of efficient nonlinear crystals for both second-harmonic and 
sum-frequency processes in the OFID. 

For most of the OFID outputs in this particular design there are readily 
available single-mode diode lasers with 10-100 mW of cw output. However, 
for some of the stages (principally the first stage at 709 nm) it is necessary to 
make use of broad-area diode lasers with spatially and spectrally dependent 
feedback, or to strongly cool commercial diode lasers [95,96]. In regard to 



^ See the contribution by A.G. Mann at Chap. 1-2 in this volume and [94]. 
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the availability of nonlinear crystals, each stage (except the first) has been 
designed to make use of noncritically phase-matched potassium niobate for 
both the sum and second-harmonic processes [97]. For the first stage, where 
it is not possible to phase-match using this crystal, one is forced to make 
use of other less desirable or more complex crystals. In initial experiments, 
the group has made use of lithium triborate (LiBsOs) for the sum-frequency 
process, and rubidium di-deuterium arsenate (RbD 2 As 04 ) for the second- 
harmonic process. Nonetheless, both processes generate sufficient nonlinear 
power to enable high-quality phase-locking. (For further details on the non- 
linear processes see Sect. 5.1.1.) 

To generate a frequency comb, the UWA design makes use of a mode- 
locked CriLiSrAlFe laser that can generate a comb covering a span of SO- 
SO THz. It has not been determined at this stage what the maximum possible 
coherent span is with such a laser (although we note that a 77 nm spectral 
profile has recently been demonstrated [98]), and so the number of OFID 
stages required to complete the synthesizer is still to be ascertained (four 
stages are shown on Fig. 4). One of the modes of this comb is phase-locked 
to the output of the fourth OFID (896 nm), and thus all of the modes of the 
comb now provide stable frequency references. 

The next task of the synthesis is the formation of a beat note between the 
851 nm signal (output of the second OFID, “2” on Fig. 3), and the nearest 
member of the laser-based comb. The beat note is generated on a photodi- 
ode that will be denoted the “Chain Photodiode” (CPD). To complete the 
frequency synthesizer, we control the frequency of the Nd:YV 04 laser via 
a frequency-shaping network, so as to keep the phase of the CPD beatnote 
constant with respect to a reference rf oscillator. This reference oscillator is 
synthesized from the cryogenic microwave oscillator such that the stability of 
the entire oscillator is not compromised. 



5 Synthesis Resolution and Accuracy 

The two key characteristics of a frequency synthesizer are its resolution and 
accuracy. Resolution refers to how well the output signal phase follows the 
phase of the reference signal (i.e. the variance of 60o(t) in (1)). The accuracy 
of a synthesizer refers to how precisely the output frequency is equal to the 
desired frequency (i.e. whether the mean of ^4>o(t) is zero). Errors in the 
output frequency can arise from losses or gains of cycles of phase that can 
occur in the phase-locked loops of the chain: this is generically termed a cycle 
slip (see Sect. 5.1.3). 

The simplest way to conceive of the contribution of noise in each stage of 
the chain to the overall chain performance is to consider the contribution of 
different phase fluctuations to the phase of the beat note on the CPD at the 
end of the chain (see Fig. 4). If the output of any of the OFID units devi- 
ates from the true midpoint of the interval defined by its two input signals. 
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then it will lead to an error in the instantaneous beatnote frequency at the 
CPD, which in turn will result in an error in the output frequency of the 
optical synthesizer. Fluctuations in the mode spacing (repetition rate) of the 
frequency comb will also lead to an error in the beatnote frequency/phase 
on the CPD. Below, we will examine each of the contributors to OFID and 
OFCG noise sources in detail. 

We need to be guided in this examination by actual results achieved in 
experiments, rather than just pure theoretical investigation. Noise processes 
are never as well-behaved as one expects theoretically, and if one intends to 
construct a real synthesizer then it is important to take into consideration 
these real noise sources. For example, analyses based upon Gaussian noise 
processes to predict the rate of cycle slips in a PLL, or which assume that 
the dominant noise source of (diode) lasers is white frequency noise (so that 
the noise can be well-described by a simple linewidth) will give results that 
are far from reality. The frequency fluctuations of real lasers are much higher 
at low Fourier frequencies than predicted, because of additional technical and 
acoustic noise. This excess noise requires the low-frequency gain of an optical 
PLL to be much higher than one would initially expect. In addition, extended 
cavity diode lasers often exhibit very large frequency changes, which have a 
rate of occurrence much in excess of that expected for a Gaussian distribution 
of fluctuations. These large fluctuations will typically cause cycle slips in even 
the best-designed PLL circuits: thus, a system to detect the occurrence of 
these slips will always be needed in an accurate synthesizer. 

5.1 OFID Phase Noise 

A number of different sources of noise can cause the output of the OFID to 
deviate from the exact mean of the interval, as measured at the input to the 
next OFID stage in the chain: 

I. Errors in the Interval Division of the OFID. 

(a) Detection Noise. Direct phase errors occur in the OFID because de- 
tection noise can masquerade as a phase shift between the two lasers. 
Detection noise includes the effects of internal voltage fluctuations in 
the photodetector and the phase detector as well as shot noise fluctua- 
tions in the phase of the laser light. If the OFID is based on a homo- 
dyne PLL, then light-amplitude fluctuations can also be mistaken for 
phase-fluctuations. Poorly adjusted heterodyne PLLs also exhibit this 
sensitivity to light-amplitude fluctuations. 

(b) Residual Phase Noise. The gain and bandwidth of a control loop is 
never infinite, and thus there is always some residual level of phase fluc- 
tuations between the slave laser and the exact midpoint of the interval. 

(c) Cycle Slips in the Phase-locking Circuit. If the residual phase noise 
is sufficiently large, such that the instantaneous value of the phase dif- 
ference between the second harmonic of the slave laser and the sum fre- 
quency of the two input lasers exceeds the dynamic range of the phase 
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detector, then there can be a permanent slip of the slave laser phase 
either forward or backwards by an integer number of cycles. 

2. Fluctuations in the Optical Path between OFID Units. Finally, 
apparent interval division errors can effectively enter the system because 
of fluctuations in the optical path length between the OFID units. These 
fluctuations impose a Doppler frequency shift on signals traveling from one 
stage to the next. 

Let us model each of the OFID units following the baseband model shown 
in Fig. 5. This model is essentially equivalent to a general long-loop PLL cir- 
cuit and can be modeled using the traditional analysis that has been applied 
to those circuits [99,93,100]. Let us write the two input laser signals to the 
OFID as 

Vn = An{t) sm[2TTiynt + for n=l,2, 

where the An{t) is the amplitude of the nth laser signal, is the average 
frequency of the nth laser signal, and (j)n{t) is the phase of the signal as 
a function of time. For the purposes of this analysis we will assume that 
the fractional laser-amplitude fluctuations are much smaller than the phase 
fluctuations, and that the rate of change of (j)n(t) is slow compared with 
For notational convenience later in this analysis, we will write the output of 
the slave laser as 

V 3 = A 3 {t) sin[27ri/3t -|- 4>3{t) + 7r/2] . 




Fig. 5. A baseband PLL block model of an OFID unit. The labels adjacent to each 
signal line give the baseband phase dependence of the signal when the PLL has 
brought about a phase-locked state. Please see text for dehnition of other variables 
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Prior to the initiating of a phase lock between the nonlinear signals, the 
output of the phase detector can be written as 

A A^[27t(i^i +1^2- 2z/ 3 - Z/rf)t + + 4>2{t) - 2(j)3{t) - 

+6PpD(t) , (9) 

where A4 is some periodic function of the phase, is the frequency of the rf 
oscillator to which we will lock the optical beatnote, and the final term of the 
expression is as defined below. In the case of a simple multiplying mixer, M 
is just a sinusoidal function, which is periodic with a range of 2tt. However, 
as mentioned earlier (Sect. 3.5) there are other, more complex, types of phase 
detector with larger ranges [72,79] and so this function is not necessarily a 
sinusoidal function. 

We express the total of all false contributions to the output of the phase 
detector, i.e. those which are not due to real phase fluctuations between the 
lasers, with the variable 6VpD(t)- The goal of a heterodyne PLL is to lock 
the phase of its output signal, </>vco = 2 </>3(t), to the phase of the reference 
signal, which we define as 

(/)rel{t) = + (j)2{t) - 4>r{(t) (10) 

for this situation. When the locking is enabled, the frequency difference, + 
V 2 — 2 v 3 — Vj-f, is brought to zero, and the output signal phase is held to be in 
approximate quadrature with the reference signal, i.e. </>vco ~ ~ 0- If 

the gain of the PLL is sufficiently high to reduce residual phase fluctuations 
into the linear range of the phase detector, we can write its output as 

+ 4>2{t) - 2(f>3{t) - + SVpu(t) , (11) 

where fcpD is the gain of the phase detector (units of V rad“^). This signal is 
used to frequency-modulate the slave laser after passing through a frequency- 
shaping network with a Laplacian transfer function of F(s). Thus the voltage 
applied to the slave laser can be written as 



Tvco(s) = [fcpD(^i(s) + ^2(5) — 2^3(3) — ?^rf(s)) + 6 Tpd(s)]T’(s) , (12 ) 



^(s)„ is the the Laplace transform of </>(f)„. The Laplace transform of the 
output phase of laser 3 can be written as 



Ms) 






(13) 



where feyco (units of rads“^V“^) is the frequency-modulation sensitivity 
of the slave laser, and ^^3(3) is the free-running phase fluctuations of the 
slave laser. The additional pole in the first term of the right-hand side arises 
because a voltage applied to the slave laser induces a frequency change rather 
than a phase change. By combining (12) and (13), one can solve for the closed- 
loop behavior of ^3(5): 



, , _ Ms) + G'(s)[ 5 Ppp/fcpD -I- (^i(s) -I- ^2(5) - ^rf(a))] 

l+2G(s) 



(14) 
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where we define the overall gain of the PLL as G(s) = -F(s)fcpDfcvco/s- The 
phase error of the PLL, i.e. <Peir{s) = </>vco(s) — </>ref(s), gives the degree 
with which the second harmonic of the slave laser differs from the exact sum 
frequency of the two input lasers to the OFID. (N.B. This is not the same 
as the residual noise appearing at the output of the phase detector - see 
Sect. 5.1.3.) Using (14) we obtain 



^err(^) 



2G(s)6VpD/fcpD — (^i(s) + ^2(5) — 2^3(5) — <?rf(s)) 
1 -h 2G(s) 



(15) 



In order to calculate the phase fluctuations added by an OFID, the phase 
fluctuations of the rf oscillator can be safely ignored since the frequency of the 
rf signal is around seven orders of magnitude lower than the optical signals. 
The power spectral density of the OFID phase error can be expressed in terms 
of the phase fluctuations of the input signals to the OFID and the slave laser, 
S,Pn, as well as the power spectral density of the detection noise, S'pd: 






4|G(s)|Vfc^D SpB{f)+[S^Af) + S^Af) + ^S^,^{f)] 

|l + 2G(s)P 



(16) 



where the argument s is replaced by i2nf to evaluate the expression. The 
ultimate limit to the phase fluctuations (accessed when the loop gain is high) 
is imposed by the first term of the numerator which arises from detection 
noise. When the loop gain is low, i.e. outside the bandwidth of the control 
loop, the phase error is dominated by the free-running phase fluctuations of 
the three laser diodes which make up the OFID. This error term, S's.err(/)i 
refers to the fluctuations associated with the second harmonic of the slave 
laser signal. The power spectral density of fluctuations of the slave laser from 
the exact midpoint of the input interval to the OFID will be four times 
smaller, i.e. 5s.„,,(/)/4. 

To compare this analysis with the measured results, the reader should 
refer to Fig. 6. The measured free-running phase noise spectral density, 5'^, 
of a typical ECDL with a 60 kHz linewidth is given as the upper curve (see 
Sect. 5.1.2 to determine how this was measured). The residual phase fluctu- 
ations of a model OFID making use of these ECDLs has also been measured 
(see Sec. 5.1.2) and is shown as the lower curve on Fig. 6. The subsections 
below address each of the separate contributions to this noise floor, and in 
Sect. 6 these noise sources are combined to give an estimate of the overall 
frequency-chain stability. 

Nevertheless, as this stage it important to alert the reader to the natural 
consequence of reducing the frequency interval by using a cascade of OFIDs. 
Each additional OFID reduces the frequency interval by a factor of two, while 
adding an additional fixed-magnitude noise source (due to the detection and 
residual phase noise). The effect of this fixed noise on the overall frequency- 
synthesis stability budget is enlarged by a factor of two each time. Thus, when 
using a large number of stages, one must ensure that the residual frequency 
stability of each OFID is as small as possible. 
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Frequency (Hz) 



Fig. 6. A comparison of the spectral density of phase fluctuations of the output 
stage of a model OFID 



5.1.1 Photodiode and Shot Noise 



One of the particular difficulties of the OFID approach is the generation 
of sufficient intensity in all of the nonlinear processes so as to ensure that 
synthesis performance is not compromised by detection noise in any of the 
PLLs. The spectral density of phase fluctuations introduced to each PLL by 
photon shot-noise can be expressed [93,101] by the following: 



>S'pD(/)/fcpD — 



hF{M){P 2 V\ + P1V2) 

2rjPiP2tP 



(17) 



where Pi . 2 are the powers of the two beams incident upon the detector, z/ 1.2 
are the frequencies of the incident signals, 77 is the quantum efficiency of 
the photodiode, k is a coupling coefficient expressing the quality of the beam 
overlap, and F{M) is the excess noise factor of the APD-based photodetector. 
For silicon APDs, F{M) has a value of around 4 for a multiplication factor 
of 100 [101]. As we will see in Sect. 6 , the residual phase stability of an OFID 
needs to be in the range of 10“®-10“^ rad^/Hz to be able to transfer all of the 
spectral purity of the microwave reference source (where we have assumed the 
phase noise of the UWA reference oscillator shown in Fig. 11). Substituting 
into (17) with realistic parameters, it is clear that the minimum total detected 
power needs to exceed a few nanowatts to prevent the performance of the PLL 
being limited by Shot-noise. 
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The two signals giving rise to the beatnote on the APD are generated 
by cw second harmonic generation and sum-frequency generation of the 10- 
30 mW of cw power emitted from a typical ECDL. The output power gener- 
ated in a perfectly phase-matched second-harmonic process can be estimated 
using a plane- wave approximation [11]: 



_ 2TT^dlgL^P^ 
£rocn^n2A|A ’ 



(18) 



where deff is the effective nonlinear coefficient of the crystal of length L, ni ^2 
are the refractive indices of the material at the first and second harmonic 
frequency, A 2 is the wavelength of the second harmonic, and A is the cross- 
sectional area of the beam. Substituting into this expression for typical beam 
and crystal parameters, we can gain an order of magnitude estimate of 
^SHG ~ 10^®-10^° Since typical bulk crystal deff values fall in the 

range of 10”^^-10”^^ m/V, with only a few optical nonlinear crystals (KNbOa 
for example) having a in the range of 10”^^, it is clear that nonlinear 
conversion in bulk crystals will only just be able to meet the conversion re- 
quirements, even under the most optimal of conditions [11]. In a real experi- 
mental situation, one must take into account diffraction, angular acceptance 
and Poynting walk-off, which will further lower the conversion efficiency. 

Of course, it is possible to use resonant techniques to increase the efficiency 
of second-harmonic processes [17], and even sum-frequency processes [102]. 
However, resonant techniques introduce a potential for additional phase er- 
rors in the synthesis: it may well be prudent to avoid these techniques if 
possible. As an alternative, modern quasi-phase-matched crystals (e.g. pe- 
riodically poled lithium niobate (PPLN) or Periodically Poled Potassium 
Niobate (PPKN) have recently been used to great success to enhance conver- 
sion efficiencies over that of bulk birefringent phase-matched nonlinear crys- 
tals [103,104,105] . Quasi-phase-matching techniques allow access to large non- 
linear coefficients in crystals that cannot be phase-matched, or adjustment of 
the phase-matching temperatures to fall in a more convenient range [104,105]. 

The UWA/PTB chain has been designed so that it can make use of Non- 
Critically Phase Matched (NCPM) KNbOa crystals for all nonlinear pro- 
cesses, excepting those in the first OFID [106]. This particular material is 
chosen because it has a large nonlinear coefficient, as well as the large angu- 
lar acceptance and zero walk-off that is possessed by all crystals in the NCPM 
configuration [106]. Figure 7 presents the nonlinear power dependence on the 
degree of focusing of the input beam, together with theoretical estimates fol- 
lowing the theory of Boyd et al. [107]. With optimal focusing, it is possible 
to generate over 2.5 pW of second-harmonic power at 430 nm for 20 mW of 
total input power. Unfortunately NCPM KNbOa can only be used for second- 
harmonic generation (SHG) and sum frequency generation (SFG) processes if 
the output wavelength falls approximately in the range 425-550 nm [108,106], 
and it is therefore not suitable for the nonlinear processes needed in an ar- 
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Focal length (mm) 

Fig. 7. The output power from three single-pass nonlinear processes used in the 
UWA/PTB frequency chain as a function of the focal length of the input lens. The 
upper curve (triangles) gives the the output power from 40 mW of 850 nm radiation 
in a KNbOs crystal adjusted for sum frequency conversion, the middle curve gives 
the second harmonic processes of 30 mW at 709 nm in RbD 2 As 04 , while the lowest 
curve gives the sum frequency conversion of 1.064 p.m and 532 nm in a LiBaOs 
crystal 



bitrary frequency chain design. For example, KNbOa cannot be used for the 
two processes in the first OFID stage of the UWA/PTB chain. 

For the SFG of 1.064 pm and 532 nm signals, an angle-tuned LiBaOs 
with a medium deff, small angular acceptance and relatively small walk-off 
was chosen. Figure 7 demonstrates how the sum power at 355 nm varies as a 
function of focusing of the input beams (lower curve triangles) . Significantly 
smaller power is generated as a result of the inferior conditions, although 
it still meets the minimum power requirements of an OFID (~lnW). A 
numerical model of the nonlinear interaction yielded a theoretical curve that 
agrees well with the experimentally measured points [109]. 

For SHG of the first OFID output at 709 nm, a temperature-tuned NGPM 
crystal, RbD 2 As 04 , was chosen, which exhibits the usual NGPM benefits of 
zero walk-off and large angular acceptance. Initial experiments have demon- 
strated up to 60 nW of output power for 30 mW of input power (see Fig. 7). 
The solid curve through these experimental points (circles) was also based 
upon the theory proposed by Boyd et al. [107]. 

5.1.2 Residual Phase Noise 

To confirm the analysis of Sect. 5.1, the UWA group has constructed a sim- 
plified OFID stage that allowed real-time and independent monitoring of the 
in-loop phase fluctuations [91] (see Fig. 8). Two separate phase detectors were 
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Fig. 8. A simplified test OFID including IR and UV monitor channels. Symbol 
definition: 0D indicates a phase detector, PD is a photodetector 



tested: a MC12040 digital Phase-Frequency Comparator (PFC) chip with a 
±27 t range, and a conventional rf double-balanced mixer (with a ±7 t range). 
The electronic PLL had a second-order transfer function with a maximum 
bandwidth of around 1 MHz and a maximum gain at 1 Hz of approximately 
180 dB. The simplified OFID makes use of only two input lasers, with a 
phase lock created between the second harmonic of one of the lasers and the 
sum frequency of both of the lasers (being the same technique as presented 
in [87]). To compare the results of this test OFID with a real OFID, we 
need to take note of the expected slight differences between the phase error 
spectral density in this case and that presented in (16): 






|G(s)|Vfc2^ sMf) + [s<,Af) + 

|l + G(s)P 



(19) 



For an OFID forming part of an operating optical synthesizer, one would 
expect that the phase fluctuations of the two input signals should be much 
smaller than the free-running fluctuations of the slave laser at all Fourier fre- 
quencies of interest, i.e. S^>^. If a test OFID were to be measured 

under similar conditions, i.e. ^ 5'^^, then (19) is equivalent to (16). 
However, under the actual test conditions, the input laser noise, 5'.^^, was 
approximately the same magnitude as the slave laser noise, S^>^. We have 
corrected the measurements shown on Fig. 6 by 3dB so that they accurately 
represent the residual noise of an OFID operating as part of an optical syn- 
thesizer. 

In the test OFID, two 850 nm ECDLs were combined in one KNbOa crys- 
tal, which was adjusted to generate the sum frequency and second-harmonic 
signal simultaneously. To simulate the low signal power conditions of a more 
typical OFID, the input polarization of the beams was intentionally mal- 
adjusted so that the total signal power falling on the APD was around 65 nW. 
Two feedback paths were used to alter the phase of the output signal of the 
slave ECDL: for large, slow fluctuations a piezo-electric actuator adjusts the 
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length of the extended cavity, and for correction of fast phase fluctuations 
the laser diode junction current is modified. 

The free-running phase fluctuations between the master and slave ECDL 
are determined by monitoring the control signal that is fedback to the slave 
laser, i.e. Vvco in (12) . This signal can be converted to the sum of the spectral 
density of free-running phase fluctuations of the two lasers, using the (po- 
tentially frequency-dependent) frequency modulation sensitivity of the slave 
laser diode (fcvco), and is displayed for the model OFID on Fig. 6. The phase 
fluctuations of FCDLs can be seen to be very high compared with more fa- 
miliar rf and microwave sources: thus, one requires high PLL gain to achieve 
a low level of residual phase fluctuations. 

Two separate methods were used to monitor the residual phase fluctu- 
ations between the slave and reference signal when nominally phase-locked 
(see Fig. 8): 

1. The beatnote between the two lasers was monitored with a separate pho- 
todiode in the Infrared. This signal has a very high signal-to-noise ratio, so 
that one can safely ignore detection noise of the monitor channel. However, 
this technique will be additionally sensitive to any phase shifts arising be- 
tween the blue nonlinear signals and the fundamental outputs of the laser. 
This monitoring technique will be sensitive to both the detection noise 
terms of (19) and also any residual phase noise. 

2. The output of the photodiode that is detecting the nonlinear signals (the 
“blue” photodiode) is split into two paths: one output leads to the input of 
the PLL system, while the other leads to a nominally identical channel that 
is used to monitor the residual phase fluctuations. This monitor channel is 
insensitive to any detection noise in the photodiode or light signals (since 
it is common to both the PLL and the monitor system), but it is sensitive 
to residual phase noise, i.e. if the gain of the control circuit is insufficient 
to reduce the free-running fluctuations of the slave laser to the noise floor 
of the PLL system, then it will be seen in this channel. 

The output of both monitor channels was down-converted to dc using a mixer 
that was driven with a second rf synthesizer as a local oscillator. The second 
synthesizer assists in calibration of the monitor channel by allowing a fre- 
quency offset between it and the PLL reference synthesizer. For monitoring 
residual phase noise of the PLL, the second synthesizer is phase-locked to the 
reference synthesizer and set to give the same output frequency. The residual 
phase fluctuations of the OFID, measured on the IR channel, are given as 
the lower curve on Fig. 6. The minimum is around 3 x 10”^'^ rad^/Hz. 
The level of fluctuations measured on the “blue” photodiode were essentially 
identical to this level, indicating that there was a negligible level of phase 
fluctuations between the IR and blue channels, and that the residual phase 
fluctuations were not limited by detection noise but arose from the limited 
gain of the PLL system, i.e. (referring to (19), the term in square brackets 
dominates over the first term in the numerator) . The level of detection noise 
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was confirmed by independent measurements of the voltage noise seen at the 
output of the photodetector, which corresponded to 2 x 10”^° rad^/Hz. This 
is below the residual phase fluctuations of the PLL for all but two narrow 
regions around 30 Hz and 5 kHz. 



5.1.3 Cycle Slips in Optical Phase-Locked Loops 



When a general PLL system attempts to phase-lock two frequency-modulated 
signals, while in the presence of broadband detection noise, there is always 
the possibility that the instantaneous residual phase error, </>res(t), will exceed 
the critical value at which the phase detector output presents a false goal to 
the rest of the PLL electronics [99,110]. For instance, if a simple multiplying 
mixer is used as the phase detector, and 4>res{t) exceeds ±7t, then there is 
a possibility that the phase of the output signal, 2 (f> 3 {t), will jump by ±27 t 
with respect to the reference signal. This event will not be reversed by the 
PLL at some later time because as the PLL is not in an error condition for 
all ^res = 27rn where n is an integer. This event is termed a “cycle slip” and 
arises because the output of the phase detector is periodic function of the 
phase. A cycle slip can only occur if the PLL has had time to respond to the 
false goal, as it is only then that the error will be manifested. 

More than thirty years ago, Viterbi [99] calculated the cycle-slipping rate 
of a mixer-based, first-order PLL under the influence of white Gaussian noise. 
Telle [111] modified this expression during the 1990s to take into account the 
possibility of more complicated noise spectra in the PLL loop, and we will 
follow this later approach. The square magnitude of the closed-loop transfer 
function, \H\^ = |9</>vco/5</'refPj can be calculated from (14) as 






|GMp 

|l+2G(iu;)|2 ■ 



The total mean-square phase fluctuations, which fall inside the closed-loop 
bandwidth of the PLL and are therefore capable of causing a cycle slip, can 
be calculated as 

p(X) 

( 20 ) 

^0 

where the residual phase fluctuations in the loop can be expressed as 






|l + 2G(s)P 



We note from (16) that the residual phase fluctuations are not equivalent to 
the spectral density of phase errors of the OFID: detection noise in the OFID 
will manifest itself as deviations of the output signal phase from the exact 
mean of the input interval of the OFID, and the effect of this noise cannot be 
reduced by increasing the gain of the PLL. However, by increasing PLL gain 
we can reduce the effect of detection noise on the likelihood of cycle slips. 
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A first-order PLL suffering mean-square phase fluctuations, </>rms 
(see (20)), which has a phase detector of rr^Rrad range, will have a mean 
time between cycle slips [91] given by: 






BW 



exp 



O.60r1 

<(>Ls J ’ 



( 21 ) 



where BW is the equivalent noise bandwidth of the PLL, i.e. 



1 

BW=— |iJ(tj)pdw. 

27!" Jo 

For higher-order PLLs the mean time between cycle slips becomes ex- 
ceedingly difficult to calculate. High-order PLLs typically lose or gain many 
cycles each time the phase error exceeds the critical value, in contrast to 
the first-order loop, where only a single cycle is lost or gained [110]. Fortu- 
nately, well-damped high-order PLLs exhibit similar loop dynamics, including 
their cycle-slipping behavior, to that of a first-order loop [112]. It is impor- 
tant to note that most common analyses of PLL cycle slipping concentrate 
on calculating the cycle-slipping rate near the threshold phase variance, i.e. 
0rms ~ (tt^r), since this is of most interest to detection limited communica- 
tion systems. For highly accurate frequency synthesis this is of less interest 
than determining the cycle-slipping rate when the residual phase variance is 
small. From a cursory examination of (21), it is clear that when the residual 
phase variance is significantly smaller than the range of the phase detector, 
i.e. ~ 770 r/ 1O, the probability of a cycle slip is predicted to become neg- 
ligible. For example, substituting the measured spectral density of residual 
phase fluctuations of the test OFID (lower curve of Fig. 6) into (20), the 
estimated mean-square phase fluctuations which fall inside the bandwidth of 
the PLL are 10“^rad^. The predicted Tav (using 0 r = 2 in (21)) is so long 
that cycle slipping is of negligible importance. 

Of course, these calculations rely on a Gaussian distribution of phase fluc- 
tuations something which may not be a good description of the noise found 
in practice. In order to confirm the cycle-slip dependence on residual phase 
variance given in (21), two groups have constructed systems to monitor for 
cycle slips in an OFID [111,91]. Telle [111] measured the onset of frequent 
cycle slipping to be in close agreement with the predictions of (21). In a more 
extensive test of the cycle-slipping rate, Kovacich et al. [91] tested the depen- 
dence of the cycle-slipping rate on using both a digital Phase-Frequency 
Converter (PFC) with a 47 t range (0 r = 2) and an rf mixer (0 r = 1) in a 
heterodyne PLL-based OFID. The level of residual phase fluctuations was 
varied in these experiments by adjustment of the feedback bandwidth of the 
PLL. (NB the bandwidth of the two systems was not the same to achieve 
any particular residual phase variance level.) The dependence was found 
to be in good agreement with the predictions of (21) in the regime where 
'/'rms ^ 1- This can be seen on Fig. 9 where the normalized cycle-slipping 
rate {log[TavBW]) has been plotted against the reciprocal of the residual 
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Fig. 9. Experimentally measured cycle slip rate (given in terms of the logarithm 
of the mean time between cycle slips multiplied by the noise bandwidth of the 
PLL). The upper curve refers to measnrements made with a digital phase-frequency 
converter as a phase detector, while the lower eurve makes use of an rf mixer as a 
phase detector. The line of best fit for the two cases shows a slope of 1.2 for the 
PFC detector and a slope of 0.56 for the rf mixer 



phase variance. From (21) one expects that the rf mixer and the PFC de- 
tector would show a slope of 0.6 and 1.2 respectively. The lines of best fit 
to the data are indeed in close agreement with this prediction. A significant 
deviation from the expected curve can be seen for both of the devices as 
approaches 1 rad^, but this clearly falls into the regime where assumptions of 
phase-detector linearity are no longer valid. 

The longest measured values of Tav, corresponding to a slip once per hour, 
were measured with the system using the analog mixer and a PLL bandwidth 
greater than 350 kHz. The cycle-slip rate did not appear to improve when us- 
ing larger PLL bandwidths than 350 kHz. It is believed that this residual 
level of cycle slips arose from various environmental and mechanical relax- 
ation phenomena in the laser, which cause frequency excursions too large to 
be captured with the PLL circuit. The effect of these residual cycle slips are 
incorporated into the analysis of the next section. 

5.1.4 Fluctuations in Optical Path between OFID Units 

The input signals to an OFID come from the outputs of the earlier OFID 
stages, or from the reference laser at the start of the chain. If there are 
fluctuations in the optical path length between the OFID stages, or within 
an OFID stage, then it will induce phase fluctuations of the output of the 
stage as determined at the next OFID stage’s input. These fluctuations in 
path length arise from a combination of actual motions of the OFID stages 
due to thermal expansion and vibrations, as well as from temperature, density 
and humidity fluctuations of the air between the stages [113]. The magnitude 
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of these fluctuations has been estimated by the UWA group using a Mach- 
Zehnder interferometer which measured the path length fluctuations over a 
1 m unshielded path in a room without any active temperature control. The 
results of this measurement are shown in Fig. 10 in terms of the power spectral 
density of the phase fluctuations of an 851 nm beam over 1 m. A second 
measurement where the path was shielded is also shown on Fig. 10. The 
measurement shows a clear reduction of fluctuations for Fourier components 
higher than 10“^ Hz, which is thought to show the important role that air 
motion and turbulance play in optical path-length fluctuations in this range. 
The effects of these fluctuations have been included in the analysis shown 
below. 




Fig. 10. The experimentally determined phase fluctuations on an 850 nm wave- 
length signal over aim airpath. The upper curve shows a path in the open air, 
while the lower curve gives the low-frequency fluctuations when the air path was 
enclosed 



5.2 Frequency Comb Interval Fluctuations 

As discussed earlier (see Sect. 3.3.1 and 3.3.2), irrespective of whether a fre- 
quency comb is generated by a resonant electro-optic modulator (REOM), or 
a femtosecond laser, fluctuations in the round-trip time of the cavity will lead 
to fluctuations in the intermode spacing. The fractional intermode stability of 
REOM-based combs appears to be in the range of / ^/T [56,55], 
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while stabilized mode-locked laser combs have shown a stability of the order 
of « [61]. Fractional fluctuations in comb spacing leads directly to 

synthesis fluctuations at the same fractional level. Since the best of today’s 
frequency reference sources have a frequency stability better than that of an 
unstabilized comb, one would like techniques to improve the stability of the 
comb. 



5.2.1 Stabilisation of the REOM-Based Combs 

To improve the comb stability of an REOM-based comb, one can make use of 
the system suggested by Telle et al. [114]. The technique is closely allied to the 
polarization stabilization methods suggested by Hdnseh and Couillaud [115] 
and is intended to lock the resonant frequency of the cavity at a fixed offset 
with respect to the input held frequency. A calculation based upon a shot- 
noise limited stabilization of the mode frequency using this method yields a 
fractional comb stabilization of around 1 part in 10^®/i/r [116]. 

5.2.2 Stabilisation of the Femtosecond Laser Combs 

To stabilize the frequency of each mode of a laser-based comb requires two 
separate stabilizations: (i) the intermode spacing (i.e. cavity round-trip time) 
must be stabilized, (ii) and the frequency of one mode of the comb must also 
be stabilized. The mere stabilization of the frequency of a single mode does 
not necessarily lead to stabilization of the repetition rate [70]. 

Stabilization of the frequency of an individual mode is similar to the usual 
situation of the stabilization of the output of any cw laser [70]: the mode can 
be phase-locked to an existing stable optical signal, or it can be frequency- 
locked to a resonance of a stable cavity. The bandwidth of the locking circuit 
needs to be significantly larger than the linewidth of the emission if the ma- 
jority of the power is to be captured in a single coherent emission feature [77]. 
In Sect. 3.3.2 we have seen that preliminary measurements of the line widths 
of mode-locked lasers show similar characteristics to typical cw solid-state- 
based lasers, i.e. less than 100 kHz. In order to create an optical synthesizer it 
is necessary to phase-lock one of the modes of the comb to the output signal 
of the final OFID. As reported in 1999, one group has succeeded in phase- 
locking a mode using a 10 kHz bandwidth PLL and wide-range phase detector 
although no estimates of the quality of the phase lock were presented [71,73]. 
In these same experiments the repetition rate of the laser was simultaneously 
locked with a narrow bandwidth PLL to a microwave source. 

A number of researchers have stabilized the repetition rate of the laser 
and measured the improvement in timing jitter as a result of the stabilization. 
The phase difference between the jth- and fcth-order modes of the laser comb 
can be expressed [117] as: 



0MLL = pTTl/RR t + + ( — 1)^’ 



7 !", 



( 22 ) 
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where Am = k — j, z/rr is the average repetition frequency of the laser, and 
represents the free-running fluctuations of the repetition rate. 

If the pth harmonic of the repetition rate is phase-locked to a microwave 
signal, (p{t) = 2TTi/Mwt+ 4>Mw{t), then p x i^rr will be equal to the microwave 
source frequency, i^mWi ^md the Laplace transform of the closed-loop phase 
difference between two adjacent modes of the comb can be written as 



0l(s) 



G(s)(</)MW + Sf^Po/fepD) — 
pG{s) - 1 



(23) 



where G{s) is the total gain of the phase-locking circuit (= A"(s)fcpDfcvco/s, 
where K{s) is the transfer function of the feedback electronics), fcpR is the 
conversion efficiency of the phase detector in V rad“^, fcvco is frequency 
modulation sensitivity of the repetition rate in radsec“^ V“^, and 6VpD rep- 
resents the detection noise. In the limit where PLL gain is high (pG{s) ^ 1) 
and we ignore the detection noise, we can rewrite this equation as 



0l(s) 



4>MW _ 0l('^) 
p pG{a) ■ 



(24) 



For example, suppose that we wish to phase-lock the 100th harmonic of 
a 100 MHz repetition-rate Cr:LiSAF pulsed laser to the UWA sapphire oscil- 
lator using the method outlined in [118]. If the laser is assumed to have sim- 
ilar noise characteristics to the mode-locked laser reported in [64], i.e. « 
3 X 10“^//^ for 10“^ < / < 10^ Hz, then stabilization of the frequency comb 
to the level of the UWA cryogenic microwave oscillator (see Fig. 11 for phase 
noise of this oscillator) requires a first-order PLL with a 10® Hz bandwidth. 
This is perhaps a rather ambitious bandwidth since the widest reported lock- 
ing bandwidths have previously fallen in the range of 100 Hz to 1 kHz (limited 
by the inertia of the moving cavity mirror) [65,66,67,118] with typical stabi- 
lization factors of around 30 dB at 100 Hz [65,66,67]. If it proves not to be 
possible to exceed the previously reported PLL bandwidths, it is neverthe- 
less possible to use a higher-order transfer function than applied on those 
experiments. For example, using a third-order IkHz bandwidth PLL with 
breakpoints at 300 Hz and 100 Hz, one calculates that the Allan standard 
deviation of the comb spacing will be of the order of 4 x 10”®®/r, with the 
majority of the instability arising from high-Fourier-frequency phase noise 
(see Fig. 11 for the calculated phase noise of the stabilized laser comb). 



6 Frequency Stability of an Optical Synthesizer 

The purpose of this section is to derive an expression that can characterize 
how the various noise sources in the chain contribute to the overall stability 
of the output signal. To simplify the analysis, we assume that the intended 
action of each OFID is to lock its output signal to the exact midpoint of the 
interval defined by its two inputs, i.e. each is based on a homodyne PLL. This 
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Fig. 11. The calculated spectral density of the various noise sources in the synthe- 
sizer translated to their effects upon the Nd:YV 04 laser. The phase fluctuations for 
the four-stage OFID synthesis chain are based upon the individual OFID residual 
noise shown on Fig. 6. The phase fluctuations of the sapphire microwave oscillator 
have been translated to the optical frequency of the Nd:YV 04 laser (unpublished 
measurement). The MLL repetition-rate fluctuations have been calculated using the 
third-order transfer function mentioned in Sect. 5.2.2. The path length fluctuations 
are taken from Fig. 10 



is of minor consequence in a noise analysis, since the rf sources contribute 
negligible noise, although (naturally), for accurate frequency synthesis it is 
necessary to know the frequency of each of these rf sources accurately. 

Let us write the phase of the output of the initial optical source at the 
top of the chain according to 

= 2Tn/it + b(j)i{t) , (25) 



where i^i is the average frequency of the source, and bxpi represents the phase 
difference between the actual output signal and that of an ideal sinusoidal 
source. The first OFID takes as its two inputs both and the second 

harmonic of this signal, The phase of the output of the stage can be 

written as 



^OFiDi(^) = S'Trr'i t + 



+ A(()ofidi 



2 



(26) 
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The term Ai/)ofidi is defined to capture all those fiuctuations which cause 
the second harmonic of the OFID output signal to deviate from the exact 
sum frequency of the two input signals; i.e. this term is equal to the sum 
of (i) the residual phase fiuctuations of the OFID, <^err(i) = 2</>3(t) — (j)rei{t) 
(see (10)), (ii) the phase fiuctuations arising from optical path- length fiuc- 
tuations between the OFID stages (see Fig. 10), and (iii) any cycle-slipping 
events in the phase-locked loops (see Sect. 5.1.3). By repeated application of 
the procedure used to derive (26), we can write the output of the fcth OFID 
in terms of the phase of the initial optical source, and the additional 

fiuctuations added at each OFID: Ai/)oFiDfc- Throughout this analysis we will 
assume that there are n OFID stages in the frequency chain. 

The second task to be achieved in the frequency synthesis is for one of 
the modes of the mode-locked laser frequency comb to be phase-locked to 
the output signal of the final (nth) OFID; on Fig. 3 this corresponds for the 
closest mode of the frequency comb being phase-locked to signal “4” . The time 
evolution of the phase of the fcth-order mode of the comb (when the jth-order 
mode of the comb has been phase-locked to the output of the nth OFID, and 
the repetition rate has been stabilized to the pth subharmonic of a microwave 
source as discussed in Sect. 5.2.2) can be written, using (22) and (24) as 

0MLL(i) = </'OFIDn(i) + [27 t(z/mw/p)^ + + ( — 1)^"7T , (27) 

where A„i = k — j, and </>oFiDn represents the phase of the output signal of 
the final (nth) OFID. 

The final task of the synthesis requires the phase-locking of the beatnote 
which is formed between the closest mode of the laser comb and one of the 
input signals to the final OFID stage, on Fig. 3 this would correspond to the 
beatnote between signal “2” and the nearest mode of the comb. The phase 
of this beat note, prior to being phase-locked, can be written in the form 

(/)hn{t) = 27rf - Am(l/Mw/p)} 

+ (_1)A„^ + A^Mt) + ^ Es=l ±2(S-1) A,/)OFIDg , (28) 

where one chooses Am to minimise the value of the expression in the curly 
brackets, i.e. one chooses the nearest mode in the comb to one of the inputs 
to the final OFID. The arithmetic sign of each OFID’s fiuctuations (the ± in 
front of each term in the sum) is determined from the particular sequence of 
intervals that has been chosen for the synthesis scheme. The time derivative 
of this expression immediately suggests a method to measure the frequency 
of the optical signal in terms of readily measurable radio-frequency and mi- 
crowave signals and Am: 

= 2” (^Mw/p)) . 

To complete the synthesis, the phase of the beatnote, </>bn(i), is locked to 
the phase of a stable rf signal by adjustment of the output phase of the initial 
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optical signal {(pi{t)). To ensure that the synthesized optical signal has maxi- 
mum stability, this rf signal should be synthesized from the same microwave 
reference oscillator used to stabilize the laser comb. Conventional techniques 
can achieve this synthesis with negligible added noise when compared with 
other noise sources in this analysis. We assume that we can generate an ar- 
bitrary frequency rf signal with a phase varying as {27rz/Mwi + 4>Mw{t)}R 
(where R is the ratio of the desired rf frequency to the microwave reference 
frequency). To simplify the rest of this analysis, let us define 

n 

4>c = ^ ±2^®“^^A(^OFIDg , 

9=1 



which captures the weighted sum of all of the errors in each of the OFID 
stages. We can thus express the closed loop phase of the initial optical source 
according to 






4>[{t) + Gchain {VcPp/fccPD + 0c/2" ~ (j)MW R + Am^L} 

1 + Gchain/2" 



(29) 



where Gchain = ^CPDfeo-Pchain/s is the total gain of chain PLL, fccPD is the 
conversion ratio of the chain phase detector in V rad“^, feo is the frequency 
modulation sensitivity of the initial optical source in rad s“^, Fchain is the 
Laplacian transfer function of the PLL electronics, and Vcpd is the voltage 
noise of the chain phase detector. We can rewrite (29) in terms of the phase 
of the microwave reference oscillator (using (24)) and a term, which 

represents the deviations of the mode-locked laser repetition rate from the 
exact subharmonic of the microwave reference oscillator (i.e. the final term 
in (24)): 



-I- Gchain {VcPo/fcoPD ~ <(>c/2"' + </)Mw(Am/p ~ R) + A„i<()mll} /on'i 

1 + Gchain/2- • ^ ^ 



This equation neatly summarizes the key characteristic for the noise re- 
quirements of a synthesis chain: if all of the coherence of the microwave 
oscillator is to be transferred to the optical oscillator, then the phase fiuctua- 
tions of the synthesis process, ((VcPD/fccPD ~ needs to 

be smaller than the phase variations ([^Mw(Am/p— R)]^) of the reference 
oscillator. Let us rewrite this requirement in terms of spectral densities: 

- (t ) 5'cpd + [2"Am]^ < 'S'^Mw ( — > (31) 

V fccPD / V / 



where is the power spectral density of phase fluctuations of the OFID 
cascade (corresponding to 4>c{t)), 5'cpd is the spectral density of voltage fluc- 
tuations from the chain photodetector, is th® spectral density of the 

phase deviations of the intermode phase from the appropriate subharmonic 
of the microwave phase, is the spectral density of phase fiuctuations of 
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the microwave reference oscillator, and where we have used the approxima- 
tion 2^{Am/p— R) « r'o/r'MW- We have plotted each of the terms in (31) on 
Fig. 11. 

It is interesting to determine the required level of residual phase noise, 
, for each OFID so that one is able to transfer the entire coherence of the 
UWA sapphire oscillator into the optical domain (see Fig. 11 for the phase 
noise of this oscillator). For a seven-stage chain each OFID stage must be 
below 10“®rad^/Hz, while for a four-OFID-stage chain this requirement can 
be reduced to ~ 10“'^ rad^/Hz. From an examination of Fig. 6 it is clear 
that the actual residual phase-noise fluctuations achieved by the UWA group 
easily meets this requirement. 

The most appropriate bandwidth for the PLL electronics that “steer” 
the fundamental optical source can also be determined by an examination of 
Fig. 11, thereby yielding the most sensible value for Gchain- The plot shows 
the phase noise of a four-OFID-stage chain (calculated by assuming that each 
OFID in the cascade has the residual phase fluctuations shown on Fig. 6), 
the free-running phase fluctuations of a Nd:YV04 microchip laser^, the phase 
fluctuations of the UWA cryogenic sapphire microwave oscillator translated 
to the Nd:YV04 frequency, the phase fluctuations due to path-length fluc- 
tuations (see Fig. 10), and the effect of repetition-rate fluctuations of the 
mode-locked laser after stabilization using the third-order 1 kHz PLL de- 
scribed in Sect. 5.2.2. The intersection of the free-running phase noise of the 
laser and the phase noise of the sapphire oscillator occurs at a frequency 
of around 20-40 kHz: to maximize the spectral purity of the output of the 
synthesizer the bandwidth of the PLL loop should be set at approximately 
this crossing frequency. The optimal transfer function can be calculated for 
the specific lasers and noises involved by minimizing the overall mean-square 
phase variance. 



6.1 Predicted Allan Variance 
of the UWA/PTB Frequency Chain 

The final point of this analysis is the calculation of the Allan frequency de- 
viation for the design of the UWA frequency chain. By use of (30), the phase 
fluctuations of the “controlled” optical oscillator can be calculated, and by 
substitution of the result into (4), one can calculate the Allan frequency de- 
viation. 

We assume that the chain detection noise (Vcpd/^cpd) is negligible, and 
use the phase noise of the microwave reference oscillator as shown on Fig. 11. 

® The Nd:YV 04 phase fluctuations are derived for Fourier frequencies less than 
20 Hz from the Allan variance presented in [119]. For frequencies between 3 Hz and 
200 Hz they were directly measured by the UWA group (private communication, 
J. McFerran), and for frequencies greater than 300 Hz they are taken from the 
measurement presented in [120]. 
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Each of the OFIDs has been assumed to have the same level of fluctuations, 
which is equal to the sum of the residual phase noise and the path length 
fluctuations, i.e. the quadratic sum of the two lowest curves on Fig. 11. The 
mode-locked laser has had its repetition rate stabilized with the third-order 
PLL mentioned in Sect. 5.2.2. Before we calculate the Allan deviation, it is 
important to consider the effect of cycle slips in the frequency chain. 

At this early stage in the held of optical synthesis, it is not known whether 
the appearance of the rapid fluctuations associated with a cycle slip in the 
output of an OFID will itself cause cycle slips to occur in a lower OFID: this 
is still an area of active study and will hopefully be determined in the near 
future. If such triggered cycle slips occur, then it will multiply the effect of 
the cycle slips on the accuracy and stability of the synthesis. In this analysis, 
each OFID is assumed to be slipping independently of the conditions of its 
inputs. Nevertheless, when the output of the nth OFID slips it causes the 
output of the (n-l-I)th OFID to shift by half a cycle, and the (n-|-2)th OFID 
to shift by a quarter of a cycle, and so on. By this means, the effect of a 
cycle slip propagates down so as to shift the phase in the beat note between 
the frequency comb and the the output of the final OFID. To compensate 
for this phase shift, the phase of the output of the optical oscillator will need 
to be adjusted. Clearly, the phase shift required of the optical oscillator will 
depend upon which OFID was responsible for the initial shift: the lower in 
the OFID chain the slip occurs, the greater the required phase shift. The 
occurrence of these cycle slips will compromise the frequency accuracy of the 
synthesis, and also introduce instability to the synthesis. 

An estimate of the influence on the optical oscillator of these cycle slips 
can be derived using the following argument. If there is a 27rmrad cycle slip 
in the nth OFID, the phase of the optical oscillator will need to shift by 
A^i = — 27rm to compensate. If the cycle-slip events are randomly 
spaced in time, then we can express the influence of cycle slips upon the 
Allan frequency deviation of the optical source as ni/(VT'av r) and 

the average frequency error as m/Tav, where Tav is the average time 

between cycle slips and r is the integration time. Clearly these estimates can 
only be accurate for r ^ Tav, because for measurements that do not include 
any cycle slips there will be no frequency offset or frequency fluctuations due 
to cycle slips. This could be equally well achieved with a cycle-slip detection 
system that was able to detect cycle slips so that they are eliminated from 
any measurement [56] . If the cycle slips in the UWA system are limited to one 
cycle slip per hour, then the ultimate limit to the chain frequency stability 
posed by this mechanism is at the 10“^^ level. 

Finally, to ensure that the free-running fluctuations of the Nd:YV 04 
source are suppressed to the level of the noise sources in the synthesis, i.e. the 
quadratic sum of all sources on the bottom of Fig. II, it is necessary to use 
a second-order PLL transfer function. We assume a unity-gain bandwidth of 
30 kHz and a breakpoint of 10 kHz for the second pole. Under these conditions 
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the synthesizer performance is limited by the mode-locked laser stabilization 
to the level of 4 x 10“^®/r until it reaches the sapphire oscillator stability 
limit (at 2.4x10”^®). If a tighter lock can be used to stabilize the comb rep- 
etition rate, then the limit to the synthesizer performance is imposed by the 
UWA cryogenic sapphire oscillator, i.e. 5.4 x down to a minimum 

of 2.4 X 10“^®. The longer-term performance of the sapphire oscillator can be 
improved by locking it to one of the new generation of portable Cs fountains. 

7 Conclusion 

We have presented an analysis and a set of experimental results that demon- 
strate the immediate feasibility of optical synthesizers with subhertz reso- 
lution for integration times longer than a few seconds. The most experi- 
mentally well-developed of these techniques is based upon the techniques 
of frequency-interval division combined with wide-span optical-frequency 
combs. To achieve such high-resolution synthesis requires a large number 
of tight optical phase-locked loops as well as low-phase-noise reference oscil- 
lators. It would appear that this field will undergo a revolution by application 
of these techniques in the next few years. 

Note added in proof. Indeed, since writing this contribution the prom- 
ised revolution is well underway. At the Conference on Precision Electro- 
magnetic Measurements (Sydney: Australia) in May 2000, two groups have 
reported the creation of frequency combs that are more than an octave in 
span. They have gone on to create highly simplified frequency chains that 
connect the radio-frequency and optical domains with a minimum of addi- 
tional equipment. These frequency chains are allowing the measurement of 
many key optical frequency reference markers with a minimum of effort, and 
are likely to foreshadow a period in which optical frequency measurement 
will become commonplace. 
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